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Feynman integrals

• Feynman integrals are the building blocks for multi-loop 
scattering amplitudes.

• They exhibit a rich mathematical structure, with connections 
to (algebraic) geometry.

➡ Important both for collider and gravitational wave 
phenomenology.

• We would like to understand the underlying mathematics as 
well as we can!

➡ A window into the mathematical structure of pQFT.



1-loop integrals as volumes
• Example: All 1-loop integrals compute the volumes of some 

polytope in hyperbolic space.
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Figure 2: An ideal tetrahedron in AdS, shown in both the Klein–Beltrami (l) and Poincaré
(r) models. All vertices lie on the conformal boundary at infinity, and each edge is an
AdS geodesic.

for the Euclidean 4-mass box integral.

We now turn to a geometric interpretation of this formula. The expression

X(α) = α1Xi + α2Xj + α3Xk + α4Xl (19)

defines a linear map from the space of Feynman parameters, the unit simplex in R3, to
RP

5. Provided the four vertices Xi, Xj, Xk and Xl are space-like separated (always true in
Euclidean signature) we have X(α)·X(α) > 0, so we may take advantage of the projective
invariance of (18) to introduce normalised coordinates

Y (α) =
X(α)

√

X(α) ·X(α)
(20)

obeying Y · Y = 1. Thus Y defines a map from the space of Feynman parameters to Eu-
clidean AdS5, i.e., the five dimensional hyperbolic ball. Straight lines in RP

5 are precisely
the geodesics in AdS5, so as the αa vary over the 3-simplex

{

αa ∈ R≥0 |
∑4

a=1 αa = 1
}

,
Y (α) varies over a tetrahedron in AdS5 whose vertices lies on the boundary at infinity,
and whose edges and faces are totally geodesic. Such a tetrahedron is called ideal, and is
depicted in figure 2.

We wish to show that F (i, j, k, l) is simply (twice) the 3-volume of this ideal tetra-
hedron. Using the delta function to eliminate α4, this volume can be written as the
integral

Vol(i, j, k, l) =

∫

tetra
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where | · | denotes the norm on 3-forms induced by the flat metric in R6 ⊃ AdS5. Because
Y (α) is normalised, each derivative ∂Y (α)/∂αa is orthogonal to Y (α) itself, so
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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D(z)
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with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as

IG(a) =

Z 0

@
Ỳ

j=1

dxj ^ dx̄j

�2i

1

A 1p
|PG(x, a)|2

, (3)
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
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Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵
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modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
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with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:
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Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.
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computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
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the earliest observations was that 1-loop Feynman inte-
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bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
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higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.
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lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
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ory (QFT) and a backbone of precision computations for
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fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
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bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
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goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
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Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
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Notably, this result for the 4-point integral can be boot-
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(dual) conformal symmetry [8].
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tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
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interior edges). Edges of G connecting 2 vertices labeled
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Ỳ

j=1

dxj ^ dx̄j

�2i

1

A 1p
|PG(x, a)|2

, (3)

BONN-TH-2022-19

Yangian-invariant fishnet integrals in 2 dimensions as volumes of Calabi-Yau varieties

Claude Duhr,1, ⇤ Albrecht Klemm,1, 2, † Florian Loebbert,1, ‡ Christoph Nega,1, § and Franziska Porkert1, ¶

1Bethe Center for Theoretical Physics, Universität Bonn, D-53115, Germany.
2Hausdor↵ Center for Mathematics, Universität Bonn, D-53115, Germany.

We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
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ory (QFT) and a backbone of precision computations for
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fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
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that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
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bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:

Z
d4⇠

i⇡2

4Y

i=1

1

(⇠ � ↵i)2
= �

4

↵
2
13↵

2
24

D(z)

z � z̄
(1)

with ↵ij = ↵i � ↵j . This integral features a so-called
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for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
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tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.
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• Feynman rules:
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Fishnet integrals
• They are invariant under the Yangian                            of the 

conformal group in     (Euclidean) dimensions (with conformal weight 1 at 
each external point).

<latexit sha1_base64="Y1TS5nD04tgUFN7KSCwN/YO8jIw=">AAACFnicbZDLSgMxFIYz9VbrbdSFCzfBIrQoZUaKuizowmUFe5F2KJk004ZmkiHJCGUY8DHcu9VXcCdu3foGPoaZtgtbPRD4+f+TnJPPjxhV2nG+rNzS8srqWn69sLG5tb1j7+41lYglJg0smJBtHynCKCcNTTUj7UgSFPqMtPzRVZa3HohUVPA7PY6IF6IBpwHFSBurZx/cl7oh0sNAolGiRFpyT69P3HK5ZxedijMp+Fe4M1EEs6r37O9uX+A4JFxjhpTquE6kvQRJTTEjaaEbKxIhPEID0jGSo5AoL5l8IIXHxunDQEhzuIYT9/eNBIVKjUPfdGbLqsUsM//LOrEOLr2E8ijWhOPpoCBmUAuY0YB9KgnWbGwEwpKaXSEeIomwNszmpmRvSxWotGDQuIsg/ormWcU9r1Rvq8Va7XEKKQ8OwREoARdcgBq4AXXQABik4Bm8gFfryXqz3q2PaWvOmoHdB3Nlff4A7cCe9w==</latexit>

Y (so(1, D + 1))
<latexit sha1_base64="jaTshc8Fbou4XbdTRyB/myctK/A=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAHjwmYB6QLGF20psMmZ1dZmaFEAK5e9Vf8CZe/RX/wM9wNsnBJBY0FFXd0z0VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp80dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8z/zmMyrNY/lkRgn6Ee1LHnJGjZVqD91iyS27M5B14i1ICRaodos/nV7M0gilYYJq3fbcxPhjqgxnAieFTqoxoWxI+9i2VNIItT+eHTohF1bpkTBWtqQhM/XvxJhGWo+iwHZG1Az0qpeJ/3nt1IR3/pjLJDUo2XxRmApiYpL9mvS4QmbEyBLKFLe3EjagijJjs1nakr2tdKgnBRuNtxrEOmlclb2b8nXtulSpTOch5eEMzuESPLiFCjxCFerAAOEFXuHNmTrvzofzOW/NOYtgT2EJztcvVmCWsg==</latexit>

D

integrals. In section 4 we describe a method to rewrite the appearing vector integral coeffi-
cients in terms of higher dimensional scalar integrals, and conformalise the resulting expres-
sions. Using this, in section 5 we express the Yangian Ward identities as single operatorial
equations for the Basso–Dixon functions. In section 6 we explain the generalisation to the
D-dimensional fishnet theory [23]. Finally, in section 7 we describe the separability of the
equations in D = 2.

We have verified all of the identities shown in this paper by an explicit numerical inte-
gration of the appearing conformal integrals, when analytic expressions were not available.
For the numerical integration of the conformal Feynman parameter integrals we employed
the Mathematica function NIntegrate. The precision of the agreement depends on the loop
order of the appearing integrals; the checks at one, two, three, and four-loop orders have
typical relative precisions of 10�9

, 10�6
, 10�3, and 10�1, respectively. We have checked all of

the relations for at least 10 different numerical configurations in Euclidean kinematics, for
which the integrals vary over multiple magnitudes.

2 From Fishnets to Basso–Dixon Correlators

In this section we demonstrate how the previously observed Yangian symmetry of n-point
fishnet integrals can be turned into a symmetry statement for four-point Basso–Dixon inte-
grals.

2.1 Yangian Invariant Fishnets
Our starting point is the Yangian symmetry of fishnet Feynman integrals [6,7]. In particular,
we are interested in square fishnets given by a lattice of propagators with ↵⇥ � integration
vertices:
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These are annihilated by the conformal Yangian level-zero and level-one generators JA and
bJA, which act as differential operators on the coordinates xµ

j 2 R4 for j = 1, 2, . . . , 2(↵+ �):

JAĨ↵� = 0, bJAĨ↵� = 0. (2.2)

The level-zero generators JA take the form

JA =
nX

j=1

JAj , (2.3)

where n = 2(↵ + �) denotes the total number of external points. The densities JAj read
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➡ Conformal (level 0) generators:

➡ Level 1 generators:

where @
µ
j := @

µ
xj

These densities also furnish the building blocks for the corresponding level-
one generators, defined as

bJA = 1
2f

A
BC

nX

k=1

k�1X

j=1

JCj J
B
k +

nX

j=1

sjJ
A
j . (2.5)

Here the fA
BC denote the structure constants of the conformal algebra so(1, 5). The summa-

tion indices run over the external fields of the Feynman integral. The symbols sj represent the
so-called evaluation parameters which we choose to guarantee Yangian invariance according
to the rules of [6]:

sj = (0, . . . , 0
↵

,�1, . . . ,�1

�

,�2, . . . ,�2
↵

,�3, . . . ,�3

�

)j, j = 1, . . . , n. (2.6)

Since we consider external legs corresponding to complex scalar matrix fields �a 2 {X,Z}, we
will typically be interested in scaling dimensions entering the representation of the conformal
generators being �j = 1 for j = 1, . . . , n.

Conformal symmetry, i.e. invariance under the level-zero generators JA, implies that the
above integrals can be written in the form

Ĩ↵� = V↵� �̃↵�(uj), (2.7)

with V↵� being a prefactor that carries the conformal weight of the integral and �̃↵� denoting
a conformal function which only depends on a number of conformal cross ratios uj.

To get a better idea of what the level-one invariance equation in (2.2) means, let us
specify the level-one generator bJA to the level-one momentum generator:

bPµ = i
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Here, using the densities for the conformal generators given in (2.4), one finds

bPµ
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i
2
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. (2.9)

Now the invariance of the above diagrams under the level-one generators can be written as

0 = bPµ
Ĩ↵� = V↵�

nX

j<k=1

x
µ
jk

x
2
jk

PDEjk �̃↵�(uj), (2.10)

where PDEjk denotes some differential operators in the conformal cross ratios uj. At least for
lower numbers of points it can be argued that the vectors xµ

jk/x
2
jk are independent such that

Yangian invariance implies a system of differential equations for the conformal function [15]:

PDEjk �̃↵� = 0, 1  j < k  n. (2.11)

We stress that these are homogeneous partial differential equations, a fact that will change
when considering coincidence limits of the external points. Note also that in the homogeneous
case the Yangian equations for the remaining level-one generators are easily obtained by
commuting the level-one momentum generator with the level-zero generators of the conformal
algebra and using that Ĩ↵� is a level-zero invariant.
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➡ Invariance of the integral associated to the fishnet graph     :
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JAIG = bJAIG = 0

[Chicherin, Kazakov, Löbbert, Müller, Zhong; 
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Fishnet integrals
• They compute correlators in the     - dimensional fishnet theory:

[Gürdogan, Kazakov; 
Kazakov, Olivucci]
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• Traintrack integrals compute specific supercomponents of                   
          amplitudes in            .         
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<latexit sha1_base64="jyXlfopA05Cd8s6twuhUoN6e+KI=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdCQRcuK9oHtEPJpJk2NJMMSUYoQ0Hcu9VfcCdu/RP/wM8w03ZhWw9cOJxzb+7NCWLOtHHdbye3srq2vpHfLGxt7+zuFfcPGlomitA6kVyqVoA15UzQumGG01asKI4CTpvB8Drzm49UaSbFgxnF1I9wX7CQEWysdH9zVekWS27ZnQAtE29GSjBDrVv86fQkSSIqDOFY67bnxsZPsTKMcDoudBJNY0yGuE/blgocUe2nk1PH6MQqPRRKZUsYNFH/TqQ40noUBbYzwmagF71M/M9rJya89FMm4sRQQaaLwoQjI1H2b9RjihLDR5Zgopi9FZEBVpgYm87cluxtpUM9LthovMUglknjrOydlyt3lVK1+jQNKQ9HcAyn4MEFVOEWalAHAn14gVd4c56dd+fD+Zy25pxZsIcwB+frF1Yklzc=</latexit>

D = 4 [Caron-Huot, Larsen; 
Bourjaily, He, McLeod, von Hippel, Wilhelm]

<latexit sha1_base64="eJSqnVX7CiEy6Eq+lqyW5qdBjOE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ae0Q8lkMm1sJhmSjFCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywusn99iNVmklxb8YJ9WM8ECxiBBsrtXo8lEb3yxW36k6BVok3JxWYo9Ev//RCSdKYCkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUCx1T72fTaCTqzSogiqWwJg6bq34kMx1qP48B2xtgM9bKXi/953dRE137GRJIaKshsUZRyZCTKv45CpigxfGwJJorZWxEZYoWJsQEtbMnfVjrSk5KNxlsOYpW0LqreZbV2V6vU60+zkIpwAqdwDh5cQR1uoQFNIPAAL/AKb86z8+58OJ+z1oIzD/YYFuB8/QKs2Jki</latexit>. . .

<latexit sha1_base64="l0VTAwVJoFdB4pPvoPLiotHLrFg=">AAACA3icdVDLSsNAFJ34rPVVdelmsAiuQlJr0u4KblxWsA9oQ5lMJu3YySTMTIQSCm7cu9VfcCdu/RD/wM9w0lawogcGDufcuY/jJ4xKZVkfxsrq2vrGZmGruL2zu7dfOjhsyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfX+Z+544ISWN+oyYJ8SI05DSkGCkttfssiJUclMqW6VbqVu0CWqbl1F3bzcm56zh1aJvWDGWwQHNQ+uwHMU4jwhVmSMqebSXKy5BQFDMyLfZTSRKEx2hIeppyFBHpZbNtp/BUKwEMY6EfV3Cm/vyRoUjKSeTrygipkfzt5eJfXi9VYc3LKE9SRTieDwpTBlUM89NhQAXBik00QVhQvSvEIyQQVjqgpSl5byFDOS3qaL7vh/+TdsW0HbN6XS03GvfzkArgGJyAM2ADFzTAFWiCFsDgFjyCJ/BsPBgvxqvxNi9dMRbBHoElGO9fOdKZfg==</latexit>. . .

<latexit sha1_base64="l0VTAwVJoFdB4pPvoPLiotHLrFg=">AAACA3icdVDLSsNAFJ34rPVVdelmsAiuQlJr0u4KblxWsA9oQ5lMJu3YySTMTIQSCm7cu9VfcCdu/RD/wM9w0lawogcGDufcuY/jJ4xKZVkfxsrq2vrGZmGruL2zu7dfOjhsyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfX+Z+544ISWN+oyYJ8SI05DSkGCkttfssiJUclMqW6VbqVu0CWqbl1F3bzcm56zh1aJvWDGWwQHNQ+uwHMU4jwhVmSMqebSXKy5BQFDMyLfZTSRKEx2hIeppyFBHpZbNtp/BUKwEMY6EfV3Cm/vyRoUjKSeTrygipkfzt5eJfXi9VYc3LKE9SRTieDwpTBlUM89NhQAXBik00QVhQvSvEIyQQVjqgpSl5byFDOS3qaL7vh/+TdsW0HbN6XS03GvfzkArgGJyAM2ADFzTAFWiCFsDgFjyCJ/BsPBgvxqvxNi9dMRbBHoElGO9fOdKZfg==</latexit>. . .



Results in 
• Ladder integrals: (single-valued) classical polylogs (for all loops).

[Bourjaily, He, McLeod, von Hippel, Wilhelm]

<latexit sha1_base64="t3cGDywqF+QRSQyEMqcdpMs7w+U=">AAACAHicdVDLSgMxFL1TX7W+qi7dBIvgqszUUceFUNCFy4r2Ae1QMmmmDc08SDJCGQri3q3+gjtx65/4B36GmbaCFT0QOJxzcx/HizmTyjQ/jNzC4tLySn61sLa+sblV3N5pyCgRhNZJxCPR8rCknIW0rpjitBULigOP06Y3vMj85h0VkkXhrRrF1A1wP2Q+I1hp6eby3O4WS2bZNC3rqIIycuxYjib2me1UHGRpJUMJZqh1i5+dXkSSgIaKcCxl2zJj5aZYKEY4HRc6iaQxJkPcp21NQxxQ6aaTVcfoQCs95EdCv1ChifrzR4oDKUeBpysDrAbyt5eJf3ntRPmOm7IwThQNyXSQn3CkIpTdjXpMUKL4SBNMBNO7IjLAAhOl05mbkvUW0pfjgo7m+370P2lUytZJ2b62S9Xq/TSkPOzBPhyCBadQhSuoQR0I9OERnuDZeDBejFfjbVqaM2bB7sIcjPcvtyaXdw==</latexit>

D = 4

• Two-loop train track: elliptic polylogs.

•    -loop traintrack: geometry is Calabi-Yau            -fold.
<latexit sha1_base64="vgBVRQ8BnUuQD1CkHf330O64WAI=">AAACBXicbVDLSsNAFL2pr1pfVZdugkWoC0siRV0W3LisYB/QhjKZ3rRDJ5MwMxFKKLhz71Z/wZ249Tv8Az/DSduFbT1w4XDOvXPvHD/mTGnH+bZya+sbm1v57cLO7t7+QfHwqKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80W3mtx5RKhaJBz2O0QvJQLCAUaKN1C53kfML97xXLDkVZwp7lbhzUoI56r3iT7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7hgoSovLS6b0T+8wofTuIpCmh7an6dyIloVLj0DedIdFDtexl4n9eJ9HBjZcyEScaBZ0tChJu68jOPm/3mUSq+dgQQiUzt9p0SCSh2kS0sCV7W6pATQomGnc5iFXSvKy4V5XqfbVUqz3NQsrDCZxCGVy4hhrcQR0aQIHDC7zCm/VsvVsf1uesNWfNgz2GBVhfv5y8mPw=</latexit>

(`� 1)
<latexit sha1_base64="l9nKELK6s6eyHUcTk4dQ8uPfixI=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgqeyWVeut6MVjBfsB7VKy6WwbmmSXJCuU0r/gxYMiXv1D3vw3ZtsVVPTBwOO9GWbmhQln2rjuh1NYWV1b3yhulra2d3b3yvsHbR2nikKLxjxW3ZBo4ExCyzDDoZsoICLk0Akn15nfuQelWSzvzDSBQJCRZBGjxGRSHzgflCtu1V0AZ8Q/82uW+Jd+3fWwl1sVlKM5KL/3hzFNBUhDOdG657mJCWZEGUY5zEv9VENC6ISMoGepJAJ0MFvcOscnVhniKFa2pMEL9fvEjAitpyK0nYKYsf7tZeJfXi81UT2YMZmkBiRdLopSjk2Ms8fxkCmghk8tIVQxeyumY6IINTaekg3h61P8P2nXqt551bv1K42rPI4iOkLH6BR56AI10A1qohaiaIwe0BN6doTz6Lw4r8vWgpPPHKIfcN4+AUnSjmo=</latexit>

`

• Basso-Dixon Formula:

<latexit sha1_base64="eJSqnVX7CiEy6Eq+lqyW5qdBjOE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ae0Q8lkMm1sJhmSjFCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywusn99iNVmklxb8YJ9WM8ECxiBBsrtXo8lEb3yxW36k6BVok3JxWYo9Ev//RCSdKYCkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUCx1T72fTaCTqzSogiqWwJg6bq34kMx1qP48B2xtgM9bKXi/953dRE137GRJIaKshsUZRyZCTKv45CpigxfGwJJorZWxEZYoWJsQEtbMnfVjrSk5KNxlsOYpW0LqreZbV2V6vU60+zkIpwAqdwDh5cQR1uoQFNIPAAL/AKb86z8+58OJ+z1oIzD/YYFuB8/QKs2Jki</latexit>. . .
<latexit sha1_base64="v+3zzP0d6lhbZd9X/jjIFEJdn5c=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy5bsA9oQ5lMb9qhk0mYmQglFNy71V9wJ279Ff/Az3DSZmFbDwwczrmvOX7MmdKO820VNja3tneKu6W9/YPDo/LxSVtFiaTYohGPZNcnCjkT2NJMc+zGEknoc+z4k/vM7zyhVCwSj3oaoxeSkWABo0QbqekMyhWn6sxhrxM3JxXI0RiUf/rDiCYhCk05UarnOrH2UiI1oxxnpX6iMCZ0QkbYM1SQEJWXzg+d2RdGGdpBJM0T2p6rfztSEio1DX1TGRI9VqteJv7n9RId3HopE3GiUdDFoiDhto7s7Nf2kEmkmk8NIVQyc6tNx0QSqk02S1uy2VIFalYy0birQayT9lXVva7WmrVK/S4PqQhncA6X4MIN1OEBGtACCggv8Apv1rP1bn1Yn4vSgpX3nMISrK9fDj2WFw==</latexit>

0

<latexit sha1_base64="K0M5J9UEwhB39v1NaPsReapYbYw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIRH7uCG5ct2Ae0oUymN+3QySTMTIQaCu7d6i+4E7f+in/gZzhps7CtBwYO59zXHD/mTGnH+bYKa+sbm1vF7dLO7t7+QfnwqKWiRFJs0ohHsuMThZwJbGqmOXZiiST0Obb98V3mtx9RKhaJBz2J0QvJULCAUaKN1HjqlytO1ZnBXiVuTiqQo94v//QGEU1CFJpyolTXdWLtpURqRjlOS71EYUzomAyxa6ggISovnR06tc+MMrCDSJontD1T/3akJFRqEvqmMiR6pJa9TPzP6yY6uPFSJuJEo6DzRUHCbR3Z2a/tAZNINZ8YQqhk5labjogkVJtsFrZks6UK1LRkonGXg1glrYuqe1W9bFxWard5SEU4gVM4BxeuoQb3UIcmUEB4gVd4s56td+vD+pyXFqy85xgWYH39AoTBlmE=</latexit>z

<latexit sha1_base64="409buORNEDbyDV78jmjHa1FL9hw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy5bsA9oQ5lMb9qhk0mYmQglFNy71V9wJ279Ff/Az3DSZmFbDwwczrmvOX7MmdKO820VNja3tneKu6W9/YPDo/LxSVtFiaTYohGPZNcnCjkT2NJMc+zGEknoc+z4k/vM7zyhVCwSj3oaoxeSkWABo0QbqekOyhWn6sxhrxM3JxXI0RiUf/rDiCYhCk05UarnOrH2UiI1oxxnpX6iMCZ0QkbYM1SQEJWXzg+d2RdGGdpBJM0T2p6rfztSEio1DX1TGRI9VqteJv7n9RId3HopE3GiUdDFoiDhto7s7Nf2kEmkmk8NIVQyc6tNx0QSqk02S1uy2VIFalYy0birQayT9lXVva7WmrVK/S4PqQhncA6X4MIN1OEBGtACCggv8Apv1rP1bn1Yn4vSgpX3nMISrK9fD9eWGA==</latexit>

1

<latexit sha1_base64="hBhqbRlSBmKQKb4iR6YaK/ZjRHc=">AAACA3icbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy4r2Ae0oUymk3bsZBJmboRQunTvVn/Bnbj1Q/wDP8NJm4VtPTBwOOe+5vix4Bod59sqrK1vbG4Vt0s7u3v7B+XDo5aOEkVZk0YiUh2faCa4ZE3kKFgnVoyEvmBtf3yb+e0npjSP5AOmMfNCMpQ84JSgkVo9LgNM++WKU3VmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvQlRyKlg01Iv0SwmdEyGrGuoJCHT3mR27dQ+M8rADiJlnkR7pv7tmJBQ6zT0TWVIcKSXvUz8z+smGFx7Ey7jBJmk80VBImyM7Ozr9oArRlGkhhCquLnVpiOiCEUT0MKWbLbSgZ6WTDTuchCrpHVRdS+rtftapX6Th1SEEziFc3DhCupwBw1oAoVHeIFXeLOerXfrw/qclxasvOcYFmB9/QKLJZif</latexit>1

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·
<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·<latexit sha1_base64="v+3zzP0d6lhbZd9X/jjIFEJdn5c=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy5bsA9oQ5lMb9qhk0mYmQglFNy71V9wJ279Ff/Az3DSZmFbDwwczrmvOX7MmdKO820VNja3tneKu6W9/YPDo/LxSVtFiaTYohGPZNcnCjkT2NJMc+zGEknoc+z4k/vM7zyhVCwSj3oaoxeSkWABo0QbqekMyhWn6sxhrxM3JxXI0RiUf/rDiCYhCk05UarnOrH2UiI1oxxnpX6iMCZ0QkbYM1SQEJWXzg+d2RdGGdpBJM0T2p6rfztSEio1DX1TGRI9VqteJv7n9RId3HopE3GiUdDFoiDhto7s7Nf2kEmkmk8NIVQyc6tNx0QSqk02S1uy2VIFalYy0birQayT9lXVva7WmrVK/S4PqQhncA6X4MIN1OEBGtACCggv8Apv1rP1bn1Yn4vSgpX3nMISrK9fDj2WFw==</latexit>

0

<latexit sha1_base64="K0M5J9UEwhB39v1NaPsReapYbYw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIRH7uCG5ct2Ae0oUymN+3QySTMTIQaCu7d6i+4E7f+in/gZzhps7CtBwYO59zXHD/mTGnH+bYKa+sbm1vF7dLO7t7+QfnwqKWiRFJs0ohHsuMThZwJbGqmOXZiiST0Obb98V3mtx9RKhaJBz2J0QvJULCAUaKN1HjqlytO1ZnBXiVuTiqQo94v//QGEU1CFJpyolTXdWLtpURqRjlOS71EYUzomAyxa6ggISovnR06tc+MMrCDSJontD1T/3akJFRqEvqmMiR6pJa9TPzP6yY6uPFSJuJEo6DzRUHCbR3Z2a/tAZNINZ8YQqhk5labjogkVJtsFrZks6UK1LRkonGXg1glrYuqe1W9bFxWard5SEU4gVM4BxeuoQb3UIcmUEB4gVd4s56td+vD+pyXFqy85xgWYH39AoTBlmE=</latexit>z

<latexit sha1_base64="hBhqbRlSBmKQKb4iR6YaK/ZjRHc=">AAACA3icbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy4r2Ae0oUymk3bsZBJmboRQunTvVn/Bnbj1Q/wDP8NJm4VtPTBwOOe+5vix4Bod59sqrK1vbG4Vt0s7u3v7B+XDo5aOEkVZk0YiUh2faCa4ZE3kKFgnVoyEvmBtf3yb+e0npjSP5AOmMfNCMpQ84JSgkVo9LgNM++WKU3VmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvQlRyKlg01Iv0SwmdEyGrGuoJCHT3mR27dQ+M8rADiJlnkR7pv7tmJBQ6zT0TWVIcKSXvUz8z+smGFx7Ey7jBJmk80VBImyM7Ozr9oArRlGkhhCquLnVpiOiCEUT0MKWbLbSgZ6WTDTuchCrpHVRdS+rtftapX6Th1SEEziFc3DhCupwBw1oAoVHeIFXeLOerXfrw/qclxasvOcYFmB9/QKLJZif</latexit>1

<latexit sha1_base64="409buORNEDbyDV78jmjHa1FL9hw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy5bsA9oQ5lMb9qhk0mYmQglFNy71V9wJ279Ff/Az3DSZmFbDwwczrmvOX7MmdKO820VNja3tneKu6W9/YPDo/LxSVtFiaTYohGPZNcnCjkT2NJMc+zGEknoc+z4k/vM7zyhVCwSj3oaoxeSkWABo0QbqekOyhWn6sxhrxM3JxXI0RiUf/rDiCYhCk05UarnOrH2UiI1oxxnpX6iMCZ0QkbYM1SQEJWXzg+d2RdGGdpBJM0T2p6rfztSEio1DX1TGRI9VqteJv7n9RId3HopE3GiUdDFoiDhto7s7Nf2kEmkmk8NIVQyc6tNx0QSqk02S1uy2VIFalYy0birQayT9lXVva7WmrVK/S4PqQhncA6X4MIN1OEBGtACCggv8Apv1rP1bn1Yn4vSgpX3nMISrK9fD9eWGA==</latexit>

1 <latexit sha1_base64="orNO+clBalKQdK9Vo0LKO5wuu2A=">AAACAXicbVDLSgMxFL2pr1pfVZdugkVwVWZE1GXBjcsK9gHtUDJppg1NMkOSEcpQENy71V9wJ279Ev/AzzDTdmFbD1w4nHNv7s0JE8GN9bxvVFhb39jcKm6Xdnb39g/Kh0dNE6easgaNRazbITFMcMUallvB2olmRIaCtcLRbe63Hpk2PFYPdpywQJKB4hGnxOZS13DZK1e8qjcFXiX+nFRgjnqv/NPtxzSVTFkqiDEd30tskBFtORVsUuqmhiWEjsiAdRxVRDITZNNbJ/jMKX0cxdqVsniq/p3IiDRmLEPXKYkdmmUvF//zOqmNboKMqyS1TNHZoigV2MY4/zjuc82oFWNHCNXc3YrpkGhCrYtnYUv+tjaRmZRcNP5yEKukeVH1r6qX95eVWu1pFlIRTuAUzsGHa6jBHdShARSG8AKv8Iae0Tv6QJ+z1gKaB3sMC0Bfv/0vmDE=</latexit>⇠
<latexit sha1_base64="LQjBG1mM2lkz/fNtANrUuoG5HmE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloDg3av+gjfx6pf4B36Gs0kOJrGgoajqnu6pIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbe63HlFpHssHM07Qj+hA8pAzanKp20fTK1fcqjsFWSXenFRgjnqv/NPtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHrrhJxZpU/CWNmShkzVvxMZjbQeR4HtjKgZ6mUvF//zOqkJb/yMyyQ1KNlsUZgKYmKSf5z0uUJmxNgSyhS3txI2pIoyY+NZ2JK/rXSoJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIMhvMArvDnPzrvz4XzOWgvOPNhjWIDz9Qvp1Zgl</latexit>

det <latexit sha1_base64="eJSqnVX7CiEy6Eq+lqyW5qdBjOE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ae0Q8lkMm1sJhmSjFCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywusn99iNVmklxb8YJ9WM8ECxiBBsrtXo8lEb3yxW36k6BVok3JxWYo9Ev//RCSdKYCkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUCx1T72fTaCTqzSogiqWwJg6bq34kMx1qP48B2xtgM9bKXi/953dRE137GRJIaKshsUZRyZCTKv45CpigxfGwJJorZWxEZYoWJsQEtbMnfVjrSk5KNxlsOYpW0LqreZbV2V6vU60+zkIpwAqdwDh5cQR1uoQFNIPAAL/AKb86z8+58OJ+z1oIzD/YYFuB8/QKs2Jki</latexit>. . .
<latexit sha1_base64="v+3zzP0d6lhbZd9X/jjIFEJdn5c=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy5bsA9oQ5lMb9qhk0mYmQglFNy71V9wJ279Ff/Az3DSZmFbDwwczrmvOX7MmdKO820VNja3tneKu6W9/YPDo/LxSVtFiaTYohGPZNcnCjkT2NJMc+zGEknoc+z4k/vM7zyhVCwSj3oaoxeSkWABo0QbqekMyhWn6sxhrxM3JxXI0RiUf/rDiCYhCk05UarnOrH2UiI1oxxnpX6iMCZ0QkbYM1SQEJWXzg+d2RdGGdpBJM0T2p6rfztSEio1DX1TGRI9VqteJv7n9RId3HopE3GiUdDFoiDhto7s7Nf2kEmkmk8NIVQyc6tNx0QSqk02S1uy2VIFalYy0birQayT9lXVva7WmrVK/S4PqQhncA6X4MIN1OEBGtACCggv8Apv1rP1bn1Yn4vSgpX3nMISrK9fDj2WFw==</latexit>

0

<latexit sha1_base64="K0M5J9UEwhB39v1NaPsReapYbYw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIRH7uCG5ct2Ae0oUymN+3QySTMTIQaCu7d6i+4E7f+in/gZzhps7CtBwYO59zXHD/mTGnH+bYKa+sbm1vF7dLO7t7+QfnwqKWiRFJs0ohHsuMThZwJbGqmOXZiiST0Obb98V3mtx9RKhaJBz2J0QvJULCAUaKN1HjqlytO1ZnBXiVuTiqQo94v//QGEU1CFJpyolTXdWLtpURqRjlOS71EYUzomAyxa6ggISovnR06tc+MMrCDSJontD1T/3akJFRqEvqmMiR6pJa9TPzP6yY6uPFSJuJEo6DzRUHCbR3Z2a/tAZNINZ8YQqhk5labjogkVJtsFrZks6UK1LRkonGXg1glrYuqe1W9bFxWard5SEU4gVM4BxeuoQb3UIcmUEB4gVd4s56td+vD+pyXFqy85xgWYH39AoTBlmE=</latexit>z

<latexit sha1_base64="409buORNEDbyDV78jmjHa1FL9hw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy5bsA9oQ5lMb9qhk0mYmQglFNy71V9wJ279Ff/Az3DSZmFbDwwczrmvOX7MmdKO820VNja3tneKu6W9/YPDo/LxSVtFiaTYohGPZNcnCjkT2NJMc+zGEknoc+z4k/vM7zyhVCwSj3oaoxeSkWABo0QbqekOyhWn6sxhrxM3JxXI0RiUf/rDiCYhCk05UarnOrH2UiI1oxxnpX6iMCZ0QkbYM1SQEJWXzg+d2RdGGdpBJM0T2p6rfztSEio1DX1TGRI9VqteJv7n9RId3HopE3GiUdDFoiDhto7s7Nf2kEmkmk8NIVQyc6tNx0QSqk02S1uy2VIFalYy0birQayT9lXVva7WmrVK/S4PqQhncA6X4MIN1OEBGtACCggv8Apv1rP1bn1Yn4vSgpX3nMISrK9fD9eWGA==</latexit>

1

<latexit sha1_base64="hBhqbRlSBmKQKb4iR6YaK/ZjRHc=">AAACA3icbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy4r2Ae0oUymk3bsZBJmboRQunTvVn/Bnbj1Q/wDP8NJm4VtPTBwOOe+5vix4Bod59sqrK1vbG4Vt0s7u3v7B+XDo5aOEkVZk0YiUh2faCa4ZE3kKFgnVoyEvmBtf3yb+e0npjSP5AOmMfNCMpQ84JSgkVo9LgNM++WKU3VmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvQlRyKlg01Iv0SwmdEyGrGuoJCHT3mR27dQ+M8rADiJlnkR7pv7tmJBQ6zT0TWVIcKSXvUz8z+smGFx7Ey7jBJmk80VBImyM7Ozr9oArRlGkhhCquLnVpiOiCEUT0MKWbLbSgZ6WTDTuchCrpHVRdS+rtftapX6Th1SEEziFc3DhCupwBw1oAoVHeIFXeLOerXfrw/qclxasvOcYFmB9/QKLJZif</latexit>1
( (
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Results in

• Basso-Dixon formula in 2D:

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·
<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
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• No known results for multi-variable traintracks.

• Observation: 1-loop can be expressed as elliptic integrals:
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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D(z)

z � z̄
(1)

with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as
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<latexit sha1_base64="1mi2CEa7RriU4YAZ7oNCrJWywz8=">AAACBXicbVC7SgNBFL0bXzG+opY2g0GwCrsiPrqAjWUE84BkCXcns8mQ2dllZlYIIbW9rf6Cndj6Hf6Bn+FssoVJPDBwOOe+5gSJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR00dp4qyBo1FrNoBaia4ZA3DjWDtRDGMAsFawegu81tPTGkey0czTpgf4UDykFM0Vmp3USRD7Hm9csWtujOQVeLlpAI56r3yT7cf0zRi0lCBWnc8NzH+BJXhVLBpqZtqliAd4YB1LJUYMe1PZvdOyZlV+iSMlX3SkJn6t2OCkdbjKLCVEZqhXvYy8T+vk5rwxp9wmaSGSTpfFKaCmJhknyd9rhg1YmwJUsXtrYQOUSE1NqKFLdlspUM9LdlovOUgVknzoupdVS8fLiu12zykIpzAKZyDB9dQg3uoQwMoCHiBV3hznp1358P5nJcWnLznGBbgfP0ChzuZHw==</latexit>↵1

<latexit sha1_base64="WXm9UM4TUYZrGZs7AJBgar6Bo0s=">AAACBXicbVDLSsNAFL2pr1pfVZdugkVwVZJSfOwKblxWsA9oQ7mZTtqhk0mYmQgldO3erf6CO3Hrd/gHfoaTNgvbemDgcM59zfFjzpR2nG+rsLG5tb1T3C3t7R8cHpWPT9oqSiShLRLxSHZ9VJQzQVuaaU67saQY+px2/Mld5neeqFQsEo96GlMvxJFgASOojdTtI4/HOKgNyhWn6sxhrxM3JxXI0RyUf/rDiCQhFZpwVKrnOrH2UpSaEU5npX6iaIxkgiPaM1RgSJWXzu+d2RdGGdpBJM0T2p6rfztSDJWahr6pDFGP1aqXif95vUQHN17KRJxoKshiUZBwW0d29nl7yCQlmk8NQSKZudUmY5RItIloaUs2W6pAzUomGnc1iHXSrlXdq2r9oV5p3OYhFeEMzuESXLiGBtxDE1pAgMMLvMKb9Wy9Wx/W56K0YOU9p7AE6+sXiNWZIA==</latexit>↵2

<latexit sha1_base64="rC7viDeQ/Cb0AxsnYg+3JpavSIk=">AAACBXicbVDLSsNAFL2pr1pfVZdugkVwVRItPnYFNy4r2Ae0odxMJ+3QySTMTIQSunbvVn/Bnbj1O/wDP8NJm4VtPTBwOOe+5vgxZ0o7zrdVWFvf2Nwqbpd2dvf2D8qHRy0VJZLQJol4JDs+KsqZoE3NNKedWFIMfU7b/vgu89tPVCoWiUc9iakX4lCwgBHURur0kMcj7F/2yxWn6sxgrxI3JxXI0eiXf3qDiCQhFZpwVKrrOrH2UpSaEU6npV6iaIxkjEPaNVRgSJWXzu6d2mdGGdhBJM0T2p6pfztSDJWahL6pDFGP1LKXif953UQHN17KRJxoKsh8UZBwW0d29nl7wCQlmk8MQSKZudUmI5RItIloYUs2W6pATUsmGnc5iFXSuqi6V9XaQ61Sv81DKsIJnMI5uHANdbiHBjSBAIcXeIU369l6tz6sz3lpwcp7jmEB1tcvim+ZIQ==</latexit>↵3

<latexit sha1_base64="C0kI3wW18eLv6yNStnHDrRmgxzA=">AAACBXicbVC7SgNBFL3rM8ZX1NJmMAhWYVeCjy5gYxnBPCAJ4e5kNhkyO7vMzAphSW1vq79gJ7Z+h3/gZzibbGESDwwczrmvOX4suDau++2srW9sbm0Xdoq7e/sHh6Wj46aOEkVZg0YiUm0fNRNcsobhRrB2rBiGvmAtf3yX+a0npjSP5KOZxKwX4lDygFM0Vmp3UcQj7Ff7pbJbcWcgq8TLSRly1Puln+4goknIpKECte54bmx6KSrDqWDTYjfRLEY6xiHrWCoxZLqXzu6dknOrDEgQKfukITP1b0eKodaT0LeVIZqRXvYy8T+vk5jgppdyGSeGSTpfFCSCmIhknycDrhg1YmIJUsXtrYSOUCE1NqKFLdlspQM9LdpovOUgVknzsuJdVaoP1XLtNg+pAKdwBhfgwTXU4B7q0AAKAl7gFd6cZ+fd+XA+56VrTt5zAgtwvn4BjAmZIg==</latexit>↵4

   2 periods of an 
elliptic curve

<latexit sha1_base64="rkxU9G8VtoqTMLGMi7QiY5jBR0E="></latexit>

K(z) =

Z 1

0

dxp
(1� x2)(1� zx2)

<latexit sha1_base64="l9nKELK6s6eyHUcTk4dQ8uPfixI=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgqeyWVeut6MVjBfsB7VKy6WwbmmSXJCuU0r/gxYMiXv1D3vw3ZtsVVPTBwOO9GWbmhQln2rjuh1NYWV1b3yhulra2d3b3yvsHbR2nikKLxjxW3ZBo4ExCyzDDoZsoICLk0Akn15nfuQelWSzvzDSBQJCRZBGjxGRSHzgflCtu1V0AZ8Q/82uW+Jd+3fWwl1sVlKM5KL/3hzFNBUhDOdG657mJCWZEGUY5zEv9VENC6ISMoGepJAJ0MFvcOscnVhniKFa2pMEL9fvEjAitpyK0nYKYsf7tZeJfXi81UT2YMZmkBiRdLopSjk2Ms8fxkCmghk8tIVQxeyumY6IINTaekg3h61P8P2nXqt551bv1K42rPI4iOkLH6BR56AI10A1qohaiaIwe0BN6doTz6Lw4r8vWgpPPHKIfcN4+AUnSjmo=</latexit>

`



Outline
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Brief overview of Calabi-
Yau geometry



Calabi-Yau varieties
• A Calabi-Yau    -fold is an   -dimensional complex Kähler 

manifold with a unique nowhere vanishing         -form.

<latexit sha1_base64="dVmIISiJVx8x3l8O42RhQfFL3F8=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloDg3av+gjfx6pf4B36Gs0kOJrGgoajqnu6pIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbe63HlFpHssHM07Qj+hA8pAzanKpi0L0yhW36k5BVok3JxWYo94r/3T7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m946IWdW6ZMwVrakIVP170RGI63HUWA7I2qGetnLxf+8TmrCGz/jMkkNSjZbFKaCmJjkHyd9rpAZMbaEMsXtrYQNqaLM2HgWtuRvKx3qSclG4y0HsUqaF1Xvqnp5f1mp1Z5mIRXhBE7hHDy4hhrcQR0awGAIL/AKb86z8+58OJ+z1oIzD/YYFuB8/QLp3pgl</latexit>

`
<latexit sha1_base64="dVmIISiJVx8x3l8O42RhQfFL3F8=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloDg3av+gjfx6pf4B36Gs0kOJrGgoajqnu6pIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbe63HlFpHssHM07Qj+hA8pAzanKpi0L0yhW36k5BVok3JxWYo94r/3T7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m946IWdW6ZMwVrakIVP170RGI63HUWA7I2qGetnLxf+8TmrCGz/jMkkNSjZbFKaCmJjkHyd9rpAZMbaEMsXtrYQNqaLM2HgWtuRvKx3qSclG4y0HsUqaF1Xvqnp5f1mp1Z5mIRXhBE7hHDy4hhrcQR0awGAIL/AKb86z8+58OJ+z1oIzD/YYFuB8/QLp3pgl</latexit>

`
<latexit sha1_base64="s1BYW2lmTX646zSlUuqLP39LEO8=">AAACBXicbVDLSsNAFL2pr1pfVZdugkWoICWRoi4LblxWsA9oQ5lMb9qhk0mYmQglFNy5d6u/4E7c+h3+gZ/hpO3Cth64cDjn3rl3jh9zprTjfFu5tfWNza38dmFnd2//oHh41FRRIik2aMQj2faJQs4ENjTTHNuxRBL6HFv+6DbzW48oFYvEgx7H6IVkIFjAKNFGape7yPmFc94rlpyKM4W9Stw5KcEc9V7xp9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdQwUJUXnp9N6JfWaUvh1E0pTQ9lT9O5GSUKlx6JvOkOihWvYy8T+vk+jgxkuZiBONgs4WBQm3dWRnn7f7TCLVfGwIoZKZW206JJJQbSJa2JK9LVWgJgUTjbscxCppXlbcq0r1vlqq1Z5mIeXhBE6hDC5cQw3uoA4NoMDhBV7hzXq23q0P63PWmrPmwR7DAqyvX5mFmPo=</latexit>

(`, 0)

➡         -form:   holomorphic and   anti-holomorphic differentials.
<latexit sha1_base64="NoY9l3Y606FlLj/oEwJ6OgFiwiU=">AAACAnicbVDLSgMxFL1TX7W+qi7dBItQQcpMKeqy4MZlBacttEPJpJk2NJMZk4xQhoIL9271F9yJW3/EP/AzzLRd2NYDFw7n3Jt7c/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo6aKEkmoSyIeybaPFeVMUFczzWk7lhSHPqctf3ST+a1HKhWLxL0ex9QL8UCwgBGsjeSW44uH816xZFfsKdAqceakBHM0esWfbj8iSUiFJhwr1XHsWHsplpoRTieFbqJojMkID2jHUIFDqrx0euwEnRmlj4JImhIaTdW/EykOlRqHvukMsR6qZS8T//M6iQ6uvZSJONFUkNmiIOFIRyj7OeozSYnmY0MwkczcisgQS0y0yWdhS/a2VIGaFEw0znIQq6RZrTiXldpdrVSvP81CysMJnEIZHLiCOtxCA1wgwOAFXuHNerberQ/rc9aas+bBHsMCrK9fsM+X9A==</latexit>

(p, q) <latexit sha1_base64="ZEHtjwLhKKUevNSS3ncyVRhAoO8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqcb9YcsvuHGSTeEtSgiVq/eJPdxCxJERpmKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYslTRE3Uvnh07JlVUGJIiULWnIXP07kdJQ60no286QmpFe9zLxP6+TmOC+l3IZJwYlWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BnNiW3g==</latexit>p <latexit sha1_base64="ZylUz1hzGRynfsUlqpBqSCUMEvs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmfXmVkhhEDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5jErzWD6aUYJ+RPuSh5xRY6XaU7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULnnKW3w==</latexit>q

➡ Uniqueness of         -form is equivalent to vanishing of 1st 
Chern class.

<latexit sha1_base64="s1BYW2lmTX646zSlUuqLP39LEO8=">AAACBXicbVDLSsNAFL2pr1pfVZdugkWoICWRoi4LblxWsA9oQ5lMb9qhk0mYmQglFNy5d6u/4E7c+h3+gZ/hpO3Cth64cDjn3rl3jh9zprTjfFu5tfWNza38dmFnd2//oHh41FRRIik2aMQj2faJQs4ENjTTHNuxRBL6HFv+6DbzW48oFYvEgx7H6IVkIFjAKNFGape7yPmFc94rlpyKM4W9Stw5KcEc9V7xp9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdQwUJUXnp9N6JfWaUvh1E0pTQ9lT9O5GSUKlx6JvOkOihWvYy8T+vk+jgxkuZiBONgs4WBQm3dWRnn7f7TCLVfGwIoZKZW206JJJQbSJa2JK9LVWgJgUTjbscxCppXlbcq0r1vlqq1Z5mIeXhBE6hDC5cQw3uoA4NoMDhBV7hzXq23q0P63PWmrPmwR7DAqyvX5mFmPo=</latexit>

(`, 0)

• A Calabi-Yau    -fold is uniquely defined by a triple
<latexit sha1_base64="dVmIISiJVx8x3l8O42RhQfFL3F8=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloDg3av+gjfx6pf4B36Gs0kOJrGgoajqnu6pIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbe63HlFpHssHM07Qj+hA8pAzanKpi0L0yhW36k5BVok3JxWYo94r/3T7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m946IWdW6ZMwVrakIVP170RGI63HUWA7I2qGetnLxf+8TmrCGz/jMkkNSjZbFKaCmJjkHyd9rpAZMbaEMsXtrYQNqaLM2HgWtuRvKx3qSclG4y0HsUqaF1Xvqnp5f1mp1Z5mIRXhBE7hHDy4hhrcQR0awGAIL/AKb86z8+58OJ+z1oIzD/YYFuB8/QLp3pgl</latexit>

`
<latexit sha1_base64="Bkl1tZkFx4xi9XrB5PfcXjcVq7o=">AAACEHicbZDLSgMxFIYzXmu9TXXpZrAIFUqZkaIuC27ciBXsBTpDyaSZNjSXIckoZSj4DO7d6iu4E7e+gW/gY5hpu7CtB0J+/v8k5/CFMSVKu+63tbK6tr6xmdvKb+/s7u3bhYOmEolEuIEEFbIdQoUp4bihiaa4HUsMWUhxKxxeZXnrAUtFBL/XoxgHDPY5iQiC2lhdu1C6Kfu3DPdh2RfZddq1i27FnZSzLLyZKIJZ1bv2j98TKGGYa0ShUh3PjXWQQqkJonic9xOFY4iGsI87RnLIsArSyepj58Q4PScS0hyunYn790UKmVIjFppOBvVALWaZ+V/WSXR0GaSEx4nGHE0HRQl1tHAyDk6PSIw0HRkBkSRmVwcNoIRIG1pzU7K/pYrUOG/QeIsglkXzrOKdV6p31WKt9jSFlANH4BiUgAcuQA1cgzpoAAQewQt4BW/Ws/VufVif09YVawb2EMyV9fUL4jac3w==</latexit>

(M,⌦,!)          Complex manifold of 
dimension 

<latexit sha1_base64="ZNNoBiHL+p6IUOMIcp8Rnr8/CX4=">AAACAXicdVDLSsNAFL2pr1pfVZduBovgKiRSq+4KblxWsA9oQ5lMb9qhk0mYmQilFAT3bvUX3Ilbv8Q/8DNM2opW9MDA4Zw793H8WHBtHOfdyi0tr6yu5dcLG5tb2zvF3b2GjhLFsM4iEamWTzUKLrFuuBHYihXS0BfY9IeXmd+8RaV5JG/MKEYvpH3JA86oyaQOCtEtlhzbmYI49qnjXlTcb+LOrRLMUesWPzq9iCUhSsME1brtOrHxxlQZzgROCp1EY0zZkPaxnVJJQ9TeeLrrhBylSo8EkUqfNGSq/vwxpqHWo9BPK0NqBvq3l4l/ee3EBOfemMs4MSjZbFCQCGIikh1OelwhM2KUEsoUT3clbEAVZSaNZ2FK1lvpQE8KaTRf95P/SePEdit2+bpcqlbvZiHl4QAO4RhcOIMqXEEN6sBgAA/wCE/WvfVsvVivs9KcNQ92HxZgvX0CLJeYUQ==</latexit>

`
-form (defines complex structure)

<latexit sha1_base64="x7sQApX9Dmpi3zAYT2nnqPGViP8=">AAACBXicdVDLSgMxFM3UV62vqks3wSJUkDKVqY9dwY3LCvYB7VAy6Z02NJMZkoxQhoI79271F9yJW7/DP/AzzHQqWNEDgcM5N/dxvIgzpW37w8otLa+sruXXCxubW9s7xd29lgpjSaFJQx7KjkcUcCagqZnm0IkkkMDj0PbGV6nfvgOpWChu9SQCNyBDwXxGiTZSp9wDzk/s436xZFfsGXBGnJQ4l07NruHq3CqhORr94mdvENI4AKEpJ0p1q3ak3YRIzSiHaaEXK4gIHZMhdA0VJADlJrN9p/jIKAPsh9I8ofFM/fkjIYFSk8AzlQHRI/XbS8W/vG6s/Qs3YSKKNQiaDfJjjnWI0+PxgEmgmk8MIVQysyumIyIJ1SaihSlpb6l8NS2YaL7vx/+T1mmlelZxbpxSvX6fhZRHB+gQlVEVnaM6ukYN1EQUcfSIntCz9WC9WK/WW1aas+bB7qMFWO9fyB6ZGQ==</latexit>

(`, 0)

Kähler form;         -form (~metric)
<latexit sha1_base64="4sGGTjhgGlQuEZSe4q54atR9wTE=">AAACAnicdVDLSgMxFM34rPVVdekmWIQKMmRqnWl3BTcuK9gHtEPJpJk2NPMgyQhlKLhw71Z/wZ249Uf8Az/DTFvBih4IHM65uY/jxZxJhdCHsbK6tr6xmdvKb+/s7u0XDg5bMkoEoU0S8Uh0PCwpZyFtKqY47cSC4sDjtO2NrzK/fUeFZFF4qyYxdQM8DJnPCFZaapasc+usXygi0ynXUPUSIhPZNcdyMnLh2HYNWiaaoQgWaPQLn71BRJKAhopwLGXXQrFyUywUI5xO871E0hiTMR7SrqYhDqh009myU3iqlQH0I6FfqOBM/fkjxYGUk8DTlQFWI/nby8S/vG6i/KqbsjBOFA3JfJCfcKgimF0OB0xQovhEE0wE07tCMsICE6XzWZqS9RbSl9O8jub7fvg/aZVNyzYrN5VivX4/DykHjsEJKAELOKAOrkEDNAEBDDyCJ/BsPBgvxqvxNi9dMRbBHoElGO9fcVeX0Q==</latexit>

(1, 1)

• Example: Calabi-Yau 1-fold = elliptic curve
<latexit sha1_base64="hNSzh3fu18dPAS9HxDgvMwbfCHQ="></latexit>✓
E , dz =

dx

y
,Adz ^ dz̄

◆ \
,

I

.

-

"
"

<latexit sha1_base64="xK9sT45hYBlMZrgWq+QGWhWn10o=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4GmZqcequ4MZlBfuAdih30kwbm8kMSUYopeDGvVv9BXfi1g/xD/wMM20FK3ogcDjn5j5OkHCmtON8WLmV1bX1jfxmYWt7Z3evuH/QVHEqCW2QmMeyHYCinAna0Exz2k4khSjgtBWMLjO/dUelYrG40eOE+hEMBAsZAW2kZhd4MoReseTYnud65Qvs2M4MGXG9s6qD3YVSQgvUe8XPbj8maUSFJhyU6rhOov0JSM0Ip9NCN1U0ATKCAe0YKiCiyp/Mtp3iE6P0cRhL84TGM/XnjwlESo2jwFRGoIfqt5eJf3mdVIdVf8JEkmoqyHxQmHKsY5ydjvtMUqL52BAgkpldMRmCBKJNQEtTst5ShWpaMNF834//J82y7Z7bletKqVa7n4eUR0foGJ0iF3mohq5QHTUQQbfoET2hZ+vBerFerbd5ac5aBHuIlmC9fwHJqZk2</latexit>↵

<latexit sha1_base64="MDhKU6BeTroJ/KKeA7hOKO02ZcM=">AAACAnicdVDLSsNAFJ34rPVVdelmsAiuQlLTpt0V3LisYNpCG8pkOmmHTiZhZiKUUHDh3q3+gjtx64/4B36Gk7aCFT0wcDjnzn2cIGFUKsv6MNbWNza3tgs7xd29/YPD0tFxW8apwMTDMYtFN0CSMMqJp6hipJsIgqKAkU4wucr9zh0Rksb8Vk0T4kdoxGlIMVJa8voBUWhQKlumVXWrTgVa5qXbqLl1TSo1p9KwoW1ac5TBEq1B6bM/jHEaEa4wQ1L2bCtRfoaEopiRWbGfSpIgPEEj0tOUo4hIP5svO4PnWhnCMBb6cQXn6s8fGYqknEaBroyQGsvfXi7+5fVSFdb9jPIkVYTjxaAwZVDFML8cDqkgWLGpJggLqneFeIwEwkrnszIl7y1kKGdFHc33/fB/0q6Yds10bpxys3m/CKkATsEZuAA2cEETXIMW8AAGFDyCJ/BsPBgvxqvxtihdM5bBnoAVGO9fLfiY5Q==</latexit>

�



*
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-

_

-

_

-

_

_

-

"

- - -
-
-
- -

- ✗

+- - - - -
- -

<latexit sha1_base64="W48/Ynl2jXlahvA2BOvvbqRcoC8=">AAACAnicdVDLSgMxFM3UV62vqks3wSK4GjJ2bO2u4MZlBacttEPJpJk2NPMgyQh1GHDh3q3+gjtx64/4B36GmbaCFT0QOJxzcx/HizmTCqEPo7Cyura+UdwsbW3v7O6V9w/aMkoEoQ6JeCS6HpaUs5A6iilOu7GgOPA47XiTy9zv3FIhWRTeqGlM3QCPQuYzgpWWnPRuUM0G5QoyURVZNoLItBpVq97QxK41zqs2tEw0QwUs0BqUP/vDiCQBDRXhWMqehWLlplgoRjjNSv1E0hiTCR7RnqYhDqh009myGTzRyhD6kdAvVHCm/vyR4kDKaeDpygCrsfzt5eJfXi9R/oWbsjBOFA3JfJCfcKgimF8Oh0xQovhUE0wE07tCMsYCE6XzWZqS9xbSl1lJR/N9P/yftM9Mq2ba13al2byfh1QER+AYnAIL1EETXIEWcAABDDyCJ/BsPBgvxqvxNi8tGItgD8ESjPcvJUuY3w==</latexit>z3

<latexit sha1_base64="+VPudcAQgP8J9fWyYNZ5RZKH9A8=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKNTbsruHFZwbSFtpTJdNIOnUzCzESoIeDCvVv9BXfi1h/xD/wMJ20FK3pg4HDOnfs4fsyoVJb1YRRWVtfWN4qbpa3tnd298v5BS0aJwMTDEYtEx0eSMMqJp6hipBMLgkKfkbY/ucz99i0Rkkb8Rk1j0g/RiNOAYqS05KV3AzsblCuW6dbqF9VzaJmW4zqOnZN69dy1oG1aM1TAAs1B+bM3jHASEq4wQ1J2bStW/RQJRTEjWamXSBIjPEEj0tWUo5DIfjpbNoMnWhnCIBL6cQVn6s8fKQqlnIa+rgyRGsvfXi7+5XUTFdT6KeVxogjH80FBwqCKYH45HFJBsGJTTRAWVO8K8RgJhJXOZ2lK3lvIQGYlHc33/fB/0joz7arpXDuVRuN+HlIRHIFjcAps4IIGuAJN4AEMKHgET+DZeDBejFfjbV5aMBbBHoIlGO9fOO6Y6w==</latexit>z1
<latexit sha1_base64="r3k3HNk2CMXCovyOXZl2XJVX9ow=">AAACAnicdVBNS8MwGE79nPNr6tFLcAieStfNdd4GXjxOsNtgKyPN0i0sTUuSCrMUPHj3qn/Bm3j1j/gP/Bmm2wQn+kDIw/O8yfu+jx8zKpVlfRgrq2vrG5uFreL2zu7efungsC2jRGDi4ohFousjSRjlxFVUMdKNBUGhz0jHn1zmfueWCEkjfqOmMfFCNOI0oBgpLbnp3cDOBqWyZVrnTtW2oWVW9WXXNbHtC8dpwIppzVAGC7QGpc/+MMJJSLjCDEnZq1ix8lIkFMWMZMV+IkmM8ASNSE9TjkIivXQ2bAZPtTKEQST04QrO1J8vUhRKOQ19XRkiNZa/vVz8y+slKmh4KeVxogjH80ZBwqCKYL45HFJBsGJTTRAWVM8K8RgJhJXOZ6lL/reQgcyKOprv/eH/pG2blbpZu66Vm837eUgFcAxOwBmoAAc0wRVoARdgQMEjeALPxoPxYrwab/PSFWMR7BFYgvH+BSh6mOE=</latexit>z2

<latexit sha1_base64="7Dw93vY71xHl0iH/SrIc1k65CTo="></latexit>

CYz1

<latexit sha1_base64="Xz/cl4MtL1whVGTy8Ykn5OgwX7U="></latexit>

CYz2

<latexit sha1_base64="hgteUf2NteF1aPBJdopeRaDWf6I="></latexit>

CYz3

Calabi-Yau varieties
• We are typically interested in families of CY varieties:

• Example: Family of elliptic curves:

➡ For each    there is a CY variety       with a given top-form      .<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z
<latexit sha1_base64="8Dq4+8h0Vn7bj52yB8TONM9Kb8w=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN26EivYB7VAyaaYNzSRDkhHqUBD3bvUX3Ilb/8Q/8DPMtF3Y1gMXDufcm3tzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvMr85gNVmklxb0Yx9SPcFyxkBBsr3d10H7vFklt2J0DLxJuREsxQ6xZ/Oj1JkogKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pQJHVPvp5NQxOrFKD4VS2RIGTdS/EymOtB5Fge2MsBnoRS8T//PaiQkv/ZSJODFUkOmiMOHISJT9G/WYosTwkSWYKGZvRWSAFSbGpjO3JXtb6VCPCzYabzGIZdI4K3vn5cptpVStPk1DysMRHMMpeHABVbiGGtSBQB9e4BXenGfn3flwPqetOWcW7CHMwfn6BQthl6g=</latexit>

Mz
<latexit sha1_base64="wutvWOPiy4hMYZ6Cvm2/nz/5D1Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF29GMA9IljA76U2GzM4uM7NCDAFv3r3qL3gTr36Hf+BnOJvkYBILGoqq7umeChLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMYXGd+4wGV5rG8N8ME/Yj2JA85o8ZKzfZthD3aeewUS27ZnYAsE29GSjBDtVP8aXdjlkYoDRNU65bnJsYfUWU4EzgutFONCWUD2sOWpZJGqP3R5N4xObFKl4SxsiUNmah/J0Y00noYBbYzoqavF71M/M9rpSa88kdcJqlByaaLwlQQE5Ps86TLFTIjhpZQpri9lbA+VZQZG9HcluxtpUM9LthovMUglkn9rOxdlM/vzkuVytM0pDwcwTGcggeXUIEbqEINGAh4gVd4c56dd+fD+Zy25pxZsIcwB+frF/U4mdI=</latexit>

⌦z

<latexit sha1_base64="pRe0LzTGt0aixPvR2Txca+Ul8+w=">AAACD3icbZDLTgIxFIY7eEO8jbp000hMYCGZIUTdmJC4cYmJXBIYSad0oKHTmbQdwjgh8RXcu9VXcGfc+gi+gY9hB1gIeJI2f/7/tOfkc0NGpbKsbyOztr6xuZXdzu3s7u0fmIdHDRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w5s0b46IkDTg9yoOieOjPqcexUhpq2ua8UP5elywz8dFfT2Oi10zb5WsacFVYc9FHsyr1jV/Or0ARz7hCjMkZdu2QuUkSCiKGZnkOpEkIcJD1CdtLTnyiXSS6eYTeKadHvQCoQ9XcOr+fZEgX8rYd3Wnj9RALmep+V/WjpR35SSUh5EiHM8GeRGDKoApBtijgmDFYi0QFlTvCvEACYSVhrUwJf1bSE9OchqNvQxiVTTKJfuiVLmr5KvVpxmkLDgBp6AAbHAJquAW1EAdYDACL+AVvBnPxrvxYXzOWjPGHOwxWCjj6xfxyJu7</latexit>

y2 = x(1� x)(1� zx)

➡ For each    there is       with                                              .
<latexit sha1_base64="P4UBbH6bvReiUNaaWhwuBQk/HVw="></latexit>

⌦z =
dx

y
=

dxp
x(1� x)(1� zx)

<latexit sha1_base64="oZfpspdRrKOdvm3RVFPHW3VmxEI=">AAACCnicbVDLSsNAFL2pr1pfUZduBovgqiRS1GVBBJcV7APaUCbTSTt0MokzE6GGgB/g3q3+gjtx60/4B36Gk7YL23pg4HDOnXsPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj65yv/VApWKRuNPjmHohHggWMIK1kbxuiPWQYJ5eZ73Hnl12Ks4EaJm4M1KGGeo9+6fbj0gSUqEJx0p1XCfWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl05CZ+jEKH0URNI8odFE/fsjxaFS49A3k3lItejl4n9eJ9HBpZcyESeaCjI9FCQc6QjlDaA+k5RoPjYEE8lMVkSGWGKiTU9zV/LdUgUqK5lq3MUilknzrOKeV6q31XKt9jQtqQhHcAyn4MIF1OAG6tAAAvfwAq/wZj1b79aH9TkdLVizYg9hDtbXL0FKnDI=</latexit>

Ez<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z

➡ This does not fix the Kähler form!(We can still scale the torus, i.e., 
its area is not fixed!)



Periods
• We can integrate      over a basis of cycles of                  .

➡ Periods:                                                    ,

<latexit sha1_base64="wutvWOPiy4hMYZ6Cvm2/nz/5D1Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF29GMA9IljA76U2GzM4uM7NCDAFv3r3qL3gTr36Hf+BnOJvkYBILGoqq7umeChLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMYXGd+4wGV5rG8N8ME/Yj2JA85o8ZKzfZthD3aeewUS27ZnYAsE29GSjBDtVP8aXdjlkYoDRNU65bnJsYfUWU4EzgutFONCWUD2sOWpZJGqP3R5N4xObFKl4SxsiUNmah/J0Y00noYBbYzoqavF71M/M9rpSa88kdcJqlByaaLwlQQE5Ps86TLFTIjhpZQpri9lbA+VZQZG9HcluxtpUM9LthovMUglkn9rOxdlM/vzkuVytM0pDwcwTGcggeXUIEbqEINGAh4gVd4c56dd+fD+Zy25pxZsIcwB+frF/U4mdI=</latexit>

⌦z
<latexit sha1_base64="djQ5GiITr+m1N6sBsHZk6pZ6q30="></latexit>

⇧(z) = (⇧0(z), . . . ,⇧b`�1(z))

<latexit sha1_base64="e/9ytX+p1jB2i+E0wVkgrv19OIU="></latexit>

⇧i(z) =

Z

�i

⌦z

• The periods are multivalued functions of    .
➡ There is a monodromy-invariant bilinear pairing on periods:                                                  

<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z

<latexit sha1_base64="16Xd4cNgdyFnWHxQQqM83pUnkeQ="></latexit>Z

Mz

⌦z ^ ⌦z ⇠ ⇧(z)†⌃⇧(z)
<latexit sha1_base64="KpZqhxCmGOF+zZ/i09QcJWp7vdU=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFqKBlRoq6EQpuXFbsDTrTkkkzbWjmQpIRyjDgxvdw71ZfwZ241TfwMcx0urCtBwI//39yTvI5IaNCGsa3lltaXlldy68XNja3tnf03b2mCCKOSQMHLOBtBwnCqE8akkpG2iEnyHMYaTmjmzRvPRAuaODX5TgktocGPnUpRlJZPf3QuqcDD3XjegKvYenMPOlahDFonWZBTy8aZWNScFGYU1EE06r19B+rH+DII77EDAnRMY1Q2jHikmJGkoIVCRIiPEID0lHSRx4Rdjz5SAKPldOHbsDV8SWcuH9vxMgTYuw5qtNDcijms9T8L+tE0r2yY+qHkSQ+zha5EYMygCkV2KecYMnGSiDMqXorxEPEEZaK3cyWdDYXrkgKCo05D2JRNM/L5kW5clcpVquPGaQ8OABHoARMcAmq4BbUQANg8ARewCt40561d+1D+8xac9oU7D6YKe3rF3OKodo=</latexit>

⌃T = (�1)` ⌃

<latexit sha1_base64="rb4NdR4UzdEzzLdWvW7syDG7ykI=">AAACGXicbZDLSgMxFIYz9VbrbdSdboJFqCBlRoq6LLjpRqhgL9gpQybNtKGZzJBkhDoM9D3cu9VXcCduXfkGPoaZtgvbeiDw8/8nOSefFzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3mR565EISUN+r0YR6Qaoz6lPMVLacs2jmps4hLG0dOsmT+m5EyA18LzkIT1zzaJVtiYFl4U9E0Uwq7pr/ji9EMcB4QozJGXHtiLVTZBQFDOSFpxYkgjhIeqTjpYcBUR2k8kfUniqnR70Q6EPV3Di/r2RoEDKUeDpzmxFuZhl5n9ZJ1b+dTehPIoV4Xg6yI8ZVCHMgMAeFQQrNtICYUH1rhAPkEBYaWxzU7K3hfRlWtBo7EUQy6J5UbYvy5W7SrFaHU8h5cExOAElYIMrUAU1UAcNgMEYvIBX8GY8G+/Gh/E5bc0ZM7CHYK6Mr19qJqGI</latexit>

H`(Mz,Z)

• The periods are not all independent, but there is a quadratic 
relation among them:

<latexit sha1_base64="K/gn8Qlu6B2YMjomhPqj38AUmGs="></latexit>

⇧(z)T⌃⇧(z) ⇠
Z

Mz

⌦z ^ ⌦z = 0



Picard-Fuchs ideal

• For every family of CYs, there is a set of differential operators 
whose solutions are precisely spanned by the periods!

➡ They generate an ideal of differential operators, the Picard-
Fuchs ideal (PFI) of the family of CYs.

➡ For 1-parameter families, we only need a single operator, the 
Picard-Fuchs operator.

• Advantage: We can obtain the periods as solutions of certain 
differential equations.

• For certain 1-parameter families, the corresponding differential 
operators have been studied extensively.

➡ Calabi-Yau operators. [van Straten; Bogner; …]



• Example: Family of elliptic curves:
<latexit sha1_base64="pRe0LzTGt0aixPvR2Txca+Ul8+w=">AAACD3icbZDLTgIxFIY7eEO8jbp000hMYCGZIUTdmJC4cYmJXBIYSad0oKHTmbQdwjgh8RXcu9VXcGfc+gi+gY9hB1gIeJI2f/7/tOfkc0NGpbKsbyOztr6xuZXdzu3s7u0fmIdHDRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w5s0b46IkDTg9yoOieOjPqcexUhpq2ua8UP5elywz8dFfT2Oi10zb5WsacFVYc9FHsyr1jV/Or0ARz7hCjMkZdu2QuUkSCiKGZnkOpEkIcJD1CdtLTnyiXSS6eYTeKadHvQCoQ9XcOr+fZEgX8rYd3Wnj9RALmep+V/WjpR35SSUh5EiHM8GeRGDKoApBtijgmDFYi0QFlTvCvEACYSVhrUwJf1bSE9OchqNvQxiVTTKJfuiVLmr5KvVpxmkLDgBp6AAbHAJquAW1EAdYDACL+AVvBnPxrvxYXzOWjPGHOwxWCjj6xfxyJu7</latexit>

y2 = x(1� x)(1� zx)

\
,

I

.

-

"
"

<latexit sha1_base64="xK9sT45hYBlMZrgWq+QGWhWn10o=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4GmZqcequ4MZlBfuAdih30kwbm8kMSUYopeDGvVv9BXfi1g/xD/wMM20FK3ogcDjn5j5OkHCmtON8WLmV1bX1jfxmYWt7Z3evuH/QVHEqCW2QmMeyHYCinAna0Exz2k4khSjgtBWMLjO/dUelYrG40eOE+hEMBAsZAW2kZhd4MoReseTYnud65Qvs2M4MGXG9s6qD3YVSQgvUe8XPbj8maUSFJhyU6rhOov0JSM0Ip9NCN1U0ATKCAe0YKiCiyp/Mtp3iE6P0cRhL84TGM/XnjwlESo2jwFRGoIfqt5eJf3mdVIdVf8JEkmoqyHxQmHKsY5ydjvtMUqL52BAgkpldMRmCBKJNQEtTst5ShWpaMNF834//J82y7Z7bletKqVa7n4eUR0foGJ0iF3mohq5QHTUQQbfoET2hZ+vBerFerbd5ac5aBHuIlmC9fwHJqZk2</latexit>↵

<latexit sha1_base64="MDhKU6BeTroJ/KKeA7hOKO02ZcM=">AAACAnicdVDLSsNAFJ34rPVVdelmsAiuQlLTpt0V3LisYNpCG8pkOmmHTiZhZiKUUHDh3q3+gjtx64/4B36Gk7aCFT0wcDjnzn2cIGFUKsv6MNbWNza3tgs7xd29/YPD0tFxW8apwMTDMYtFN0CSMMqJp6hipJsIgqKAkU4wucr9zh0Rksb8Vk0T4kdoxGlIMVJa8voBUWhQKlumVXWrTgVa5qXbqLl1TSo1p9KwoW1ac5TBEq1B6bM/jHEaEa4wQ1L2bCtRfoaEopiRWbGfSpIgPEEj0tOUo4hIP5svO4PnWhnCMBb6cQXn6s8fGYqknEaBroyQGsvfXi7+5fVSFdb9jPIkVYTjxaAwZVDFML8cDqkgWLGpJggLqneFeIwEwkrnszIl7y1kKGdFHc33/fB/0q6Yds10bpxys3m/CKkATsEZuAA2cEETXIMW8AAGFDyCJ/BsPBgvxqvxtihdM5bBnoAVGO9fLfiY5Q==</latexit>

�

<latexit sha1_base64="l4+pQ6Xht67GQykyI1YkwcVz1g4="></latexit>

⇧�(z) =

Z

�

dx

y
= 2iK(1� z)

<latexit sha1_base64="6HMzP7rCOWFWjcikuqcaOxgexUY="></latexit>

⇧↵(z) =

Z

↵

dx

y
= 2K(z)

<latexit sha1_base64="KDHxCM8AA/9OBcWP/HmpNHFff2I="></latexit>

⌃ =
�

0 1
�1 0

�

<latexit sha1_base64="BsQcWA5d+VLQRuVIKSxBFlYCaIc="></latexit>

⇧(z)†⌃⇧(z) = 4i [K(z)K(1� z̄) + K(z̄)K(1� z)]

1-loop 2D fishnet integral!

➡ Bilinear pairing:                                                    ,
<latexit sha1_base64="N2cOJxwN7+LSomi87r7xRI5KHNA="></latexit>

⇧(z)T⌃⇧(z) = 4i [K(z)K(1� z)�K(z)K(1� z)] = 0

<latexit sha1_base64="kkrP0lR0Nf74G5xmRNbXTdsVT4M="></latexit>

L = z2(1� z)@2
z + z(1� 2z)@z �

z

4
➡ Picard-Fuchs operator:

<latexit sha1_base64="LebT8KBq4BBGA7lH6iHlAEiKqU0="></latexit>

Lf(z) = 0 $ f(z) = A⇧↵(z) +B⇧�(z)
<latexit sha1_base64="oiq/jNEYD71r4ZrilsN0mMEL+BA=">AAACEHicbVDLSgMxFL3js9ZXq0s3wSK4kDIjRV1Wu3FZwT6gM5RMmmlDM5khyShlKPgN7t3qL7gTt/6Bf+BnmGm7sK0HAodzbu49HD/mTGnb/rZWVtfWNzZzW/ntnd29/ULxoKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf1jL/NYDlYpF4l6PYuqFuC9YwAjWRuoWitdnNy4TyA2xHvh+Wht3CyW7bE+AlokzIyWYod4t/Li9iCQhFZpwrFTHsWPtpVhqRjgd591E0RiTIe7TjqECh1R56ST6GJ0YpYeCSJonNJqof3+kOFRqFPpmMkuoFr1M/M/rJDq48lIm4kRTQaaHgoQjHaGsB9RjkhLNR4ZgIpnJisgAS0y0aWvuSrZbqkCN86YaZ7GIZdI8LzsX5cpdpVStPk1LysERHMMpOHAJVbiFOjSAwCO8wCu8Wc/Wu/VhfU5HV6xZsYcwB+vrF4hTnUY=</latexit>

A,B 2 C

The Legendre family



2D fishnets and
 Calabi-Yau geometry



2D fishnets
• Holomorphic factorisation:
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:

Z
d4⇠

i⇡2

4Y

i=1

1

(⇠ � ↵i)2
= �

4

↵
2
13↵

2
24

D(z)

z � z̄
(1)

with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as

IG(a) =

Z 0

@
Ỳ

j=1

dxj ^ dx̄j

�2i

1

A 1p
|PG(x, a)|2

, (3)
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• Example:
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ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
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computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
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PG(x, a) = (x1 � a1) · · · (x1 � a4)

• The Yangian also splits holomorphically:

2

with a = (a1, . . . , an), x = (x1, . . . , x`), and

PG(x, a) =
hY

i,j

(xi � xj)
i hY

i,j

(xi � aj)
i
, (4)

and the product ranges depend on the graph topology.
Every fishnet integral is invariant under the Yan-

gian Y (so(1, 3)) of the conformal group in 2 dimen-
sions [15, 16]. The Yangian splits into holomorphic and
anti-holomorphic parts:

Y (so(1, 3)) = Y (sl2(R))� Y (sl2(R)) , (5)

where the generators of Y (sl2(R)) act via partial di↵er-
ential operators on the holomorphic external points ai

and annihilate the integral (at least for generic values of
the external points). For the explicit form of the rep-
resentation of the Yangian, we refer to [16]. We note
that invariance under the conformal subalgebra sl2(R)
implies that we can write IG(a) = |FG(a)|2 �G(z), where
z = (z1, . . . , zn�3) is a vector of conformal cross ratios
formed out of the ai and FG(a) is a holomorphic alge-
braic function that carries the conformal weight.

Analytic results are known for various classes of fishnet
integrals depending only on 4 external points, and con-
sequently only on a single cross ratio, which we choose
as z = cr(2, 3, 1, 4) = a23a14/a21a34. In [17] analytic re-
sults are given for GM,N , where the external points that
are incident to the same side of the rectangle are iden-
tified (we call these graphs G1

M,N ) with determinants of
(derivatives of) ladder graphs G

1
1,`. The ladder graphs

G
1
1,` themselves can be expressed as bilinear combina-

tions of generalised hypergeometric functions. So far, no
results are known for fishnet graphs in 2 dimensions de-
pending on more than 1 cross ratio.

2D FISHNETS AND CALABI-YAU GEOMETRIES

We now argue that to every `-loop fishnet graph we
can associate a CY `-fold. Loosely speaking, a CY `-fold
is a complex `-dimensional Kähler manifold M` that ad-
mits a unique holomorphic (`, 0)-form ⌦. This last con-
dition can be phrased as follows: the cohomology groups
H

r(M`) admit a decomposition

H
r(M`) =

M

p+q=r

H
p,q

, (6)

where the H
p,q are generated by cohomology classes of

(p, q)-forms, i.e., forms involving exactly p holomorphic
and q anti-holomorphic di↵erentials. The Hodge num-
bers of M` are h

p,q = dimH
p,q. The CY condition then

translates into h
`,0 = 1. Note that for a family of CY va-

rieties parametrised by dM independent moduli, we have
h
`�1,1 = dM for ` 6= 2. For K3 families ` = 2dM is the

number of independent transcendental cycles minus two.

One possibility to define a family of CY `-folds is
given by a double cover. Here we consider the constraint
y
2 = PG(x; a), double covering an `-dimensional pro-

jective base space B with coordinate x = (x1, . . . , x`)
and canonical class KB > 0. This defines a family MG

parametrised by a and with (`, 0)-form

⌦G =
µB(x)p
PG(x; a)

, (7)

where µB is the holomorphic measure on B. Note that IG
is obtained by integrating ⌦G^⌦G over C`. To guarantee
that we really obtain a family of CY `-folds, the degree of
PG(x; a) has to be such that the canonical class vanishes.

We consider B =⇥
l

i=1
P1 and µB = ^

`
i=1(x

0
idxi�xidx0

i)
(with [xi : x

0
i] the homogeneous coordinate on the i

th

copy of P1), which is a natural compactification of the
integration range C` in (3). The vanishing of the canon-
ical class then translates into the fact that PG(x; a) has
to be of degree 4 in each P1. This condition is always ful-
filled for fishnet graphs, because all internal vertices are
4-valent. For ` > 1, MG is typically a singular variety.
Similar to [18], in all examples that we have studied (see
below), these singularities can be resolved by deforming
MG to a smooth CY `-fold, and we expect this to hold
in all cases. We will further elaborate on this in [19].

There is a natural set of integrals, called periods, that
we can associate to a CY `-fold by integrating ⌦G over
a basis of cycles �i that span the middle homology
H`(MG,Z). The vector of periods is

⇧G =
⇣Z

�1

⌦G, . . . ,

Z

�b`

⌦G

⌘
, b` = dimH`(MG,Z) . (8)

The periods are multivalued functions of a. For every CY
`-fold, there is a monodromy-invariant matrix ⌃ that de-
fines a bilinear pairing on the periods, and ⌃ may be cho-
sen symmetric for ` even and anti-symmetric (and even
symplectic) for ` odd. It is well known how to relate the
integral of ⌦G ^ ⌦G to the monodomy-invariant combi-
nation of periods ⇧†

G⌃⇧G. This gives us a way to reduce
the computation of fishnet integrals to the problem of
finding the periods of MG. The periods are solutions to
certain di↵erential equations, as we will now review.
The flatness of the Gauss-Manin connection implies the

existence of an ideal of di↵erential operators, called the
Picard-Fuchs di↵erential ideal (PFI), whose space of so-
lutions is precisely spanned by the periods. The PFI can
be derived by the Gri�ths reduction method or a reduc-
tion of the Gel’fand-Kapranov-Zelevisk̆ı system, see [20]
for a review. In practice, these methods can be rather
slow, in particular in the case of many variables. We find
that the PFI of MG contains the generators of Y (sl2(R)).
Moreover, the group Aut(G) of automorphisms of G acts
on Y (sl2(R)) by permuting the external points ai, and
so the PFI naturally also contains these operators. Re-
markably, in all cases we have studied, the complete PFI
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we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:

Z
d4⇠

i⇡2

4Y

i=1

1

(⇠ � ↵i)2
= �

4

↵
2
13↵

2
24

D(z)

z � z̄
(1)

with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as

IG(a) =

Z 0

@
Ỳ

j=1

dxj ^ dx̄j
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A 1p
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xk = ⇠1k + i⇠2k



2D fishnets and CYs
• When does                         define a CY   -fold?
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➡ The 1st Chern class must vanish.
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➡ This conditions is always satisfied for fishnet graphs, 
because all vertices are 4-valent!

To every   -loop fishnet graph     we can associate a family       
of  CY   -folds parametrised by                            and 
holomorphic         -form
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Conclusion:

[CD, Klemm, Löbbert, Nega, Porkert]
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• The Feynman integral is related to the periods:

BONN-TH-2022-19

Yangian-invariant fishnet integrals in 2 dimensions as volumes of Calabi-Yau varieties

Claude Duhr,1, ⇤ Albrecht Klemm,1, 2, † Florian Loebbert,1, ‡ Christoph Nega,1, § and Franziska Porkert1, ¶

1Bethe Center for Theoretical Physics, Universität Bonn, D-53115, Germany.
2Hausdor↵ Center for Mathematics, Universität Bonn, D-53115, Germany.

We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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D(z)
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with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as

IG(a) =

Z 0

@
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dxj ^ dx̄j
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, (3)
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⇠ ⇧G(a)
†⌃⇧G(a)

➡ Generalises the bilinear expression at 1-loop:
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⇧(z)†⌃⇧(z) = 4i [K(z)K(1� z̄) + K(z̄)K(1� z)]
1-loop 2D 

fishnet integral!

• The periods are obtained by solving the PF differential 
equations.

➡ How can we find them?
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Y (sl2(R)) ⇢ PFI

• The PFI contains more operators…

• Issue:
➡ The Yangian is built on a cyclic ordering of the external points.
➡ Fishnet graphs have more symmetries.

➡ Example:
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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D(z)

z � z̄
(1)

with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as

IG(a) =
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, (3)
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2D fishnets and CYs

• For all examples we studied: we obtain the complete PFI if we 
add to the Yangian all its               permutations.
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Conjecture:

The PFI of        is generated by the Yangian                  and all 
its              permutations.     
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• Geometry informs physics, physics informs geometry!
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symmetries
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2- & 3-loop traintracks
• We reproduce in this way results for 1-parameter ladder and 

fishnet graphs to high loop order!

• New results: 2- and 3-loop traintrack in general kinematics:
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of MG is obtained in this way! We can summarise our
findings as follows.

Claim 1: For every `-loop fishnet graph G, there
exists a family of CY `-folds MG with holomorphic
(`, 0)-form ⌦G such that

IG(a) = (�i)` ⇧†
G ⌃⇧G , (9)

and the PFI is generated by Aut(G) · Y (sl2(R)).

Let us make some comments about this result. First,
Claim 1 implies that the periods of MG are Yangian in-
variants. The invariance under the conformal sl2(R) sub-
algebra implies that we can write ⇧G(a) = FG(a)e⇧G(z),
where FG(a) is a holomorphic and algebraic function
of a. Second, we expect that the PFI has a point of
maximal unipotent monodromy (MUM).1 For example
for traintrack graphs G1,`, we find that a MUM point
can be identified as follows: we label an external point
on a small side by a1, and the others clockwise up to
a2`+2. Then a MUM point is at z = 0, with zk =
cr(1, k+1, k+2, `+2), z` = cr(1, `+1, 2`+2, `+2) and
z`+k = cr(1, 2`+3�k, 2`+2�k, `+2) for k = 1, . . . , `�1.
For the 1-parameter graphsG1

M,N , we found MUM points
up to ` = M⇥N = 12 and a non-orientable graph, and we
expect that they are present in full generality. Near the
MUM-point z = 0, there is a unique holomorphic period
e⇧G,0(z), that we can normalise to e⇧G,0(z) = 1 + O(z),
and which multiplies the dM solutions linear in the log-
arithm, as well as the solution of maximal order `+ 1 in
the logarithms. We define �G(z) = (�i)` e⇧†

G ⌃ e⇧G. Fi-

nally, it is well known that e⇧†
G ⌃ e⇧G is proportional to

e
�K(z,z̄), where K(z, z̄) is the Kähler potential for the
Weil-Peterssen metric on the moduli space of MG. This
gives an interpretation of the Feynman integral in terms
of the geometry. In the next section, we relate it to the
quantum volume of the mirror.

We have verified that we can reproduce the complete
PFI from the Yangian generators for G1,2, G1,3 and G2,2.
Having at our disposal the PFI of MG, we can solve
the di↵erential equations satisfied by the periods using
standard techniques in terms of series expansions [21].
This basis of solutions, however, will in general be a lin-
ear combination with complex coe�cients of the periods
in (8). With the methods described in [22, 23], it is possi-
ble to construct the change of basis and to find the mon-
odromy invariant bilinear pairing ⌃, and thus to compute
IG(a) through (9). We have done this explicitly for G1,2

and G1,3. We have checked that our results numerically

1 For a monodromy matrix M to be maximal unipotent means that
(M � 1)n = 0 only for n � ` + 1. This implies the logarithmic
degeneration of the periods discussed below.

FIG. 2. The functions �G1,2(z1, z2, z3) and �G1,3(z1, . . . , z5)
evaluated on the 1-dimensional slice (z1, z2, z3) = s

16 (1, 2, 3)
and (z1, . . . , z5) = s

16 (1, 2, 12, 4, 5) (for the definition of our
cross ratios, see the main text). The continuous lines rep-
resent the results obtained from our analytic result in terms
of CY periods, while the dots are obtained from a numerical
evaluation of the Feynman parameter representation of G1,`.

agree with a direct evaluation of the Feynman parame-
ter representation for IG(a) for various values of a, and
we find very good agreement (see Fig. 2). More details
about the structure and the properties of the solutions
will be provided in [19].

Let us conclude by commenting on the structure of
the 4-point ladder graphs G

1
1,` of [17, 24]. At ` loops

we have a 1-parameter family of CY `-folds whose PFI
is generated by a single operator L` of degree `+ 1 that
has a MUM-point at z = 0, and we have2 h

p,`�p
hor. = 1,

0  p  `. These operators are special instances of the
Calabi-Yau operators considered in [25, 26]. We have
checked up to ` = 5 that we reproduce the results of [17]
from our (9). For ` = 1, we obtain the Legendre family of
elliptic curves, and the periods can be expressed in terms
of elliptic integrals [17, 24]:

�G1
1,1
(z) =

4

⇡2
(K K

0
+K K0) =

8

⇡2
|K |

2 Im ⌧1 , (10)

and FG1
1,1
(a) = ⇡/

p
a12a34. Here K ⌘ K(z) is the com-

plete elliptic integral of the first kind and K0
⌘ K(1� z),

and we defined ⌧1 = iK0
/K. For ` = 2, we obtain a 1-

parameter family of K3 surfaces. It is known that every
CY operator of degree 3 is equivalent to the symmet-
ric square of a CY operator of degree 2 [25, 27], and so
we can express G1

1,2 in terms of elliptic integrals. We de-

fine K± = K
�
1
2 (1±

p
1� z)

�
such that (K2

�,K� K+,K
2
+)

2 The horizontal cohomology hp,q
hor. plays here a similar role as for

the Banana graphs [22, 23], where the terminology is explained.
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IG(a) = |FG(a)|2 �G(z)

cross ratios

[CD, Klemm, Löbbert, Nega, Porkert]



2-loop ladder
• Periods of a 1-parameter family of CY 2-folds (K3 surfaces) can 

always be expressed in terms of products of elliptic integrals!

[CD, Klemm, Löbbert, Nega, Porkert]

[Doran; Bogner]

➡ The two-loop ladder integral can be expressed in terms of 
elliptic integrals!
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of MG is obtained in this way! We can summarise our
findings as follows.

Claim 1: For every `-loop fishnet graph G, there
exists a family of CY `-folds MG with holomorphic
(`, 0)-form ⌦G such that

IG(a) = (�i)` ⇧†
G ⌃⇧G , (9)

and the PFI is generated by Aut(G) · Y (sl2(R)).

Let us make some comments about this result. First,
Claim 1 implies that the periods of MG are Yangian in-
variants. The invariance under the conformal sl2(R) sub-
algebra implies that we can write ⇧G(a) = FG(a)e⇧G(z),
where FG(a) is a holomorphic and algebraic function
of a. Second, we expect that the PFI has a point of
maximal unipotent monodromy (MUM).1 For example
for traintrack graphs G1,`, we find that a MUM point
can be identified as follows: we label an external point
on a small side by a1, and the others clockwise up to
a2`+2. Then a MUM point is at z = 0, with zk =
cr(1, k+1, k+2, `+2), z` = cr(1, `+1, 2`+2, `+2) and
z`+k = cr(1, 2`+3�k, 2`+2�k, `+2) for k = 1, . . . , `�1.
For the 1-parameter graphsG1

M,N , we found MUM points
up to ` = M⇥N = 12 and a non-orientable graph, and we
expect that they are present in full generality. Near the
MUM-point z = 0, there is a unique holomorphic period
e⇧G,0(z), that we can normalise to e⇧G,0(z) = 1 + O(z),
and which multiplies the dM solutions linear in the log-
arithm, as well as the solution of maximal order `+ 1 in
the logarithms. We define �G(z) = (�i)` e⇧†

G ⌃ e⇧G. Fi-

nally, it is well known that e⇧†
G ⌃ e⇧G is proportional to

e
�K(z,z̄), where K(z, z̄) is the Kähler potential for the
Weil-Peterssen metric on the moduli space of MG. This
gives an interpretation of the Feynman integral in terms
of the geometry. In the next section, we relate it to the
quantum volume of the mirror.

We have verified that we can reproduce the complete
PFI from the Yangian generators for G1,2, G1,3 and G2,2.
Having at our disposal the PFI of MG, we can solve
the di↵erential equations satisfied by the periods using
standard techniques in terms of series expansions [21].
This basis of solutions, however, will in general be a lin-
ear combination with complex coe�cients of the periods
in (8). With the methods described in [22, 23], it is possi-
ble to construct the change of basis and to find the mon-
odromy invariant bilinear pairing ⌃, and thus to compute
IG(a) through (9). We have done this explicitly for G1,2

and G1,3. We have checked that our results numerically

1 For a monodromy matrix M to be maximal unipotent means that
(M � 1)n = 0 only for n � ` + 1. This implies the logarithmic
degeneration of the periods discussed below.

FIG. 2. The functions �G1,2(z1, z2, z3) and �G1,3(z1, . . . , z5)
evaluated on the 1-dimensional slice (z1, z2, z3) = s

16 (1, 2, 3)
and (z1, . . . , z5) = s

16 (1, 2, 12, 4, 5) (for the definition of our
cross ratios, see the main text). The continuous lines rep-
resent the results obtained from our analytic result in terms
of CY periods, while the dots are obtained from a numerical
evaluation of the Feynman parameter representation of G1,`.

agree with a direct evaluation of the Feynman parame-
ter representation for IG(a) for various values of a, and
we find very good agreement (see Fig. 2). More details
about the structure and the properties of the solutions
will be provided in [19].

Let us conclude by commenting on the structure of
the 4-point ladder graphs G

1
1,` of [17, 24]. At ` loops

we have a 1-parameter family of CY `-folds whose PFI
is generated by a single operator L` of degree `+ 1 that
has a MUM-point at z = 0, and we have2 h

p,`�p
hor. = 1,

0  p  `. These operators are special instances of the
Calabi-Yau operators considered in [25, 26]. We have
checked up to ` = 5 that we reproduce the results of [17]
from our (9). For ` = 1, we obtain the Legendre family of
elliptic curves, and the periods can be expressed in terms
of elliptic integrals [17, 24]:

�G1
1,1
(z) =

4

⇡2
(K K

0
+K K0) =

8

⇡2
|K |

2 Im ⌧1 , (10)

and FG1
1,1
(a) = ⇡/

p
a12a34. Here K ⌘ K(z) is the com-

plete elliptic integral of the first kind and K0
⌘ K(1� z),

and we defined ⌧1 = iK0
/K. For ` = 2, we obtain a 1-

parameter family of K3 surfaces. It is known that every
CY operator of degree 3 is equivalent to the symmet-
ric square of a CY operator of degree 2 [25, 27], and so
we can express G1

1,2 in terms of elliptic integrals. We de-

fine K± = K
�
1
2 (1±

p
1� z)

�
such that (K2

�,K� K+,K
2
+)

2 The horizontal cohomology hp,q
hor. plays here a similar role as for

the Banana graphs [22, 23], where the terminology is explained.
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z =
a23a14
a21a34

• For higher loops, no representation in terms of elliptic 
integrals is expected to exist.



Yangian-invariant 
Calabi-Yau periods



Yangian-invariant periods

➡ Do we get all invariants (for this particular representation)?

• No! Example: The following 8-point integrals are both Yangian-
invariant:
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• We get all invariants with a prescribed symmetry group of the 
form              .
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•                              implies that the periods are Yangian-invariants!
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Y (sl2(R)) ⇢ PFI➡ Why all? The PFI is generated by                  and              , 
and the periods form a complete set of solutions. 
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Yangian-invariant periods
• The periods compute the 1D fishnet integrals!
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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D(z)

z � z̄
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with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as

IG(a) =

Z 0

@
Ỳ

j=1

dxj ^ dx̄j

�2i

1

A 1p
|PG(x, a)|2

, (3)
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D = 1

• ‘Double-copy’ formula for 2D fishnets?
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:
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with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
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Li2(z) + log |z| log(1� z)

⇤
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Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main
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FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵
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j + i↵
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➡ Similar to KLT relation for string amplitudes.

➡ In fact, it is the single-valued map, just like in string theory!
[cf. Stieberger, Taylor; Schlotterer, Schnetz; Brown, Dupont; …]



Yangian-invariant periods

• Basso-Dixon formula for 1D fishnet/ Yangian-invariant periods:
CY 3-fold / 4 Yangian-invariant periods:
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⌘CY 4-fold / 5 Yangian-invariant periods:

[cf. Almkvist]

• In general: the periods associated to           fishnets (          )             
are            determinants of of the (derivatives) periods of                              

-loop ladders graphs.  
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➡ Basso-Dixon formula for Yangian-invariant CY periods!                                                

1 relation from                               : 
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Yangian-invariant periods
• We can combine the ‘double-copy’ formula with the Basso-

Dixon formula in 1D and 2D:
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➡ Highly non-trivial relation between CY periods!

➡ Not even the loop orders of the ladder integrals involved are 
the same!



Fishnet integrals as 
volumes



Fishnets as volumes
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Figure 2: An ideal tetrahedron in AdS, shown in both the Klein–Beltrami (l) and Poincaré
(r) models. All vertices lie on the conformal boundary at infinity, and each edge is an
AdS geodesic.

for the Euclidean 4-mass box integral.

We now turn to a geometric interpretation of this formula. The expression

X(α) = α1Xi + α2Xj + α3Xk + α4Xl (19)

defines a linear map from the space of Feynman parameters, the unit simplex in R3, to
RP

5. Provided the four vertices Xi, Xj, Xk and Xl are space-like separated (always true in
Euclidean signature) we have X(α)·X(α) > 0, so we may take advantage of the projective
invariance of (18) to introduce normalised coordinates

Y (α) =
X(α)

√

X(α) ·X(α)
(20)

obeying Y · Y = 1. Thus Y defines a map from the space of Feynman parameters to Eu-
clidean AdS5, i.e., the five dimensional hyperbolic ball. Straight lines in RP

5 are precisely
the geodesics in AdS5, so as the αa vary over the 3-simplex

{

αa ∈ R≥0 |
∑4

a=1 αa = 1
}

,
Y (α) varies over a tetrahedron in AdS5 whose vertices lies on the boundary at infinity,
and whose edges and faces are totally geodesic. Such a tetrahedron is called ideal, and is
depicted in figure 2.

We wish to show that F (i, j, k, l) is simply (twice) the 3-volume of this ideal tetra-
hedron. Using the delta function to eliminate α4, this volume can be written as the
integral

Vol(i, j, k, l) =

∫

tetra

d3α

∣
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∂α1
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∣

∣

∣

∣

(21)

where | · | denotes the norm on 3-forms induced by the flat metric in R6 ⊃ AdS5. Because
Y (α) is normalised, each derivative ∂Y (α)/∂αa is orthogonal to Y (α) itself, so

∣

∣

∣

∣

∂Y (α)

∂α1
∧
∂Y (α)

∂α2
∧
∂Y (α)

∂α3

∣
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∣

∣

=

∣

∣

∣

∣

Y (α) ∧
∂Y (α)

∂α1
∧
∂Y (α)

∂α2
∧
∂Y (α)

∂α3

∣

∣

∣

∣

(22)
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We argue that `-loop Yangian-invariant fishnet integrals in 2 dimensions are connected to a family
of Calabi-Yau `-folds. The value of the integral can be computed from the periods of the Calabi-Yau,
while the Yangian generators provide its Picard-Fuchs di↵erential ideal. Using mirror symmetry,
we can identify the value of the integral as the quantum volume of the mirror Calabi-Yau. We find
that, similar to what happens in string theory, for ` = 1 and 2 the value of the integral agrees with
the classical volume of the mirror, but starting from ` = 3, the classical volume gets corrected by
instanton contributions. We illustrate these claims on several examples, and we use them to provide
for the first time results for 2- and 3-loop Yangian-invariant traintrack integrals in 2 dimensions for
arbitrary external kinematics.

Multi-loop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field the-
ory (QFT) and a backbone of precision computations for
collider and gravitational wave experiments. It is there-
fore of utmost importance to have e�cient ways for their
computation and a solid understanding of the underlying
mathematics. Over the last years, it has become clear
that the mathematics relevant to Feynman integrals is
tightly connected to certain topics in geometry. One of
the earliest observations was that 1-loop Feynman inte-
grals compute the volumes of certain polytopes in hyper-
bolic spaces [1–5]. Here the most prominent example is
the 1-loop 4-point function with massless propagators in
4 space-time dimensions:

Z
d4⇠

i⇡2

4Y

i=1

1

(⇠ � ↵i)2
= �

4

↵
2
13↵

2
24

D(z)

z � z̄
(1)

with ↵ij = ↵i � ↵j . This integral features a so-called
(dual) conformal symmetry [6] (with conformal weight 1
for each external point), and the variable z is connected
to the cross ratio formed out of the 4 external points ↵i.
The function D(z) is the so-called Bloch-Wigner diloga-
rithm, which is known to compute the volume of a sim-
plex in hyperbolic 3-space, see e.g. [7]:

D(z) = Im
⇥
Li2(z) + log |z| log(1� z)

⇤
. (2)

Notably, this result for the 4-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is
so far only understood at 1 loop. While there is sub-
stantial evidence that, at least in special QFTs, the inte-
grands of Feynman integrals are related to certain volume
forms for generalisations of polytopes (see, e.g., [9–13]),
it is an open question if at higher loops the values af-
ter integration can be interpreted as volumes of geomet-
ric objects. If that was indeed the case, it would shed
new light on the mathematical structure of perturbative
QFT, and possibly lead the way towards novel methods
for the computation of Feynman integrals. The main

C
↵2 ↵5

↵1 ↵7

↵3

↵10

↵4

↵9

↵6

↵8

⇠1 ⇠2

⇠3 ⇠4 ⇠5

FIG. 1. Ten-point five-loop fishnet integral cut out of a
square tiling of the plane. If the ` = M ⇥ N interior points
span a rectangle, we denote the graph by GM,N , with M  N .

goal of this paper is to take first steps into this direc-
tion and to present for the first time an infinite class of
higher-loop Feynman integrals whose values can indeed
be interpreted as a volume.

FISHNET INTEGRALS IN 2 DIMENSIONS

In the remainder of this paper we focus on so-called
fishnet integrals in 2 Euclidean dimensions, defined by a
connected region cut out along a closed curve C intersect-
ing the edges of a regular tiling of the plane by a square
lattice (see Fig. 1 and [14]). This defines a connected
graph G by considering only the edges of the lattice that
intersect C (the external edges) or lie in its interior (the
interior edges). Edges of G connecting 2 vertices labeled
by a, b 2 R2 represent propagators [(a � b)2]�1/2, and
we integrate over the positions of the internal vertices
labeled ⇠i. It is well known that for a 2-dimensional
QFT it is useful to consider complexified coordinates
aj = ↵

1
j + i↵

2
j and xk = ⇠

1
k + i ⇠

2
k. The integrals we

want to consider can then be written as

IG(a) =

Z 0

@
Ỳ

j=1

dxj ^ dx̄j

�2i

1

A 1p
|PG(x, a)|2

, (3)
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<latexit sha1_base64="c4a9LijRvGPiV3GimrNvT0rJ3/I=">AAACBXicdVDLSsNAFL3xWeur6tLNYBFchSTG1u4KblxWsA9oQ5lMJ+3QyYOZiVBCwZ17t/oL7sSt3+Ef+BlO2gpW9MDA4Zw793H8hDOpLOvDWFldW9/YLGwVt3d29/ZLB4ctGaeC0CaJeSw6PpaUs4g2FVOcdhJBcehz2vbHV7nfvqNCsji6VZOEeiEeRixgBCstdXqYJyPcd/ulsmW6tYuK4yDLtCpu1a3m5Nx1ag6yTWuGMizQ6Jc+e4OYpCGNFOFYyq5tJcrLsFCMcDot9lJJE0zGeEi7mkY4pNLLZvtO0alWBiiIhX6RQjP1548Mh1JOQl9XhliN5G8vF//yuqkKLr2MRUmqaETmg4KUIxWj/Hg0YIISxSeaYCKY3hWRERaYKB3R0pS8t5CBnBZ1NN/3o/9JyzHtiuneuOV6/X4eUgGO4QTOwIYq1OEaGtAEAhwe4QmejQfjxXg13ualK8Yi2CNYgvH+BSjzmfU=</latexit>↵4
<latexit sha1_base64="V4KmIGuwyX2CvCWGYkgVGeMfbsM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch4MVjAuYByRJmJ73JkNnZZWZWCCGQu1f9BW/i1V/xD/wMZ5McTGJBQ1HVPd1TQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDh8xvPqPSPJZPZpSgH9G+5CFn1Fipdt8tltyyOwNZJ96ClGCBarf40+nFLI1QGiao1m3PTYw/pspwJnBS6KQaE8qGtI9tSyWNUPvj2aETcmGVHgljZUsaMlP/ToxppPUoCmxnRM1Ar3qZ+J/XTk1454+5TFKDks0XhakgJibZr0mPK2RGjCyhTHF7K2EDqigzNpulLdnbSod6UrDReKtBrJPGVdm7KV/XrkuVynQeUh7O4BwuwYNbqMAjVKEODBBe4BXenKnz7nw4n/PWnLMI9hSW4Hz9Aksqlqs=</latexit>=

• In 4D:

➡ No known extension beyond 1-loop.

• In 2D: Which metric shall we use?

➡       defines a complex structure on       , but no Kähler 
structure!

<latexit sha1_base64="TiXsbl+aCbNAZ5lFoiRvKDyTgDo=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAB70ZwTwgWcLspDcZMrO7zMwKIQS8efeqv+BNvPod/oGf4WySg0ksaCiquqd7KkgE18Z1v53cyura+kZ+s7C1vbO7V9w/qOs4VQxrLBaxagZUo+AR1gw3ApuJQioDgY1gcJ35jUdUmsfRgxkm6Evai3jIGTVWarbvJPZo56ZTLLlldwKyTLwZKcEM1U7xp92NWSoxMkxQrVuemxh/RJXhTOC40E41JpQNaA9blkZUovZHk3vH5MQqXRLGylZkyET9OzGiUuuhDGynpKavF71M/M9rpSa88kc8SlKDEZsuClNBTEyyz5MuV8iMGFpCmeL2VsL6VFFmbERzW7K3lQ71uGCj8RaDWCb1s7J3UT6/Py9VKk/TkPJwBMdwCh5cQgVuoQo1YCDgBV7hzXl23p0P53PamnNmwR7CHJyvX6OKmZ8=</latexit>

⌦G
<latexit sha1_base64="puOdG8fZrCt4dN08OOPXE9qKtTw=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFF7oRKtoHtEPJpJk2NJMMSUYoQ0Hcu9VfcCdu/RP/wM8w03ZhWw9cOJxzb+7NCWLOtHHdbye3srq2vpHfLGxt7+zuFfcPGlomitA6kVyqVoA15UzQumGG01asKI4CTpvB8Crzm49UaSbFgxnF1I9wX7CQEWysdH/bve4WS27ZnQAtE29GSjBDrVv86fQkSSIqDOFY67bnxsZPsTKMcDoudBJNY0yGuE/blgocUe2nk1PH6MQqPRRKZUsYNFH/TqQ40noUBbYzwmagF71M/M9rJya89FMm4sRQQaaLwoQjI1H2b9RjihLDR5Zgopi9FZEBVpgYm87cluxtpUM9LthovMUglknjrOydlyt3lVK1+jQNKQ9HcAyn4MEFVOEGalAHAn14gVd4c56dd+fD+Zy25pxZsIcwB+frF7mkl3U=</latexit>

MG

➡ We have no canonical choice of metric to compute a volume…



Mirror symmetry
• Mirror symmetry: CY    -folds come in pairs              s.t. 

<latexit sha1_base64="dVmIISiJVx8x3l8O42RhQfFL3F8=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloDg3av+gjfx6pf4B36Gs0kOJrGgoajqnu6pIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbe63HlFpHssHM07Qj+hA8pAzanKpi0L0yhW36k5BVok3JxWYo94r/3T7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m946IWdW6ZMwVrakIVP170RGI63HUWA7I2qGetnLxf+8TmrCGz/jMkkNSjZbFKaCmJjkHyd9rpAZMbaEMsXtrYQNqaLM2HgWtuRvKx3qSclG4y0HsUqaF1Xvqnp5f1mp1Z5mIRXhBE7hHDy4hhrcQR0awGAIL/AKb86z8+58OJ+z1oIzD/YYFuB8/QLp3pgl</latexit>

`
<latexit sha1_base64="E/b0b8AO5aC/hnj7oEAtZ7fioC4=">AAACAnicbVDLSgMxFL1TX7W+qi7dBItQQcpMKeqy4MaNUMFpC+1QMmmmDc1khiQjlKHgwr1b/QV34tYf8Q/8DDNtF7b1wIXDOffm3hw/5kxp2/62cmvrG5tb+e3Czu7e/kHx8KipokQS6pKIR7LtY0U5E9TVTHPajiXFoc9pyx/dZH7rkUrFIvGgxzH1QjwQLGAEayO55buL1nmvWLIr9hRolThzUoI5Gr3iT7cfkSSkQhOOleo4dqy9FEvNCKeTQjdRNMZkhAe0Y6jAIVVeOj12gs6M0kdBJE0Jjabq34kUh0qNQ990hlgP1bKXif95nUQH117KRJxoKshsUZBwpCOU/Rz1maRE87EhmEhmbkVkiCUm2uSzsCV7W6pATQomGmc5iFXSrFacy0rtvlaq159mIeXhBE6hDA5cQR1uoQEuEGDwAq/wZj1b79aH9TlrzVnzYI9hAdbXL06al7c=</latexit>

(M,W )
<latexit sha1_base64="utJp3dgJPRz9tYZEUwk8sJhaue0="></latexit>

dimH
p,q(M) = dimH

`�p,q(W )
<latexit sha1_base64="JPqK3Q3WZExn5kcJ61Y7M4xdIRQ=">AAACCnicbZDLSgMxFIbP1Futt6pLN8EiVJAyI0XdCAU33QgV7AXasWTSTBuauTTJCGUY8AHcu9VXcCdufQnfwMcw03ZhW38I/Pzn5JzD54ScSWWa30ZmZXVtfSO7mdva3tndy+8fNGQQCULrJOCBaDlYUs58WldMcdoKBcWew2nTGd6k9eYjFZIF/r0ah9T2cN9nLiNY6chG1Yc4PBslxdtTdN3NF8ySORFaNtbMFGCmWjf/0+kFJPKorwjHUrYtM1R2jIVihNMk14kkDTEZ4j5ta+tjj0o7nhydoBOd9JAbCP18hSbp3x8x9qQce47u9LAayMVaGv5Xa0fKvbJj5oeRoj6ZLnIjjlSAUgKoxwQlio+1wUQwfSsiAywwUZrT3JZ0tpCuTHIajbUIYtk0zkvWRal8Vy5UKk9TSFk4gmMoggWXUIEq1KAOBEbwAq/wZjwb78aH8TltzRgzsIcwJ+PrF8mUmqw=</latexit>

H
p,q(M) = cohomology classes of         -forms

<latexit sha1_base64="NoY9l3Y606FlLj/oEwJ6OgFiwiU=">AAACAnicbVDLSgMxFL1TX7W+qi7dBItQQcpMKeqy4MZlBacttEPJpJk2NJMZk4xQhoIL9271F9yJW3/EP/AzzLRd2NYDFw7n3Jt7c/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo6aKEkmoSyIeybaPFeVMUFczzWk7lhSHPqctf3ST+a1HKhWLxL0ex9QL8UCwgBGsjeSW44uH816xZFfsKdAqceakBHM0esWfbj8iSUiFJhwr1XHsWHsplpoRTieFbqJojMkID2jHUIFDqrx0euwEnRmlj4JImhIaTdW/EykOlRqHvukMsR6qZS8T//M6iQ6uvZSJONFUkNmiIOFIRyj7OeozSYnmY0MwkczcisgQS0y0yWdhS/a2VIGaFEw0znIQq6RZrTiXldpdrVSvP81CysMJnEIZHLiCOtxCA1wgwOAFXuHNerberQ/rc9aas+bBHsMCrK9fsM+X9A==</latexit>

(p, q)

• Mirror symmetry exchanges complex and Kähler structures:
<latexit sha1_base64="BsUyBkAY128jwcz3/0lwbzHwmKA=">AAACDnicbZDLSsNAFIZP6q3WS6Mu3QSLUEFLIkVdFtx0I1SwF2hjmUwn7dDJJMxMhBICPoJ7t/oK7sStr+Ab+BhO2i5s9YeBn/+cOefweRGjUtn2l5FbWV1b38hvFra2d3aL5t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dqrtx+IkDTkd2oSETdAQ059ipHSUd8s1u+THmHszDl10vLNSd8s2RV7KuuvceamBHM1+uZ3bxDiOCBcYYak7Dp2pNwECUUxI2mhF0sSITxGQ9LVlqOASDeZHp5axzoZWH4o9OPKmqa/fyQokHISeLozQGokl2tZ+F+tGyv/yk0oj2JFOJ4t8mNmqdDKKFgDKghWbKINwoLqWy08QgJhpVktbMlmC+nLtKDROMsg/prWecW5qFRvq6Va7XEGKQ+HcARlcOASalCHBjQBQwzP8AKvxpPxZrwbH7PWnDEHewALMj5/AN0Bm7s=</latexit>

H
`�1,1(M)

<latexit sha1_base64="CMNc2mvwxcTTw+D86DjSLKwfSl0=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBEqSJmRoi4LbrqsYB/YjiWTZtrQTGZIMkIZBty6d6u/4E7c+hn+gZ9hpu3Cth64cDjn3tyb40WcKW3b39bK6tr6xmZuK7+9s7u3Xzg4bKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG91kfuuRSsVCcafHEXUDPBDMZwRrI93XHhLn3ElLrbNeoWiX7QnQMnFmpAgz1HuFn24/JHFAhSYcK9Vx7Ei7CZaaEU7TfDdWNMJkhAe0Y6jAAVVuMrk4RadG6SM/lKaERhP170SCA6XGgWc6A6yHatHLxP+8Tqz9azdhIoo1FWS6yI850iHKvo/6TFKi+dgQTCQztyIyxBITbUKa25K9LZWv0ryJxlkMYpk0L8rOZblyWylWq0/TkHJwDCdQAgeuoAo1qEMDCAh4gVd4s56td+vD+py2rlizYI9gDtbXL8wWmZw=</latexit>

H
1,1(W )

MS

Parametises complex 
structures on     <latexit sha1_base64="IikNowSrvXiMA8NfTtiLlwmvnvQ=">AAAB/nicdVDLSsNAFL2pr1pfVZduBovgqiSS+tgV3LgRWrC10IYymU7aoZNJmJkIJRS6d6u/4E7c+iv+gZ/hpKlgRQ8MHM65cx/HjzlT2rY/rMLK6tr6RnGztLW9s7tX3j9oqyiRhLZIxCPZ8bGinAna0kxz2oklxaHP6b0/vs78+wcqFYvEnZ7E1AvxULCAEayN1Lztlyt21Z4D5cTNiHvl1uwachZWBRZo9MufvUFEkpAKTThWquvYsfZSLDUjnE5LvUTRGJMxHtKuoQKHVHnpfNEpOjHKAAWRNE9oNFd//khxqNQk9E1liPVI/fYy8S+vm+jg0kuZiBNNBckHBQlHOkLZ1WjAJCWaTwzBRDKzKyIjLDHRJpulKVlvqQI1LZlovu9H/5P2WdU5r7pNt1Kvz/KQinAEx3AKDlxAHW6gAS0gQOERnuDZmlkv1qv1lpcWrEWwh7AE6/0Lk2OW2g==</latexit>

M

Parametises Kähler 
structures on     <latexit sha1_base64="crbnSjFeKAT5D1LM1pzHTHfzdvc=">AAAB/nicdVDLSsNAFL2pr1pfVZduBovgqiSS+tgV3LhswT6gDWUynbRDJ5MwMxFKKHTvVn/Bnbj1V/wDP8NJU8GKHhg4nHPnPo4fc6a0bX9YhbX1jc2t4nZpZ3dv/6B8eNRWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj+5zfzOA5WKReJeT2PqhXgkWMAI1kZqdgblil21F0A5cTPi3rg1u4acpVWBJRqD8md/GJEkpEITjpXqOXasvRRLzQins1I/UTTGZIJHtGeowCFVXrpYdIbOjDJEQSTNExot1J8/UhwqNQ19UxliPVa/vUz8y+slOrj2UibiRFNB8kFBwpGOUHY1GjJJieZTQzCRzOyKyBhLTLTJZmVK1luqQM1KJprv+9H/pH1RdS6rbtOt1OvzPKQinMApnIMDV1CHO2hACwhQeIQneLbm1ov1ar3lpQVrGewxrMB6/wKjZ5bk</latexit>

W

<latexit sha1_base64="wutvWOPiy4hMYZ6Cvm2/nz/5D1Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF29GMA9IljA76U2GzM4uM7NCDAFv3r3qL3gTr36Hf+BnOJvkYBILGoqq7umeChLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMYXGd+4wGV5rG8N8ME/Yj2JA85o8ZKzfZthD3aeewUS27ZnYAsE29GSjBDtVP8aXdjlkYoDRNU65bnJsYfUWU4EzgutFONCWUD2sOWpZJGqP3R5N4xObFKl4SxsiUNmah/J0Y00noYBbYzoqavF71M/M9rpSa88kdcJqlByaaLwlQQE5Ps86TLFTIjhpZQpri9lbA+VZQZG9HcluxtpUM9LthovMUglkn9rOxdlM/vzkuVytM0pDwcwTGcggeXUIEbqEINGAh4gVd4c56dd+fD+Zy25pxZsIcwB+frF/U4mdI=</latexit>

⌦z

<latexit sha1_base64="xwXOViw7PXzQbUs8rYRvZJJSfKI="></latexit>

! =
X

i

(Im ti(z)) ei

Mirror map:

Basis of 
<latexit sha1_base64="xSqnRyJcaGbRDvfJVJ0yN6Ni5oY=">AAACB3icdVDLSgMxFL3js9ZX1aWbYBEqSJmRqY9dwU2XFewD21oyaaYNzWSGJCOUoeDWvVv9BXfi1s/wD/wMM20FK3ogcDjn5j6OF3GmtG1/WAuLS8srq5m17PrG5tZ2bme3rsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1veJn6jTsqFQvFtR5FtBPgvmA+I1gb6aZymzjHzrjQOOrm8nbRngBNiZsS98It2SXkzKw8zFDt5j7bvZDEARWacKxUy7Ej3Umw1IxwOs62Y0UjTIa4T1uGChxQ1UkmG4/RoVF6yA+leUKjifrzR4IDpUaBZyoDrAfqt5eKf3mtWPvnnYSJKNZUkOkgP+ZIhyg9H/WYpETzkSGYSGZ2RWSAJSbahDQ3Je0tla/GWRPN9/3of1I/KTqnRffKzZfL99OQMrAPB1AAB86gDBWoQg0ICHiEJ3i2HqwX69V6m5YuWLNg92AO1vsX+q+Zuw==</latexit>

H
1,1(W )

log-divergent solutions
holomorphic solution

MS

<latexit sha1_base64="0A62xt35enZiUTEcladyq7kjSNE="></latexit>

ti(z) =
⇧i(z)

⇧0(z)
⇠ log zi +O(z2)



The classical volume
<latexit sha1_base64="LmHBkh7lqE4JDGA27zi0ZkkjUzE=">AAAB/nicdVDLSsNAFL2pr1pfVZduBovgqiSS+tgVXOiyBVsLbSiT6aQdOpmEmYlQQqF7t/oL7sStv+If+BlOmgpW9MDA4Zw793H8mDOlbfvDKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJIdHyvKmaAtzTSnnVhSHPqc3vvj68y/f6BSsUjc6UlMvRAPBQsYwdpIzZt+uWJX7TlQTtyMuFduza4hZ2FVYIFGv/zZG0QkCanQhGOluo4day/FUjPC6bTUSxSNMRnjIe0aKnBIlZfOF52iE6MMUBBJ84RGc/XnjxSHSk1C31SGWI/Uby8T//K6iQ4uvZSJONFUkHxQkHCkI5RdjQZMUqL5xBBMJDO7IjLCEhNtslmakvWWKlDTkonm+370P2mfVZ3zqtt0K/X6LA+pCEdwDKfgwAXU4RYa0AICFB7hCZ6tmfVivVpveWnBWgR7CEuw3r8AiceW1A==</latexit>

GFishnet graph

Complex structure      
on 

<latexit sha1_base64="vUQ0SH6pUFpVmExmtESjDCXKtfw=">AAACBXicdVDLSgMxFL1TX7W+qi7dBIvgapiRWnVXcKE7K9gHtEPJpJk2NJkZkoxQhoI79271F9yJW7/DP/AzzLQVreiBwOGcm/s4fsyZ0o7zbuUWFpeWV/KrhbX1jc2t4vZOQ0WJJLROIh7Jlo8V5Sykdc00p61YUix8Tpv+8Dzzm7dUKhaFN3oUU0/gfsgCRrA2UqtzJWgfdy+6xZJjOxMgxz523LOK+03cmVWCGWrd4kenF5FE0FATjpVqu06svRRLzQin40InUTTGZIj7tG1oiAVVXjrZd4wOjNJDQSTNCzWaqD9/pFgoNRK+qRRYD9RvLxP/8tqJDk69lIVxomlIpoOChCMdoex41GOSEs1HhmAimdkVkQGWmGgT0dyUrLdUgRoXTDRf96P/SePIdit2+bpcqlbvpiHlYQ/24RBcOIEqXEIN6kCAwwM8wpN1bz1bL9brtDRnzYLdhTlYb5/mNJnL</latexit>

⌦G
<latexit sha1_base64="AQLfAKkKsNWOtMte9veTaw9G/UE=">AAACAHicdVDLSgMxFL1TX7W+qi7dBIvgapgRrboruNCNUNE+oB1KJs20oZnMkGSEMhTEvVv9BXfi1j/xD/wMM21FK3ogcDjn5j6OH3OmtOO8W7m5+YXFpfxyYWV1bX2juLlVV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04Y/OMv8xi2VikXiRg9j6oW4J1jACNZGur7snHeKJcd2xkCOfeS4p2X3m7hTqwRTVDvFj3Y3IklIhSYcK9VynVh7KZaaEU5HhXaiaIzJAPdoy1CBQ6q8dLzqCO0ZpYuCSJonNBqrP3+kOFRqGPqmMsS6r357mfiX10p0cOKlTMSJpoJMBgUJRzpC2d2oyyQlmg8NwUQysysifSwx0SadmSlZb6kCNSqYaL7uR/+T+oHtlu3Dq8NSpXI3CSkPO7AL++DCMVTgAqpQAwI9eIBHeLLurWfrxXqdlOasabDbMAPr7RP8Tpeh</latexit>

MG

Kähler structure 
on 

<latexit sha1_base64="n26kSD/So1WwwVHOXnX/X82qscY=">AAACAHicdVDLSsNAFJ3UV62vqks3g0VwFZJak3ZXcKHLivYBbSiT6aQdOpmEmYlQQkHcu9VfcCdu/RP/wM9w0lawogcGDufcuY/jx4xKZVkfRm5ldW19I79Z2Nre2d0r7h+0ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PLzK/fUeEpBG/VZOYeCEachpQjJSWbtr9y36xZJluuWZVz6FlWk7Ntd2MnLmOU4O2ac1QAgs0+sXP3iDCSUi4wgxJ2bWtWHkpEopiRqaFXiJJjPAYDUlXU45CIr10tuoUnmhlAINI6McVnKk/f6QolHIS+royRGokf3uZ+JfXTVRQ9VLK40QRjueDgoRBFcHsbjiggmDFJpogLKjeFeIREggrnc7SlKy3kIGcFnQ03/fD/0mrbNqOWbmulOr1+3lIeXAEjsEpsIEL6uAKNEATYDAEj+AJPBsPxovxarzNS3PGIthDsATj/QtWtpfb</latexit>

WG
<latexit sha1_base64="opdyXxKlv6eMz4Jza1JuyekHaPc=">AAACBXicdVDLSgMxFM34rPVVdekmWARXw0ytM+2u4EKXFewD2lIyaaYNTTJDkhHKUHDn3q3+gjtx63f4B36GmbaCFT0QOJxzcx8niBlV2nE+rJXVtfWNzdxWfntnd2+/cHDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYX2Z+645IRSNxqycx6XE0FDSkGGkjtbsRJ0PUv+oXio7tl6pO5QI6tuNVfdfPyLnveVXo2s4MRbBAvV/47A4inHAiNGZIqY7rxLqXIqkpZmSa7yaKxAiP0ZB0DBWIE9VLZ/tO4alRBjCMpHlCw5n680eKuFITHphKjvRI/fYy8S+vk+iw0kupiBNNBJ4PChMGdQSz4+GASoI1mxiCsKRmV4hHSCKsTURLU7LeUoVqmjfRfN8P/yfNku16dvmmXKzV7uch5cAxOAFnwAU+qIFrUAcNgAEDj+AJPFsP1ov1ar3NS1esRbBHYAnW+xdkhJob</latexit>!G

• Classical volume:
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For ` > 2, it is not possible anymore to express the peri-
ods of MG1

1,`
in terms of elliptic integrals.

FISHNETS AS QUANTUM VOLUMES

The results of the previous section allow us to reduce
the computation of IG(a) to the computation of the pe-
riods of MG. Since (1) computes the volume of a hy-
perbolic simplex, it is natural to ask if we can interpret
IG(a) as a volume of sorts. At this point, however, we
face an issue. In (1) the ambient hyperbolic space of the
simplex provides the canonical metric w.r.t. which the
volume is computed. On MG, however, we do not have
any distinguished metric. Indeed, while a fixes ⌦G, and
thus the complex structure, there is still substantial free-
dom to define a Kähler form, and thus a metric, on MG.
We now argue that we obtain a volume interpretation
using mirror symmetry.

Mirror symmetry expresses the remarkable fact that
CY `-folds come in pairs (MG,WG) such that the co-
homology groups H

p,q(MG) and H
`�p,q(WG) are ex-

changed. In particular, mirror symmetry exchanges the
complex structures encoded in H

`�1,1(MG) with the
Kähler structures from H

1,1(WG). Since G defines via
⌦G a complex structure on MG, mirror symmetry pro-
vides a Kähler form !G 2 H

1,1(WG). Choosing z such
that MG has a MUM-point at z = 0, we have

!G =
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t
R
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where !
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1,1(WG), and the t
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i (z) =

Im ti(z) are given by the mirror map

tG,i(z) = e⇧G,i(z)/e⇧G,0(z) , i = 1, . . . , dM , (13)

where the e⇧G,i(z) diverge like a single power of a loga-
rithm at the MUM-point. The Kähler form, in turn, can
be used to define a volume form !
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G/`! on WG, and we

can define the classical volume of WG as
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where the C
cl.
i1,··· ,i` are explicitly-computable integers,

namely the (classical) intersection numbers of MG.

Let us illustrate this on the examples of the ladder
graphs considered at the end of the previous section. At
1 loop, we find Volcl.(WG1

1,1
) = t

R
G1

1,1,1
(z) = Im ⌧1, which

is the area of the fundamental parallelogram (with sides
(1, ⌧1)) that defines the elliptic curve WG1

1,1
associated to

G
1
1,1. Similarly, we have Volcl.(WG1
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i.e., we see that the 1- and 2-loop ladder integrals are
proportional to the classical volume of the mirror CY
(the prefactor proportional to e⇧G1

1,`,0
defines the overall

scale). We checked that the same statement holds for the
2-loop traintrack integral G1,2, which depends on 3 inde-
pendent cross ratios. However, starting from 3 loops, the
last factor in (15) is no longer proportional to Volcl.(WG).
This is not surprising: it is well known from string the-
ory and mirror symmetry that for ` > 2 volumes of CY
`-folds receive instanton corrections of order e�tRi . Their
contribution is included in the quantum volume of WG,

Claim 2: �G(z) is determined by the quantum vol-
ume of the mirror WG to MG:

�G(z) = |e⇧G,0(z)|
2 VolQ(WG) . (16)

Note that one could impose the following requirements
on the quantum volume: i) It is real and positive; ii) it
approaches in the limit zi ! 0 (or equivalently in the
large volume limit t

R
i ! 1) the classical volume (14);

iii) it is monodromy-invariant, i.e., it uniquely extends
over the complex moduli space. In (16), VolQ(WG) ful-
fils i) and ii) but not iii). Because of the normalisa-
tion of e⇧G,0(z) = 1 + O(z) one could define �G itself
as the quantum volume, fulfilling i)-iii). Nevertheless
VolQ(WG) seems the more canonical generalisation of
the likewise not monodromy-invariant classical volumes
in (15). Its CY 3-fold version also features in the analysis
of non-perturbative properties of string compactifications
in [28].

We have checked Claim 2 on our examples for multi-
loop traintrack integrals, as well as for the 1-parameter
rectangular fishnet integrals of [17]. Claim 2 shows that it
is possible to give a volume interpretation to all Yangian-
invariant fishnet graphs. This extends the volume inter-
pretation of (1) from 4 to 2 dimensions, but with the
advantage that the interpretation naturally extends to
higher loops. To our knowledge, this is the first time
that multi-loop Feynman integrals were identified that
compute volumes of geometric objects.
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i.e., we see that the 1- and 2-loop ladder integrals are
proportional to the classical volume of the mirror CY
(the prefactor proportional to e⇧G1

1,`,0
defines the overall

scale). We checked that the same statement holds for the
2-loop traintrack integral G1,2, which depends on 3 inde-
pendent cross ratios. However, starting from 3 loops, the
last factor in (15) is no longer proportional to Volcl.(WG).
This is not surprising: it is well known from string the-
ory and mirror symmetry that for ` > 2 volumes of CY
`-folds receive instanton corrections of order e�tRi . Their
contribution is included in the quantum volume of WG,

Claim 2: �G(z) is determined by the quantum vol-
ume of the mirror WG to MG:

�G(z) = |e⇧G,0(z)|
2 VolQ(WG) . (16)

Note that one could impose the following requirements
on the quantum volume: i) It is real and positive; ii) it
approaches in the limit zi ! 0 (or equivalently in the
large volume limit t

R
i ! 1) the classical volume (14);

iii) it is monodromy-invariant, i.e., it uniquely extends
over the complex moduli space. In (16), VolQ(WG) ful-
fils i) and ii) but not iii). Because of the normalisa-
tion of e⇧G,0(z) = 1 + O(z) one could define �G itself
as the quantum volume, fulfilling i)-iii). Nevertheless
VolQ(WG) seems the more canonical generalisation of
the likewise not monodromy-invariant classical volumes
in (15). Its CY 3-fold version also features in the analysis
of non-perturbative properties of string compactifications
in [28].

We have checked Claim 2 on our examples for multi-
loop traintrack integrals, as well as for the 1-parameter
rectangular fishnet integrals of [17]. Claim 2 shows that it
is possible to give a volume interpretation to all Yangian-
invariant fishnet graphs. This extends the volume inter-
pretation of (1) from 4 to 2 dimensions, but with the
advantage that the interpretation naturally extends to
higher loops. To our knowledge, this is the first time
that multi-loop Feynman integrals were identified that
compute volumes of geometric objects.
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tRi (z) = Im ti(z)



Fishnets as volumes

• 1 loop:
<latexit sha1_base64="BsQcWA5d+VLQRuVIKSxBFlYCaIc="></latexit>

⇧(z)†⌃⇧(z) = 4i [K(z)K(1� z̄) + K(z̄)K(1� z)]
<latexit sha1_base64="Y5Ci1W7zt2oan212zGyDugKmX1Q="></latexit>

= 2 |K(z)|2 Im ⌧(z)
<latexit sha1_base64="996mUKqlGXrq3B5ti6j/8HwiPJo="></latexit>

Volcl.(W1-loop); overall scale

<latexit sha1_base64="iZ1/hhUGlq+2TXhbr7QiIblGAs0=">AAACF3icbZDLSgMxFIYz9VbrrepGcDNYhLqwzEhRlwU3uqtgL9AOQybNtKHJZEjOiGWo+Bru3eoruBO3Ln0DH8P0srCtBwI//39yTvIFMWcaHOfbyiwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05i2gNGHDajBXFIuC0EfSvRnnjnirNZHQHg5h6AncjFjKCwVh+/uDGbwN9ACVS95RLGQ+L+KStmfDzBafkjMteFO5UFNC0qn7+p92RJBE0AsKx1i3XicFLsQJGOB3m2ommMSZ93KUtIyMsqPbS8Q+G9rFxOnYolTkR2GP3740UC60HIjCdAkNPz2cj87+slUB46aUsihOgEZksChNug7RHOOwOU5QAHxiBiWLmrTbpYYUJGGgzW0azlQ71MGfQuPMgFkX9rOSel8q35UKl8jSBlEWH6AgVkYsuUAVdoyqqIYIe0Qt6RW/Ws/VufVifk9aMNQW7j2bK+voFpeiglA==</latexit>

I1-loop(a) ⇠

• 2 loops:
<latexit sha1_base64="9ImIz08RARroYkny8bNQXy9AHbI=">AAACF3icbZDLSgMxFIYz9VbrrepGcDNYhLqwzJSiLgtudFfBXqAtJZNm2tBkMiRnxDKM+Bru3eoruBO3Ln0DH8NM24WtHgj8/P/JOcnnhZxpcJwvK7O0vLK6ll3PbWxube/kd/caWkaK0DqRXKqWhzXlLKB1YMBpK1QUC4/Tpje6TPPmHVWayeAWxiHtCjwImM8IBmP18gfXvQ7Qe1AiLp9yKcOkiE86molevuCUnEnZf4U7EwU0q1ov/93pSxIJGgDhWOu264TQjbECRjhNcp1I0xCTER7QtpEBFlR348kPEvvYOH3bl8qcAOyJ+/tGjIXWY+GZToFhqBez1Pwva0fgX3RjFoQR0IBMF/kRt0HaKQ67zxQlwMdGYKKYeatNhlhhAgba3JZ0ttK+TnIGjbsI4q9olEvuWalyUylUq49TSFl0iI5QEbnoHFXRFaqhOiLoAT2jF/RqPVlv1rv1MW3NWDOw+2iurM8fp4+glQ==</latexit>

I2-loop(a) ⇠

<latexit sha1_base64="wGUEw46UFbpNRDcjpYXJoi/gwXY="></latexit>

⌧(z) = iK(1� z)/K(z)

<latexit sha1_base64="Ihq996HYM00W6bCA7ppgTWOHewY="></latexit>
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<latexit sha1_base64="0fDKhQOi0QS2demQG6i5NMUCfdo=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAKFbHOSFE3QsGN4KaCvUCnlEyaqaGZC8kZsQ4F176He7f6Cu7EjQv3PoaZtotePBD48/8nOcnnhIIrMM1vIzU3v7C4lF7OrKyurW9kN7eqKogkZRUaiEDWHaKY4D6rAAfB6qFkxHMEqzndyySv3TOpeODfQi9kTY90fO5ySkBbreyeDSTKPx7gC8xtYA8gvfi63zo8HtsctbI5s2AOCs8KayRyaFTlVvbXbgc08pgPVBClGpYZQjMmEjgVrJ+xI8VCQrukwxpa+sRjqhkPftPH+9ppYzeQevmAB+74iZh4SvU8R3d6BO7UdJaY/2WNCNzzZsz9MALm0+EgNxIYApygwW0uGQXR04JQyfVbMb0jklDQACemJHdL5ap+RqOxpkHMiupJwTotFG+KuVLpaQgpjXbQLsojC52hErpCZVRBFD2jV/SG3o0X48P4NL6GrSljBHYbTZTx8wdiAqUf</latexit>

⌧(z) = iK+/K�

<latexit sha1_base64="DoGc5wVGJOj8LQf+6qm/vQdP+vA="></latexit>

|⇧1-loop,0(z)|2

<latexit sha1_base64="3vCax6n3hjPhpDwYjq7eiJlK81c="></latexit>

|⇧2-loop,0(z)|2

<latexit sha1_base64="pBjDMkYDSceOl3QlZcEc154FJPU="></latexit>

= 4 |K�|4 (Im ⌧(z))2
<latexit sha1_base64="lEjiFQsq+YYy9V6w/NA7iQCaN88="></latexit>

Volcl.(W2-loop)

• 3 loops:
<latexit sha1_base64="6V9W05d0KGPFIeSoTLEJ7bky7mk="></latexit>

I3-loop(a) ⌧ |⇧3-loop,0(z)|2 Volcl.(W3-loop)



The quantum volume
• For          , the volume receives instanton corrections:

<latexit sha1_base64="1CujUaIWlh/CuQ+n81kbOHCs/Mw=">AAACBnicbVDLSgMxFM34rPVVdekmWARXZUaLj13BjcsK9iGdoWTSO21okhmSjFBK9+7d6i+4E7f+hn/gZ5hpZ2FbDwQO59xXTphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVFFo0JjHqh0SDZxJaBhmOLQTBUSEHFrh8DbzW0+gNIvlgxklEAjSlyxilBgrPfrAud8HfNEtld2KOwVeJl5OyihHvVv68XsxTQVIQznRuuO5iQnGRBlGOUyKfqohIXRI+tCxVBIBOhhPD57gU6v0cBQr+6TBU/Vvx5gIrUcitJWCmIFe9DLxP6+Tmug6GDOZpAYknS2KUo5NjLPf4x5TQA0fWUKoYvZWTAdEEWpsRnNbstlKR3pStNF4i0Esk+Z5xbusVO+r5dpNHlIBHaMTdIY8dIVq6A7VUQNRJNALekVvzrPz7nw4n7PSFSfvOUJzcL5+AeWOmUs=</latexit>

` � 3

➡ Quantum volume:
<latexit sha1_base64="j5zaxOB9pmRrGOyrD4/uU4b1S1w="></latexit>

⇧G(z)
†⌃⇧G(z) ⇠ |⇧G,0(z)|

2 Volq(WG) = |⇧G,0(z)|
2 Volcl.(WG) +O(e�ti(z))

<latexit sha1_base64="j5zaxOB9pmRrGOyrD4/uU4b1S1w="></latexit>

⇧G(z)
†⌃⇧G(z) ⇠ |⇧G,0(z)|

2 Volq(WG) = |⇧G,0(z)|
2 Volcl.(WG) +O(e�ti(z))

<latexit sha1_base64="j5zaxOB9pmRrGOyrD4/uU4b1S1w="></latexit>

⇧G(z)
†⌃⇧G(z) ⇠ |⇧G,0(z)|

2 Volq(WG) = |⇧G,0(z)|
2 Volcl.(WG) +O(e�ti(z))

• Instanton corrections are absent for elliptic curves and K3 
surfaces. 

➡ The same notion of quantum volume appears in string theory 
and geometry. [cf. e.g. Lee, Lerche, Weigand]

<latexit sha1_base64="QsBu8Qem9fXBnuYLUzOG0Cz/YT8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuEPUiBL14jGAemCxhdtJJhszOLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo9up33xCpXkkH8w4Rj+kA8n7nFFjpccOCkGuiXdW6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo+6XGFzIixJZQpbm8lbEgVZcaGVLAheIsvL5NGpexdlL3781L1JosjD0dwDKfgwSVU4Q5qUAcGEp7hFd4c7bw4787HvDXnZDOH8AfO5w+PXo+J</latexit>

` = 1, 2➡ The classical and quantum volumes agree for              .



Pure functions?
• For 1-parameter families, the periods close to          behave like:

<latexit sha1_base64="8pakVp60HojBHPZYaq8t/9LkY+Y="></latexit>

⇧G,k(z) = ⇧G,1(z) I(Y0, Y1, . . . , Yk�2; q)

<latexit sha1_base64="ML/Zh8pKOIVny+XC/n6pdoqDqzQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdCwY3LivYB7VAyaaYNzSRDkhHqUBD3bvUX3Ilb/8Q/8DPMtF3Y1gMXDufcm3tzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvM785gNVmklxb0Yx9SPcFyxkBBsr3T1eud1iyS27E6Bl4s1ICWaodYs/nZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10cuoYnVilh0KpbAmDJurfiRRHWo+iwHZG2Az0opeJ/3ntxISXfspEnBgqyHRRmHBkJMr+jXpMUWL4yBJMFLO3IjLAChNj05nbkr2tdKjHBRuNtxjEMmmclb3zcuW2UqpWn6Yh5eEIjuEUPLiAKtxADepAoA8v8ApvzrPz7nw4n9PWnDML9hDm4Hz9Aqakl2k=</latexit>

z = 0

(For fishnets,    is 
the cross ratio)

<latexit sha1_base64="N2+edwYy60KnC/8LBOsjX14UOY4=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GjI6tXVXcOOyBfuAdiiZNNOGZjJDkhHqUOjerf6CO3Hrr/gHfoaZtoIVPRA4nHNzH8ePOVMaoQ8rt7a+sbmV3y7s7O7tHxQPj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3md++p1KxSNzpSUy9EA8FCxjB2kiNh36xhGyn7DjuJTTEraDqdUbKqFJF0LHRHCWwRL1f/OwNIpKEVGjCsVJdB8XaS7HUjHA6LfQSRWNMxnhIu4YKHFLlpfNFp/DMKAMYRNI8oeFc/fkjxaFSk9A3lSHWI/Xby8S/vG6ig6qXMhEnmgqyGBQkHOoIZlfDAZOUaD4xBBPJzK6QjLDERJtsVqZkvaUK1LRgovm+H/5PWhe2c2W7DbdUq80WIeXBCTgF58ABFVADt6AOmoAACh7BE3i2ZtaL9Wq9LUpz1jLYY7AC6/0LED6XKQ==</latexit>z

• They can be written as [CD, Klemm, Nega, Tancredi]:

<latexit sha1_base64="8ycMzArw8P39v/nlhyGtf3UELHY="></latexit>

⇧G,k(z) = ⇧G,1(z)
1

(k � 1)!
logk�1 z +O(z)

Iterated integrals

letters = Y-invariants of the CY [cf. Bogner]
<latexit sha1_base64="Uc51JhzJaB83d77nAd+gHR/oaRM="></latexit>

I(Y0, Y1, . . . , Yk�2; q) =
1

(k � 1)!
logk�1 q +O(q) Pure functions?

• Interesting observation: quadratic relations among CY periods 
turn into simple shuffle relations among iterated integrals!

[cf. Nega’s talk]
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⇧(z)T⌃⇧(z) = 0
<latexit sha1_base64="PhRk8U6cG4HoE17CInQwgITZrC8=">AAACEnicbZDLSsNAFIYn9VbrLdqlm2ARXJVERF0W3LisYC/QhjKZTtKhk5kwc6KEUPAh3LvVV3Anbn0B38DHcNJ2YVt/GPj5z5lzDl+QcKbBdb+t0tr6xuZWebuys7u3f2AfHrW1TBWhLSK5VN0Aa8qZoC1gwGk3URTHAaedYHxT1DsPVGkmxT1kCfVjHAkWMoLBRAO72udSRJyGoFg0AqyUfBzYNbfuTuWsGm9uamiu5sD+6Q8lSWMqgHCsdc9zE/BzrIARTieVfqppgskYR7RnrMAx1X4+PX7inJpk6IRSmSfAmaZ/f+Q41jqLA9MZYxjp5VoR/lfrpRBe+zkTSQpUkNmiMOUOSKcg4QyZogR4ZgwmiplbHTLCChMwvBa2FLOVDvWkYtB4yyBWTfu87l3WL+4uao3G0wxSGR2jE3SGPHSFGugWNVELEZShF/SK3qxn6936sD5nrSVrDraKFmR9/QIWz59T</latexit> !

Conventions for EllipticPolyLogTools

February 12, 2023

(id⌦ S)�dec = 0

Eisenstein series

• Eisenstein series for level 1 and weight k (for k = 2 we assume the usual summation convention):

Gk(⌧) =
X

(m,n)2Z2\{(0,0)}

1

(m⌧ + n)k
! EisensteinSeries[k,tau] .

• Eisenstein series for �(N) and weight k (for k = 2 we assume the usual summation convention),
and v = (v1, v2) 2 Z/NZ:

Gv
N,k(⌧) =

X

(m,n)2Z2\{(0,0)}
(m,n)⌘vmodN

1

(m⌧ + n)k
! EisensteinSeriesGammaN[N,k,{v1,v2},tau] .

Iterated integrals

• Definition: Let f1, . . . , fp be modular forms.

Î(f1, . . . , fp; ⌧) :=

Z ⌧

~11

d⌧1f1(⌧1) Î(f2, . . . , fp; ⌧1) =

Z ⌧

~11

d⌧1f1(⌧1) · · · d⌧pfp(⌧p) .

• Examples of how this is implemented in the code (for Eisenstein series) (v = (v1, v2), w = (w1, w2))

Î(Gv
N,k, G

w
N,m; ⌧)

! IIQHat[EisensteinSeriesGammaN[N, k, {v1, v2}], EisensteinSeriesGammaN[N, m, {w1, w2}], tau]
Î(Gk, Gm; ⌧)

! IIQHat[EisensteinSeries[k], EisensteinSeries[m], tau]

1



<latexit sha1_base64="j5zaxOB9pmRrGOyrD4/uU4b1S1w="></latexit>

⇧G(z)
†⌃⇧G(z) ⇠ |⇧G,0(z)|

2 Volq(WG) = |⇧G,0(z)|
2 Volcl.(WG) +O(e�ti(z))

<latexit sha1_base64="8pakVp60HojBHPZYaq8t/9LkY+Y="></latexit>

⇧G,k(z) = ⇧G,1(z) I(Y0, Y1, . . . , Yk�2; q)

Pure functions?

• To be compared with 4D box:
Xi

Xl

Xj

Xk Xk

Xi

Xj

Xl

Figure 2: An ideal tetrahedron in AdS, shown in both the Klein–Beltrami (l) and Poincaré
(r) models. All vertices lie on the conformal boundary at infinity, and each edge is an
AdS geodesic.

for the Euclidean 4-mass box integral.

We now turn to a geometric interpretation of this formula. The expression

X(α) = α1Xi + α2Xj + α3Xk + α4Xl (19)

defines a linear map from the space of Feynman parameters, the unit simplex in R3, to
RP

5. Provided the four vertices Xi, Xj, Xk and Xl are space-like separated (always true in
Euclidean signature) we have X(α)·X(α) > 0, so we may take advantage of the projective
invariance of (18) to introduce normalised coordinates

Y (α) =
X(α)

√

X(α) ·X(α)
(20)

obeying Y · Y = 1. Thus Y defines a map from the space of Feynman parameters to Eu-
clidean AdS5, i.e., the five dimensional hyperbolic ball. Straight lines in RP

5 are precisely
the geodesics in AdS5, so as the αa vary over the 3-simplex

{

αa ∈ R≥0 |
∑4

a=1 αa = 1
}

,
Y (α) varies over a tetrahedron in AdS5 whose vertices lies on the boundary at infinity,
and whose edges and faces are totally geodesic. Such a tetrahedron is called ideal, and is
depicted in figure 2.

We wish to show that F (i, j, k, l) is simply (twice) the 3-volume of this ideal tetra-
hedron. Using the delta function to eliminate α4, this volume can be written as the
integral

Vol(i, j, k, l) =

∫

tetra

d3α

∣

∣

∣

∣

∂Y (α)

∂α1
∧
∂Y (α)

∂α2
∧
∂Y (α)

∂α3

∣

∣

∣

∣

(21)

where | · | denotes the norm on 3-forms induced by the flat metric in R6 ⊃ AdS5. Because
Y (α) is normalised, each derivative ∂Y (α)/∂αa is orthogonal to Y (α) itself, so

∣

∣

∣

∣

∂Y (α)

∂α1
∧
∂Y (α)

∂α2
∧
∂Y (α)

∂α3

∣

∣

∣

∣

=

∣

∣

∣

∣

Y (α) ∧
∂Y (α)

∂α1
∧
∂Y (α)

∂α2
∧
∂Y (α)

∂α3

∣

∣

∣

∣

(22)
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Vol()
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Vol()
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1

z � z̄ Pure function

Bloch-Wigner 
dilog

• Does the same work for more parameters?
➡ Works for K3 / 2-loop, currently checking 3 loops!

Pure functions?



Summary

Physics CY geometry

-    -loop fishnet graph
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`
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G - Family of CY    -folds
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`
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MG

- Feynman integrand 
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⌦G ^ ⌦G
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⌦G-          -form 
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(`, 0)

- Cross ratios of external points - Independent moduli

- Yangian and graph symmetries - Picard Fuchs ideal

-Quantum volume of- Feynman integral
<latexit sha1_base64="zgr6dgkA4JAosKiieCLejFoK1/I=">AAACA3icbVDLSgMxFL1TX7W+qi7dBItQN2VGirosuFB3FewD2qFk0kwbm8kMSUYoQ8GNe7f6C+7ErR/iH/gZZqZd2NYDFw7n3Jt7c7yIM6Vt+9vKrayurW/kNwtb2zu7e8X9g6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNFV6rceqVQsFPd6HFE3wAPBfEawNlLztnddxqe9Ysmu2BnQMnFmpAQz1HvFn24/JHFAhSYcK9Vx7Ei7CZaaEU4nhW6saITJCA9ox1CBA6rcJLt2gk6M0kd+KE0JjTL170SCA6XGgWc6A6yHatFLxf+8Tqz9SzdhIoo1FWS6yI850iFKv476TFKi+dgQTCQztyIyxBITbQKa25K+LZWvJgUTjbMYxDJpnlWc80r1rlqq1Z6mIeXhCI6hDA5cQA1uoA4NIPAAL/AKb9az9W59WJ/T1pw1C/YQ5mB9/QJC5JhB</latexit>

IG(a)

- Yangian invariants - Periods

- Basso-Dixon formula - Alternating products of PF 
operators.

<latexit sha1_base64="H/w7DmCAPVUFGN/8NkfCae/sugM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRgx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1FjpodW77ZUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3oXVe/+vFK7zuMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w/8q42b</latexit>

WG



• 2D Yangian-invariant fishnet integrals are closely related to 
Calabi-Yau geometries!

Conclusions

➡ Computation of these fishnet integrals is reduced to the 
computation of the periods.

➡ Periods are obtained form PF differential equations.

• This gives a new way to compute these integrals:

➡ PF differential equations are generated by Yangian and 
permutation symmetries.

• Bonus: first interpretation of a multi-loop integral as a volume.

➡ Receives instanton corrections starting from 3 loops.



Conclusions
• Implications of Yangian symmetry for geometry?

➡ Basso-Dixon formula for periods? 

➡ Explanation of instanton corrections at 3 loops?

➡ Volume interpretation in 4D?

• Implications for integrability of fishnet theories?

• Is there a similar story for 4D fishnet integrals?

➡ Role of mirror symmetry in this context?

➡ Are there other Yangian invariants besides the periods?





1-loop integrals as volumes

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·
<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit>· · ·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·

<latexit sha1_base64="viypbK5q/MyKfOlIa5+XlB4/vNk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9gHtUDKZTBubSYbkjlCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5GN7nffmTacCXvYZwwPyYDySNOCVip1aOhAtMvV9yqOwVeJd6cVNAcjX75pxcqmsZMAhXEmK7nJuBnRAOngk1KvdSwhNARGbCupZLEzPjZ9NoJPrNKiCOlbUnAU/XvREZiY8ZxYDtjAkOz7OXif143hejaz7hMUmCSzhZFqcCgcP51HHLNKIixJYRqbm/FdEg0oWADWtiSv61NZCYlG423HMQqaV1Uvctq7a5WqdefZiEV0Qk6RefIQ1eojm5RAzURRQ/oBb2iN+fZeXc+nM9Za8GZB3uMFuB8/QKeSpkZ</latexit> ··
·


