QUTER AUTOMORPHISM
ANOMALIES




All crucial to developing our understanding of gauge theories

All played an important historic role through studies of the strong and

electromagnetic interactions

This talk is about their intersection, namely anomalies of symmetries

like charge conjugation and parity, and their consequences



Main message: anomalies of charge conjugation and parity are useful

Gauge
) Check whether it iIs a symmetry
charge/parity of quantum theory or not
Gauge
Global IR - IR must match
charge/parity

UV - IR spontaneous breaking or

Global not
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Consider SU(N) gauge theory

Charge conjugation interchanges a representation with its complex

conjugate. It is an example of an outer automorphism of the gauge

group.

Isomorphism of G onto itself that can not be written in the form g — hgh_1

Forsomefixed 4 ¢ @&



Similarly, parity is an outer automorphism that exchanges two

inequivalent spinor reps of SO(2r)

e.g.for SO(6) Pr=(+—— =)

Is the element of O(6)

Isomorphism of G onto itself that can not be written in the form g — hgh_1

Forsomefixed 4 ¢ @&



We can see it very explicitly. We require charge conjugation to be:

1.Linear

2. Unitary

3.C"*"2 =1 (up to a phase)
4. Compatible with SU(N)



Charge conjugation works on the direct sum of fundamental and anti-fundamental reps N& N .

(Action on other irreps specified as they are are tensor products of these)

RERELE

2. Unitary

0 C 0 C_
CTC = + — 1

3.C"2=1"

|

write

>
>

0 C_ 0 C\ _,
C. 0 cCy 0 )
C_C.=0C.C_=1

c.=c;l=ct
*up to phase

C, = C and C_ = Ct



4. Compatible with SU(N)

G=5SU(n)xC where SU(N) is normal subgroup: ghg~' € SU(N)
for he SU(N)
ChC ' e SU(N)

0 C
=(e )



C of SU(N)

Under unitary transform

o (U 0 0 C* Ut 0\ 0 UC*U?t
—\ 0 U* C 0 o Ul )]\ U*xCcU 0

C' =U*CU"
Using SU(N) transforms and using unitarity condition, we can write
C =1
Invar. subgroup of SU(N) under C
C=e1=C'=UCU'=U""U" = UTU =1 IS SO(N)

P of SO(2r)

Invar. subgroup of SO(2r) under P

P=(4,— —er,—) Is SO(2r-1)




We will need these C-invariant and P-invariant subgroups

SO(N) SO(2r-1)

as we will consider self-conjugate gauge field configurations

/D@MD@Z exp z'/d:cmm(A)zp iP:/DwM exp i/dazmm(A)zp

Its enough to prove symmetry is anomalous, if there is a phase

One obtains non-trivial anomaly matching consistency checks

We haven’t generalized to understand /DMM exp [i/dm%lD(A) w] = i/DW@E exp [i/da:zﬁilﬁ(z‘lc)w]
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SU(N) gauge theory
. . d; In fundamentalrep NN
Nf quark fields as left-handed Weyl fermions:

~

(; — (Qz’R)C In anti-fundamental rep NN

1 _ = 7/7’“((9 — ZgA ) 0 q;
= ——Trd,,, GH” ot f M
L 5 I ‘|‘(q q)( 0 i’Y“(ﬁu+igAg)) (q@)

Charge conjugation:
q— C1q,
q— Cq,
. 1
A, — —CTAC




Tr T°T° = I[R)] - %5‘“}
For an odd eigenstate of C ¢ — —@D
]
Z[A] — exp (” 1t /d%F*F) Z[ Al

1672

Need to first
check symmetry is
non-anomalous
under the gauge
group (and thus is
an actual
symmetry of the
quantum theory)



Tr T*T° = I[R] - %5@5
For an odd eigenstate of C 1) — — 1)

Z[A] — exp (ig?[g] / d*z F F) Z[A]

e We consider SO(N)

Gauge instanton background

e ¢; and ¢; decompose
in fundamental of SO(N)

Gauge -
® g; —q; is odd underC

® Dynkin index I[R] = 2

Not anomalous (under this background)



SU(F—N) | ULg | SUF)o | SUF)A

SU(N) | U1)g | SU(F)q | SU(F)s W, adj +1 1 1

Wo| adj | +1 1 1 q = 1-¥ | B 1

Q| O |1-%| O 1 i m 1— 2 1 n

Seiberg duality 91 0 Jter] v ]9 JM=qe] v Rl o ] C
Electric SU(N) Magnetic SU(F-N)

Follow Csaki and Murayama, and usual 't Hooft argument

Fermion measure not invar under discrete sym.

Promoting global non-abelian* to gauge in usual way (spectators, very weakly gauged)

Anomalies must match

A rare and powerful probe of strong dynamics

Go through one example..

* also abelian up to min-charge caveats



SU(F—N) | ULg | SUF)o | SUF)A

SU(N) | U1)g | SU(F)q | SU(F)s W, adj +1 1 1

Wo| adj | +1 1 1 q = 1-¥ | B 1

Q| O |1-%| O 1 i m 1— 2 1 n

Seiberg duality CHICEN i E N L1 L T L o T
Electric SU(N) Magnetic SU(F-N)

Charge conjugation interchanges () <> ()

Again consider anomalies associated with subgroup SU(F)c C SU(F)g x SU(F)

that commutes with C such that V;, = V};
Electric Magnetic

~

CSSU (F)QC Q Q both in fundamental of diagonal subgroup Same analysis forthe (¢, @

c 4

() — () Odd eigenstate of C MY — QZQJ Transposed under C.
Anti-symmetric piece contributes to anomaly

1
a b _ ~ — gab
NI Tyung T funa = N - 50 Tr 7% ,. T . = (F —2)- %5@5

antt - antt

Global
Global




Seiberg duality

Charge conjugation interchanges () <> ()

Again consider anomalies associated with subgroup SU(F)c C SU(F)g x SU(F)

that commutes with C such that V;, = V};

CssU(F)%

c 4

Global
Global

~

N =N

(F = 2)

mod 2

its nevertheless a new, non-trivial check)

Anomalies match (would have been a huge surprise if not! But

SU(F —N) | UL)g | SU(F)q | SU(F);
SU(N) | U)r | SU(F)q | SU(F)g W, adj +1 1 1
Wo| adj | +1 1 1 q = 1-¥ | B 1
Q| O |1-%| O 1 q m 1— 2 1 n
Q 0 1-& 1 0 M = QQ 1 2 — 21 N O
Electric SU(N) Magnetic SU(F-N)
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We can also consider anomalies of UV vs IR
theories

If anomalies do not match it implies the
symmetry is broken



Two N=1 SUSY theories

SO(6) with two vectors SU(6) with one rank-three anti-symmetric tensor
Intriligator and Seiberg (1995) Csaki, Schmaltz and Skiba (1996)
SO(6) breaks to SU(2)xSU(2) SU(6) breaks to SU(3)xSU(3)
SO6) | UN)g | SU(2)¢ | Z4 SU(6) | U(L)r | Zs
W, dj +1 1 0 W, adj +1 0
uv - uv
¢i £ —1 2 1 pseudotreal A E — 1
IR M;; 1 —2 3 2 IR A* 1 —4 | 4
Mij = ¢i;
Analysis of the Parity anomaly S0O(6) CsR?
2 2
SO(5) | PR2| P(SU(2)) W T sf, N
W, |10®5_| - +
& 5.1 | + ~ 4 @Jr - @_ 3
UV total — — UV total +
M;; 1
. i i A4 1, +

Not matched - P is spontaneously broken

Order parameter: (caeese ® WEWEGS]€9) # 0 Matched - C is unbroken



SO(6) with two
Intriligator and Seibe
SO(6) breaks to SU(

ank-three anti-symmetric tensor
tz and Skiba (1996)

»aks tOSU(3)xSU(3)

s0@6) | UM | st 6) | U(1)r NZs
Wa adj 1 j +1 0
uv ! |
O; 6 1 —1 1
IR Mi; 1 —2 — | @
M;; = ¢;0;
Analysis of the Parity anomaly S0O(6) CsR?
SO(G) | PR?| P(SU2)) . T of, .
W. |10, @5_| - +
& 5.1 | + ~ 4 ﬁ+ - ﬁ_ -
UV total — — UV total +
M;; 1 + + A4 ) .
_|_

Not matched - P is spontaneously broken
Order parameter: (eacaereWaWEgip!e?) £ 0 Matched - C is unbroken



OUTLINE

= Quter Automorphisms
= Anomaly matching IR dual theories
= Spontaneous breaking

= Qutlook



Other outer automorphisms o < By ©_<
1 E—-1 &k 2k — 1 1 ko k+1 2k

A2k_]_ O_... O O O o« o . O A2k} oO— - —O O O O—— -+ - O

B
Cy O—  —a<X0 s &t

Numerous other examples of IR matching conditions (satisfied)

If symmetry found to be anomalous, constraints on model building (obstruction to gauging)

Anomaly inflow understanding? Edge states, similar to recent studies of time reversal?

Generalized / non-invertible symmetries



THANKS FOR LISTENING



