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Non-adiabatic holonomic condition: ΨB(𝑧) %𝐻(𝑧) ΨC(𝑧) = 0

Parametrization: 𝜅D 𝑧 = Ω 𝑧 sin E
F
eGH

𝜅I 𝑧 = Ω 𝑧 cos E
F

Cyclicity condition: 𝛿 = ∫J!
J"Ω 𝑧 d𝑧 = 𝜋

Holonomy: cos 𝜃 −eKGH sin 𝜃
−eGH sin 𝜃 −cos 𝜃
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𝐴L BM = ΦB
𝜕
𝜕𝜅L ΦM

𝑨 = i Ω 𝑧 | ⟩𝑏 ⟨ |𝑏

| ⟩𝑏 = 𝜅D| ⟩1D + 𝜅I| ⟩1I
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Non-Abelian holonomy: &𝑈 𝛾

&𝑈 𝛾 = Ƥ exp ∮8 ?𝐴9d𝜅9

Non-Abelian gauge field: ?𝐴9 , ?𝐴: ≠ 0

Degenerate eigenspace:  | ⟩𝐷;(𝛋) ;</
=

Berry phase: 𝛼 𝛾

exp i 𝛼 𝛾 = exp i ∮8 𝐴9d𝜅9

Abelian gauge field: 𝐴9 , 𝐴: = 0

Single eigenstate: | ⟩𝐷(𝛋)

App.: Adiabatic Geometric Phases
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Abelian U(1) Non-Abelian U(N)

Berry. Proc. R. Soc. Lond. A 392, 45–57 (1984).
Wilczek, Zee. Phys. Rev. Lett. 52, 2111–2114 (1984).

𝜅&
𝛾

| ⟩𝜓' | ⟩𝜓(
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App.: Non-Adiabatic Holonomies
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Adiabatic U(N) Non-Adiabatic U(M)

Degenerate eigenspace:  

ℋ,$+ = | ⟩Ψ;(𝛋) ;</
=

&𝐻 𝑧 | ⟩Ψ; 𝑧 = 0

Geometric Subspace:  

ℋ+,! = | ⟩Φ;(𝛋) ;</
>

Φ;(𝑧) &𝐻(𝑧) Φ-(𝑧) = 0

𝑀 ≥ 𝑁


