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Motivation

� strength of SCET is to separate

hard ↔ soft ↔ collinear modes

and describe IR nature of QCD

involving different scales

� different modes scale diffently

with respect to the small

parameter λ = pT
mH

in the power

expansion

� possible to derive factorization theorems for different

observables with general form

dσ u H(µF ) · Bn(ω, µF ) ~ Bn̄(ω, µF ) ~ S(ω, µF ) (1)



Motivation

� other factorization theorems

include also jet functions

accounting for the final state

radiation

→ we are working in parallel on

an automated approach for jet

functions as well

� for SCET-II observables an

additional regulator is needed:∫
ddp

(2π)d

(
ν

p++p−

)α · (2π)δ(p2)Θ(p0)

[Becher, Bell; 2011]
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� soft function is provided by the program SoftSERVE for a

general class of observables [Bell, Rahn, Talbert; 2018, 2020]



Motivation

� goal: design a general setup such that beam functions can be

derived for this general class of observables in an automated

way

� current status:

� approach works at NLO [Kevin Brune´s master thesis; 2018]

� approach extended to NNLO Real-Virtual (RV)-contributions

� currently investigate NNLO Real-Real (RR)-contributions



Automated framework at NLO

� Definition collinear quark beam function:

Bqq(τ, x) =
∑
Xc

δ
(
(n̄ · P)(1− x)− n̄ · kxc

)
Mx(τ, kxc ) × (2)

〈P| Ψ̄(0)
/̄n/n

4
Wc(0)︸ ︷︷ ︸

=1

|Xc〉
/̄n

2
〈Xc |W †

c (0)︸ ︷︷ ︸
=1

/n/̄n

4
Ψ(0) |P〉

M1(τ, k) = exp

[
− τkT

( kT
P−(1− x)

)n
f (Θk)

]
(3)

� f (Θk) measurement function, varies for different observables

� example:

� pT-resummation: f (Θk) = −2i cos(Θk), n = 0

� pT-veto: f (Θk) = 1, n = 0



Automated framework at NLO

� k− = (1− x)P− , x ∈ [0, 1]

� master formula:

B 1
qq(τ, x) =

4
√
π(n + 1)

Zααs

4π
CF

(
µ2τ̄

2
n+1

(xq−)
2n
n+1

)ε(
ν

xq−

)α Γ
(
−2ε
n+1

)
Γ
(

1
2
− ε
)×

exp
(
γE ε
( −2

n + 1
+ 1
))(

1− x
)−1− 2nε

n+1
−α
[

(1− ε)(1− x)2 + 2x

]
×

∫ 1

−1
d cos(θ) sin−1−2ε(θ) · f

2ε
n+1 (θ) (4)

� singularities are completely factorized

� beam functions distribution-valued in x

→ Mellin transformation, introduce Mellin parameter N



Automated framework at NNLO - RV contribution

� contributions are related to

the NLO splitting function

P
(1)
qg by crossing P → −P

[Furmanski, Petronzio; 1980]

� as in the case of NLO the

same phase space

parameterization applies

→ results can be still given

analytically



Automated framework at NNLO - RV contribution

B 2,RV
qq (τ, x) =

(
Zααs

4π

)2(
µ2τ̄

2
n+1

(xq−)
2n
n+1

)2ε(
ν

xq−

)α
g(ε) ·

Γ
(
−4ε
n+1

)
(
n + 1

) exp
(
γE ε
( −4

n + 1
+ 2
))
×

(
1− x

)−1− 4nε
n+1
−α
|P(1)

qg (x)|2
∫ 1

−1
d cos(θ) sin−1−2ε(θ) · f

4ε
n+1 (θ) (5)

� measurement function f (Θk) still sufficient to characterize

observables



Automated framework at NNLO - RR contribution

� relevant color structures: C 2
F ,CFCA,CFTFnf

� measurement function gets modified:

M2(τ, k, l) = exp

[
− τqT

( qT
P−(1− x3)

)n
F (...)

]
(6)

� argument of measurement function F depends on

parameterization and generally contains i.e. ratios of energies,

angles, ...

� physical limits are protected by infrared safety:

M2(τ, k, l)
k||l−→M1(τ, k + l)

F (...) −→ f (Θk) (7)



Automated framework at NNLO - CFTFnf contribution

� diagram can be related

to the Pq̄′q′q splitting

function [Catani, Grazzini;

1999]

� parameterization:

a =
lT
kT

k−
l−

b =
kT
lT

x12 =
k− + l−
P−

qT =
√

(k+ + l+)(k− + l−) (8)

� angles (in the transverse plane):

tk =
1− cos(Θk)

2
tl =

1− cos(Θl)

2
tkl =

1− cos(Θkl)

2



Automated framework at NNLO - CFTFnf contribution

� we use pySecDec for all color structures [Borowka et al.; 2017]

� overlapping divergence for a→ 1 and tkl → 0

� disentangle with non-linear transformation

a→ 1− u(1− v) tkl →
u2v

1− u(1− v)
(9)

� singularities completely factorized: x−1−2α
12 , u−1−2ε, q−1−4ε

T



Automated framework at NNLO - C 2
F contribution

� diagrams are related to the Pq̄′q′q, Pq̄qq, P
(id)
q̄qq splitting

functions [Catani, Grazzini; 1999]

� diagrammatic expression can be divided into 3 structures:

�
N1

s12s13x1x2
: x1 = k−

P−
; x2 = l−

P−
; b = kT

lT
; qT = kT + lT

→ factorized singularities: x−1−α
1 , x−1−α

2 , b−1−2ε, q−1−4ε
T

�
N2

s2
123

: ã = kT
lT

l−
k−

; r = k−
l−

; x12 = k−+l−
P−

;

qT =
√

(k+ + l+)(k− + l−)

→ factorized singularities: ã−1−2ε, q−1−4ε
T



Automated framework at NNLO - C 2
F contribution

�
1

s123
: x1 = k−

P−
; x2 = l−

P−
; b = kT

lT
; qT = kT + lT

→ still overlapping divergences, decomposed with sector

decomposition in pySecDec [Borowka et al.; 2017]

� structures from P
(id)
q̄qq can be integrated using the second

parameterization



Automated framework at NNLO - Renormalization

� relate beam function to matching kernel which can be

calculated perturbatively:

Bqq(τ̄ ,N) =
∑

k=q,q̄,g

Iqk(τ̄ ,N) · φkq(N) (10)

� φkq(N) = δkq ⇒ Bqq(τ̄ ,N) = Iqq(τ̄ ,N)

� SCET-II renormalization: collinear anomaly approach
[Becher, Neubert ; 2010][

S(τ̄ , ν)Iqq(N1, τ̄ , ν)Īq̄q̄(N2, τ̄ , ν)
]
q2

α=0
=
(
τ̄ 2q2

)2F0
qq̄(τ̄)

I 0
qq(N1, τ̄) Ī 0

q̄q̄(N2, τ̄)

� RGE for anomaly coefficient F0
qq̄ = Fqq̄ + ZF :

d

d lnµ
Fqq̄(τ̄ , µ) = −Γcusp(αs) (11)



Automated framework at NNLO - Renormalization

� solution to this RGE: L = ln(µτ̄)

FB
qq̄(τ̄ , µ) = −αs

4π

[
Γ0L− dB

1

]
−
(αs

4π

)2[
β0Γ0L

2 + Γ1L + β0d
B
1 L− dB

2

]
(12)

� dB
1 and dB

2 will be plotted and investigated

� RGE for the remainder function:

d

d lnµ
Iqq(N1, τ̄ , µ) =

[
2ΓcuspL + 2γI

]
Iqq(N1, τ̄ , µ)− 2

∑
k

Iqk(N1, τ̄ , µ) · Pkq(N1, µ)

(13)

� solution contains non-logarithmic piece C
(2)
qq (N1) which will be

plotted



Automated framework at NNLO - Preliminary results for pT - resummation

� definition pT -resummation: ωpT = −2i
∑

j |~kj ,T | cos(θj)

dB
2 C 2

F CFTFnf

Literature [1] 0 ≈ 4.148

Numerical result 0.022(64) 4.147(4)

� renormalized matching kernel: [1]: [Gehrmann, Lübbert, Yang; 2014]
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Automated framework at NNLO - Preliminary results for pT - veto

� introduce a distance measure: ∆2 = 1
4 ln2

(
k−l+
l−k+

)
+ Θ2

kl

� definition pT -veto:

ωpT−veto = Θ(∆− R) max({ki ,T}) + Θ(R −∆)|∑i
~ki ,T |

� anomaly coefficient dB
2 depends now on the jet radius R:

d2
B,nf
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Automated framework at NNLO - Preliminary results for pT - veto

� renormalized matching kernel at O(α2
s ):

▲
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Conclusions and Outlook

We are aiming at developing an automated approach for NNLO

beam functions

� NLO and NNLO-RV contributions are done for general

observables

� two out of three color structures of the NNLO-RR

contribution implemented

� numerical improvement of C 2
F color structure

� last NNLO color structure in progress

� include SCET-I observables

� compute the remaining matching kernels at NNLO


