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The first four years of the CRC !2

Welcome!

• The funding of  the Collaborative Research Center has been extended by the DFG for another four years 
(01/01/2023 - 31/12/2026).

• The goal of this meeting its to reflect on the first four years of the CRC and discuss the new elements of 
the research program. 

• In fact, detailed presentations of new projects  is an important part of the meeting. 

This presentation will address  the results of the first funding period of the CRC.



The first four years of the CRC !3

Welcome!

• Reviewers’ comments were very positive,  overall.  

• However, it was pointed out to us that stronger collaboration between the sites is expected. 

• We also need to keep working on improving gender balance.  

• It was recommended to create an Advisory Board and staff it with renowned scientists with whom we can 
consult on strategic questions regarding the CRC development. 

• The choice of the next spokesperson (Gudrun) was very strongly commended. 

This presentation will address  the results of the first funding period of the CRC.
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• The Collaborative Research Center is a joint venture of KIT, the University of Aachen, the University 
of Siegen and Heidelberg University.

• It is the only CRC in Germany devoted to broad phenomenological aspects of particle physics.

• The research interests of the four sites are similar but not identical.  

• They  include high-precision SM physics (collider (KIT, Aachen, Heidelberg), flavour (Siegen, KIT)),  
physics beyond the SM, dark matter physics, machine learning (Aachen, Heidelberg, KIT). 

Structure of the CRC
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• From the very conception of the CRC,  the combination of depth and breadth that the four sites 
together provide,  was considered a very important and attractive aspect of  the  CRC and its research 
program.   

• The composition of the  CRC reflects  the fact that  already four years ago it was  getting clear that 
expected rapid discoveries of new particles at the LHC will not happen.  

• As the result, it was getting important to focus on the development of  a “better SM theory” that 
describes  hadron collisions and/or physics  of B-mesons, and on  the exploration of a landscape of 
possible  BSM physics models, to have a better  idea of what we are looking for. 

Structure of the CRC



The first four years of the CRC

1: 
Perturbative 

QFT

2: Effective 
Field 

Theories 

3: Explicit 
BSM models

A: Higgs

B: Top, QCD, 
electroweak

C: Flavour

!6

Projects of the CRC
Electroweak symmetry breaking

The hierarchy problem 
Properties of the Higgs force 

Hidden sectors, dark matter  

Yukawa sector of the Standard Model 
CP-violation 

Matter-anti-matter asymmetry

The matrix structure of the Collaborative Research Center  
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On the challenges of searching for GeV-scale
long-lived particles at the LHC

Elias Bernreuther, Juliana Carrasco Mejia, Felix Kahlhoefer, Michael Krämer and
Patrick Tunney
Institute for Theoretical Particle Physics and Cosmology (TTK), RWTH Aachen University,
D-52056 Aachen, Germany
E-mail: ebernreuther@physik.rwth-aachen.de,
juliana.carrasco@rwth-aachen.de, kahlhoefer@physik.rwth-aachen.de,
mkraemer@physik.rwth-aachen.de, tunney@physik.rwth-aachen.de

Abstract: Many models of dark matter predict long-lived particles (LLPs) that can give
rise to striking signatures at the LHC. Existing searches for displaced vertices are however
tailored towards heavy LLPs. In this work we show that this bias severely affects their
sensitivity to LLPs with masses at the GeV scale. To illustrate this point we consider two
dark sector models with light LLPs that decay hadronically: a strongly-interacting dark
sector with long-lived exotic mesons, and a Higgsed dark sector with a long-lived dark
Higgs boson. We study the sensitivity of an existing ATLAS search for displaced vertices
and missing energy in these two models and find that current track and vertex cuts result
in very low efficiency for light LLPs. To close this gap in the current search programme
we suggest two possible modifications of the vertex reconstruction and the analysis cuts.
We calculate projected exclusion limits for these modifications and show that they greatly
enhance the sensitivity to LLPs with low mass or short decay lengths.

Keywords: Beyond Standard Model, Cosmology of Theories beyond the SM

ArXiv ePrint: 2011.06604

Open Access, c⃝ The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP04(2021)210
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Towards ruling out the charged Higgs interpretation
of the RD(∗) anomaly

Monika Blanke,a,b Syuhei Iguroa,b and Hantian Zhanga
aInstitute for Theoretical Particle Physics (TTP), Karlsruhe Institute of Technology (KIT),
Engesserstraße 7, 76131 Karlsruhe, Germany

bInstitute for Astroparticle Physics (IAP), Karlsruhe Institute of Technology (KIT),
Hermann-von-Helmholtz-Platz 1, 76344 Eggenstein-Leopoldshafen, Germany
E-mail: monika.blanke@kit.edu, igurosyuhei@gmail.com,
hantian.zhang@kit.edu

Abstract: Motivated by the notorious anomaly in the lepton flavor universality ratios
RD(∗) , we study the sensitivity of the Large Hadron Collider (LHC) to a low-mass charged
Higgs boson H− lighter than 400GeV in a generic two Higgs doublet model. A combination
of current constraints from the Bc → τν decay, Bs meson mixing data, tau sleptons and
di-jet searches at the LHC allows to explain the RD(∗) anomaly at the 1σ level by a
low-mass charged Higgs. In this context, we estimate the reach of an LHC search for
resonant H− production, where the final state contains an energetic τ lepton decaying
hadronically, a neutrino with large transverse momentum, and an additional b-jet (pp →
b+ τh + ν). Requiring the additional b-tagged jet in the τν resonance search profits from
the suppression of the Standard Model background, and therefore it allows us to judge
the low-mass H− interpretation of the RD(∗) anomaly. To demonstrate this, we perform
a fast collider simulation for the τν resonance search with an additional b-tagged jet, and
find that most of the interesting parameter region of the whole mass range can already be
probed with the current integrated luminosity of 139 fb−1.

Keywords: Bottom Quarks, Lepton Flavour Violation (charged), Multi-Higgs Models,
Semi-Leptonic Decays

ArXiv ePrint: 2202.10468

Open Access, c⃝ The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP06(2022)043
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Constraining flavour patterns of scalar leptoquarks in
the effective field theory

Marzia Bordone,a,b Oscar Catà,a Thorsten Feldmanna and Rusa Mandala
aTheoretische Physik 1, Naturwissenschaftlich-Technische Fakultät, Universität Siegen,
Walter-Flex-Straße 3, D-57068 Siegen, Germany

bDipartimento di Fisica, Università di Torino & INFN, Sezione di Torino,
I-10125 Torino, Italy
E-mail: marzia.bordone@to.infn.it, oscar.cata@uni-siegen.de,
thorsten.feldmann@uni-siegen.de, rusa.mandal@uni-siegen.de

Abstract: We investigate the viability of extending the Standard Model with S1 and S3
scalar leptoquarks when the flavour structure is parametrized in terms of Froggatt-Nielsen
charges. In contrast to a similar analysis with a vector leptoquark, we find essentially two
solutions for the charges that fit the experimental constraints, which are dominated by the
current tensions in B decays. These two scenarios differ in their estimate of the anomalous
magnetic moment of the muon, (g − 2), but they both predict sizeable contributions to
τ → µγ, B̄s → τ±µ∓ and B+ → K+τ+µ− decays, whose branching ratios are close to the
current experimental limits.

Keywords: Beyond Standard Model, Effective Field Theories

ArXiv ePrint: 2010.03297

Open Access, c⃝ The Authors.
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Third order corrections to the semileptonic b → c and the muon decays

Matteo Fael ,* Kay Schönwald ,† and Matthias Steinhauser ‡

Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT),
76128 Karlsruhe, Germany

(Received 4 December 2020; revised 2 February 2021; accepted 16 June 2021; published 6 July 2021)

We compute corrections of order α3s to the decay b→ clν̄ taking into account massive charm quarks.
In the on-shell scheme large three-loop corrections are found. However, in the kinetic scheme the three-
loop corrections are below 1% and thus perturbation theory is well under control. We furthermore provide
results for the order α3s corrections to b→ ulν̄ and the third-order QED corrections to the muon decay
which will be important input for reducing the uncertainty of the Fermi coupling constant GF.

DOI: 10.1103/PhysRevD.104.016003

I. INTRODUCTION

The Cabibbo-Kobayashi-Maskawa (CKM) matrix deter-
mines the mixing strength in the quark sector and provides
furthermore the source for charge-parity (CP) violation in
the Standard Model (SM). It is thus of prime importance to
determine the parameters of the CKM matrix with highest
accuracy. In this article we address the elements Vub and
Vcbwhich are accessible via semileptonic Bmeson decays.
At present, the value of jVcbj from inclusive B → Xclν̄

decays is obtained from global fits [1–3]. The experimental
inputs are the semileptonic width and the moments of
kinematical distributions measured at Belle [4,5] and
BABAR [6,7], together with earlier data from CDF [8],
CLEO [9], and DELPHI [10]. The most recent determi-
nation in the so-called kinetic scheme jVcbj ¼ ð42.19 #
0.78Þ × 10−3[11] has a relative error of about 1.8%, which
is mostly dominated by theoretical uncertainties. Global
fits in the 1S scheme yield jV1S

cbj ¼ ð41.98# 0.45Þ × 10−3

[11,12].
A crucial ingredient for the determination of jVubj and

jVcbj is the total semileptonic decay rate. Branching ratios
of inclusive semileptonic B mesons were measured at B
factories with a relative precision of about 2.5% [4,13–15].
A relative uncertainty of 1.5% is obtained with the help
of a global fit: BrðB → Xclþ νlÞ ¼ ð10.65# 0.16Þ% [11].
Measurements are performed with a mild lower cut on the

electron energy [4], which excludes less than 5% of the
events, or extrapolated to the whole phase space based on
Monte Carlo [13,14]. A key goal for Belle II is the
reduction of the systematic uncertainties on the branching
fraction determinations, as well as to obtain more precise
and detailed measurements of B → Xclν̄l differential
distributions [16]. Recent analyses by Belle and Belle II
of leptonic and hadronic invariant mass moments [17,18]
show that a percent or even subpercent relative accuracy
can be achieved for certain observables.
With the help of the heavy quark expansion the total rate

can be written as a double series in αs and ΛQCD=mb. The
mb-suppressed corrections are obtained from higher-
dimensional operators. In the free-quark approximation,
corrections up toOðα2sÞ are available [19–27] together with
the leading β0 terms at higher orders [28], where β0 is the
one-loop coefficient of the QCD beta function. The power
corrections of order Λ2

QCD=m
2
b and Λ3

QCD=m
3
b have been

computed in [29–32] to tree-level and in [33–36] to OðαsÞ.
Also 1=m4

b and 1=m5
b terms are known, however, only at

leading order [37–40]. Note that linear 1=mb corrections
vanish to all orders. Missing higher-order perturbative and
power corrections limit the current extraction of jVcbj.
The relative size of the second order corrections to the

partonic b→ clν̄l decays is about 1%–3% depending on
the quark mass scheme, with a theoretical uncertainty due
to renormalization scale variation estimated to be 1% [26],
which soon can become comparable to experimental errors.
In this work we make a major improvement in the theory
underlying B → Xclν̄ decays by computing the α3s correc-
tions to the total rate, at leading order in 1=mb. We
incorporate a finite charm quark mass via an expansion
in the mass difference mb−mc and show that precise
results can be obtained for the physical values of mc
and mb. Our analysis even allows for the limit mc → 0

*matteo.fael@kit.edu
†kay.schoenwald@kit.edu
‡matthias.steinhauser@kit.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
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On phase-space integrals with Heaviside functions

Daniel Baranowski,a Maximilian Delto,a,b Kirill Melnikova and Chen-Yu Wanga
aInstitute for Theoretical Particle Physics, KIT,
76128 Karlsruhe, Germany
bPhysik Department, Technische Universität München,
James-Franck-Straße 1, 85748 Garching, Germany
E-mail: daniel.baranowski@kit.edu, maximilian.delto@tum.de,
kirill.melnikov@kit.edu, chen-yu.wang@kit.edu

Abstract: We discuss peculiarities that arise in the computation of real-emission contribu-
tions to observables that contain Heaviside functions. A prominent example of such a case is
the zero-jettiness soft function in SCET, whose calculation at next-to-next-to-next-to-leading
order in perturbative QCD is an interesting problem. Since the zero-jettiness soft function
distinguishes between emissions into different hemispheres, its definition involves θ-functions
of light-cone components of emitted soft partons. This prevents a direct use of multi-loop
methods, based on reverse unitarity, for computing the zero-jettiness soft function in high
orders of perturbation theory. We propose a way to bypass this problem and illustrate
its effectiveness by computing various non-trivial contributions to the zero-jettiness soft
function at NNLO and N3LO in perturbative QCD.

Keywords: QCD Phenomenology

ArXiv ePrint: 2111.13594

Open Access, c⃝ The Authors.
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Autoencoders for unsupervised anomaly detection in
high energy physics

Thorben Finke, Michael Krämer, Alessandro Morandini, Alexander Mück
and Ivan Oleksiyuk
Institute for Theoretical Particle Physics and Cosmology (TTK), RWTH Aachen University,
D-52056 Aachen, Germany
E-mail: finke@physik.rwth-aachen.de, mkraemer@physik.rwth-aachen.de,
morandini@physik.rwth-achen.de, mueck@physik.rwth-aachen.de,
ivan.oleksiyuk@rwth-aachen.de

Abstract: Autoencoders are widely used in machine learning applications, in particular
for anomaly detection. Hence, they have been introduced in high energy physics as a
promising tool for model-independent new physics searches. We scrutinize the usage of
autoencoders for unsupervised anomaly detection based on reconstruction loss to show their
capabilities, but also their limitations. As a particle physics benchmark scenario, we study
the tagging of top jet images in a background of QCD jet images. Although we reproduce
the positive results from the literature, we show that the standard autoencoder setup
cannot be considered as a model-independent anomaly tagger by inverting the task: due to
the sparsity and the specific structure of the jet images, the autoencoder fails to tag QCD
jets if it is trained on top jets even in a semi-supervised setup. Since the same autoencoder
architecture can be a good tagger for a specific example of an anomaly and a bad tagger
for a different example, we suggest improved performance measures for the task of model-
independent anomaly detection. We also improve the capability of the autoencoder to learn
non-trivial features of the jet images, such that it is able to achieve both top jet tagging
and the inverse task of QCD jet tagging with the same setup. However, we want to stress
that a truly model-independent and powerful autoencoder-based unsupervised jet tagger
still needs to be developed.

Keywords: Jets, QCD Phenomenology

ArXiv ePrint: 2104.09051

Open Access, c⃝ The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP06(2021)161

 

Nonfactorizable QCD Effects in Higgs Boson Production via Vector Boson Fusion

Tao Liu,1,* Kirill Melnikov,2,† and Alexander A. Penin 1,2,3,‡
1Department of Physics, University of Alberta, Edmonton, Alberta T6G 2J1, Canada

2Institut für Theoretische Teilchenphysik, Karlsruher Institut für Technologie (KIT), 76128 Karlsruhe, Germany
3Institute for Theoretical Physics, ETH Zürich, 8093 Zürich, Switzerland

(Received 23 July 2019; published 17 September 2019)

We discuss nonfactorizable QCD corrections to Higgs boson production in vector boson fusion at the
Large Hadron Collider. We point out that these corrections can be computed in the eikonal approximation
retaining all the terms that are not suppressed by the ratio of the transverse momenta of the tagging jets to
the total center-of-mass energy. Our analysis shows that in certain kinematic distributions the non-
factorizable corrections can be as large as a percent making them quite comparable to their factorizable
counterparts.

DOI: 10.1103/PhysRevLett.123.122002

Vector boson fusion (VBF) is one of the two key
channels for Higgs boson production at the Large
Hadron Collider (LHC) [1,2]. Studies of Higgs boson
properties in this process require accurate theoretical
prediction for its cross section and kinematic distributions.
Radiative corrections, both QCD and electroweak, are
important for the reliable description of these processes.
Current understanding of QCD corrections to the VBF
Higgs boson production is highly advanced: following the
original calculation of the next-to-leading (NLO) correc-
tions [3], both the next-to-next-to-leading (NNLO) [4–6]
and the next-to-next-to-next-to-leading (N3LO) [7] correc-
tions were computed in the so-called structure function
approximation [8]. The cross section of the electroweak
Higgs boson production in association with three jets is
known to the NLO approximation [9]. The electroweak
corrections to VBF were computed in Ref. [10]. Other
interesting effects such as loop-induced interference
between Higgs production in gluon fusion and in vector
boson fusion, and the gluon-initiated VBF Higgs produc-
tion were studied in Refs. [11,12], respectively.
The structure function approximation—the centerpiece

of the current studies of QCD effects in VBF—neglects
interactions between incoming QCD partons and retains
QCD effects confined to a single fermion line. There are
good reasons for doing this. Indeed, at NLO the gluon
exchanges between different quark lines do not change the
VBF cross section as a consequence of color conservation
in t channel. At NNLO, two gluons exchanged between

two fermion lines can be in a color-singlet state and for this
reason do contribute to the VBF cross section. Such
nonfactorizable corrections, however, are necessarily color
suppressed, making it plausible that they are small. This
argument was used as the justification for computing
higher-order QCD corrections to VBF Higgs boson pro-
duction in the structure function approximation [4].
However, it is interesting to ask just for how long does it

make sense to improve the precision on the factorizable
contributions while ignoring the nonfactorizable ones. This
question appears to be quite relevant since computations of
factorizable contributions have advanced to very high
orders in perturbative QCD [7]. Answering this question
is difficult since not much is known about nonfactorizable
corrections beyond their color suppression. As we already
mentioned, these corrections do not contribute at NLO
while at NNLO they require two-loop five-point functions
that depend on many kinematic variables and the masses of
vector bosons and the Higgs boson. Thus, the technical
complexity of perturbative computations required to obtain
the two-loop nonfactorizable contribution appears to be
overwhelming to expect significant advances in the foresee-
able future. An estimate of nonfactorizable corrections that
makes use of QCD dynamics and in this sense goes beyond
the color-suppression argument is highly desirable, in our
opinion.
In this Letter we will show that it is possible and in fact

rather simple to compute the dominant contribution to
nonfactorizable corrections, making use of the particular
kinematics of the VBF process. Indeed, this process is
identified by the presence of two forward tagging jets
whose transverse momenta are small compared to
their energies. Thus, we can try to compute the non-
factorizable corrections in an approximation where we
only retain contributions that are leading in pj;⊥=

ffiffiffi
s

p
,

where pj;⊥ is a transverse momentum of a tagging jet,

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW LETTERS 123, 122002 (2019)

0031-9007=19=123(12)=122002(6) 122002-1 Published by the American Physical Society

J
H
E
P
0
4
(
2
0
2
0
)
1
8
1

Published for SISSA by Springer

Received: March 12, 2020

Revised: April 3, 2020

Accepted: April 8, 2020

Published: April 28, 2020

Higgs-pair production via gluon fusion at hadron

colliders: NLO QCD corrections
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Abstract: Higgs-pair production via gluon fusion is the dominant production mechanism

of Higgs-boson pairs at hadron colliders. In this work, we present details of our numeri-

cal determination of the full next-to-leading-order (NLO) QCD corrections to the leading

top-quark loops. Since gluon fusion is a loop-induced process at leading order, the NLO

calculation requires the calculation of massive two-loop diagrams with up to four different

mass/energy scales involved. With the current methods, this can only be done numeri-

cally, if no approximations are used. We discuss the setup and details of our numerical

integration. This will be followed by a phenomenological analysis of the NLO corrections

and their impact on the total cross section and the invariant Higgs-pair mass distribution.

The last part of our work will be devoted to the determination of the residual theoretical

uncertainties with special emphasis on the uncertainties originating from the scheme and

scale dependence of the (virtual) top mass. The impact of the trilinear Higgs-coupling

variation on the total cross section will be discussed.

Keywords: Higgs Physics, Perturbative QCD
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Integral reduction with Kira 2.0 and finite field methods ☆, ☆☆

Jonas Klappert , Fabian Lange , Philipp Maierhöfer , Johann Usovitsch 

Show more

https://doi.org/10.1016/j.cpc.2021.108024

Abstract

We present the new version 2.0 of the Feynman integral reduction program Kira and describe the new features. The
primary new feature is the reconstruction of the final coefficients in integration-by-parts reductions by means of
finite field methods with the help of FireFly. This procedure can be parallelized on computer clusters with MPI.
Furthermore, the support for user-provided systems of equations has been significantly improved. This mode
provides the flexibility to integrate Kira into projects that employ specialized reduction formulas, direct reduction
of amplitudes, or to problems involving linear system of equations not limited to relations among standard
Feynman integrals. We show examples from state-of-the-art Feynman integral reduction problems and provide
benchmarks of the new features, demonstrating significantly reduced main memory usage and improved
performance w.r.t. previous versions of Kira.

New version program summary

Program title: Kira

CPC Library link to program files: https://doi.org/10.17632/v3cmsnfrnn.2

Developer's repository link: https://gitlab.com/kira-pyred/kira

Licensing provisions: GNU General Public License 3 (GPL)

Programming language: C++

Journal Reference of previous version: P. Maierhöfer, J. Usovitsch and P. Uwer, Kira—A Feynman integral reduction
program, Comput. Phys. Commun. 230 (2018) 99 [1705.05610].

Does the new version supersede the previous version?: Yes.

Reasons for the new version: Implementation of new features, some of which improve the performance significantly
for many problems.

Summary of revisions: The primary new feature is the reconstruction of the final coefficients in integration-by-parts
reductions by means of finite field methods with the help of FireFly [1,2]. This procedure can be parallelized on
computer clusters with MPI. Further improvements include the expanded support for user-provided systems of
equations as well as a new feature to reduce the main memory usage when generating the system of equations.

a a b c
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Anomalous couplings in associated VH production with Higgs boson decay
to massive b quarks at NNLO in QCD

Wojciech Bizoń,1,2,* Fabrizio Caola,3,† Kirill Melnikov,1,‡ and Raoul Röntsch 4,§

1Institute for Theoretical Particle Physics, KIT, Karlsruhe 76128, Germany
2Institute for Astroparticle Physics, KIT, Karlsruhe 76021, Germany

3Rudolf Peierls Centre for Theoretical Physics, Clarendon Laboratory, Parks Road, Oxford OX1 3PU, UK
and Wadham College, Oxford OX1 3PN, United Kingdom

4Theoretical Physics Department, CERN, 1211 Geneva 23, Switzerland

(Received 19 August 2021; accepted 10 January 2022; published 26 January 2022)

We combine the NNLO QCD description of Higgs boson production in association with an electroweak
vector boson V ¼ W or Z with a similarly precise description of Higgs boson decays into a pair of massive
b quarks and with the anomalous couplings that modify interactions of the Higgs and electroweak vector
bosons. The resulting numerical code provides the most advanced theoretical tool to investigate such
anomalous couplings in the associated Higgs boson production process. We study the impact of anomalous
couplings on fiducial cross sections and differential distributions and argue that, with increased QCD
precision, smaller anomalous couplings become accessible in kinematic regions where the effects of
higher-dimensional operators in the Standard Model effective field theory remain small and the effective
field theory expansion is under control.

DOI: 10.1103/PhysRevD.105.014023

I. INTRODUCTION

Studies of Higgs boson properties in experiments at the
Large Hadron Collider (LHC) have converged to the
conclusion [1] that the Standard Model of particle physics
describes Higgs couplings to gauge bosons and to (some)
matter fields with a precision between 10% and 30%. To
reach a higher precision, new experimental measurements
as well as refined theoretical descriptions of major Higgs
production processes are needed. The forthcoming Run III
of the LHC, as well as its high-luminosity phase, will play
an important role in achieving these goals.
From a theoretical perspective, some of the simplest but

also most interesting Higgs boson production processes are
those where Higgs bosons are produced in association with
vector bosons, i.e., pp → WH and pp → ZH. Indeed, at
lowest order in perturbative QCD, both of these processes
are of the Drell-Yan type pp → V" → VH, so that their
description through next-to-next-to-leading order (NNLO)
in perturbative QCD is quite straightforward. These

production processes allow for a study of Higgs-gauge
interactions.
Associated production processes also provide an envi-

ronment in which the decay of the Higgs to a bb̄ pair can be
observed [2–6], allowing the study of the Higgs coupling to
b quarks. Therefore, describing both the production pp →
VH and the decay H → bb̄ processes with the same
precision is important. Moreover, it is important to consider
b quarks as massive since in this case one can apply
conventional jet algorithms to identify b jets and recon-
struct Higgs boson kinematics. Indeed, it was shown
recently in Ref. [7] that working with massless b quarks
may lead to sizeable differences in theoretical predictions
for the associated production process pp → WH.
The status of theoretical predictions for VH processes in

the Standard Model (SM) is quite advanced. Refined
predictions that include both QCD [8–23] and electroweak
[24–26] radiative corrections are available. Recently,
NNLO QCD corrections for WH production in association
with a hard jet were computed [27].
A major difference between the WH and ZH final states

is that, starting from NNLO QCD, the latter receives large
contributions from the gg → ZH process.1 The Oðα2sÞ
contribution of this process has been known for a long
time [29,30]. Approximate results for the Oðα3sÞ contribu-
tions due to gg → ZH suggest that these can be quite
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1Apart from its relevance in exploring the Higgs sector, this
process can also provide insight into the Zbb̄ interactions [28].
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Exact Top-Quark Mass Dependence in Hadronic Higgs Production
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The impact of the finite top-quark mass on the inclusive Higgs production cross section at higher
perturbative orders has been an open question for almost three decades. In this Letter, we report on the
computation of this effect at next-to-next-to-leading order QCD. For the purely gluonic channel, it amounts
to þ0.62% relative to the result obtained in the Higgs effective field theory approximation. The formally
subleading partonic channels overcompensate this shift, leading to an overall effect of −0.26% at a pp
collider energy of 13 TeV, and −0.1% at 8 TeV. This result eliminates one of the main theoretical
uncertainties to inclusive Higgs production cross section at the LHC.

DOI: 10.1103/PhysRevLett.127.162002

Introduction.—Gluon fusion is the dominant production
process for a standard model (SM) Higgs boson at the
Large Hadron Collider (LHC). Obviously, this makes a
firm understanding of the pertinent cross section mandatory
for current and future precision Higgs physics.
A comprehensive analysis of the theoretical prediction

for the inclusive gluon-fusion cross section has been
performed in Ref. [1]. It arrives at an overall theoretical
uncertainty of about "5%, arising from six different
sources, each of which contributes roughly 1% [2].
Thus, a significant reduction of the theoretical uncertainty
cannot be achieved by eliminating a single source, but
entails efforts on several of them.
Indeed, two of these sources have recently been

addressed. The first one was due to the fact that the next-
to-next-to-next-to-leading order (N3LO) QCD corrections
were based on their expansion around z≡ 1 −M2

H=ŝ ¼ 0
[3], giving rise to an uncertainty from the truncation of this
expansion at finite order in z. Meanwhile, however, the exact
dependence on z has become available [4]. The second one
originated from the use of a factorization formula for the
mixed QCD-electroweak effects [5,6]. Recent progress
indicates that this issue will be settled in the near future
[7–10]. On the other hand, two other sources of uncertainty,
namely the missing higher-order terms in both the partonic
cross section and the parton density functions (PDFs), will
require further technological advances before one can expect
significant improvements.
The two remaining sources of uncertainty identified in

Ref. [1] are related to quark mass effects. Both of them

originate from the fact that the gluon-fusion process is
induced by quark loops. The NnLO QCD corrections
therefore involve an (nþ 1)-loop calculation with at least
two external mass scales (the Higgs and the quark mass,
and possibly other quark masses from additional closed
loops). While the next-to-leading order (NLO) result for
arbitrary quark masses has been available for almost three
decades [11], radiative corrections beyond this order were
mostly restricted to top-loop induced terms [12–14], which
make up around 95% of the total cross section in the SM.
Their exact evaluation is the topic of the current Letter.
Progress in approximating bottom- and charm-quark effects
beyond NLO has been made recently in Refs. [15–19].
It turns out that the dominant effect of the top-loop

induced terms can be accounted for in the so-called Higgs
effective field theory (HEFT) approximation, which is
defined by multiplying the leading order (LO) cross section
by the higher-order (HO) correction factor in the limit of an
infinite top-quark mass,Mt → ∞ [20,21], which we take to
be defined in the on-shell scheme throughout this Letter:

σHOHEFT ¼
!
σHO

σLO

"

Mt→∞
σLO: ð1Þ

In this limit, the top-quark loop assumes the form of an
effective Higgs-gluon vertex [22], thus reducing the num-
ber of associated loop integrations by one. At NLO, Eq. (1)
approximates the full hadronic cross section for a SM
Higgs boson to about 0.1%. This is remarkable for several
reasons. On the one hand, the assumption that Mt is the
largest dimensional scale of the process is invalid over a
large range of the partonic center-of-mass energy

ffiffiffi
ŝ

p
,

which reaches up to the collider energy
ffiffiffi
s

p
≫ Mt. On

the other hand, less than 50% of the total cross section is
due to the LO contribution, which means that the Mt → ∞
approximation is applied to more than half of the total cross
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Higher Order Corrections to Spin Correlations in Top Quark Pair Production at the LHC
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We calculate, for the first time, the next-to-next-to-leading order (NNLO) QCD corrections to spin
correlations in top quark pair production at the LHC. The NNLO corrections play an important role in the
description of the corresponding differential distributions. We observe that the standard model calculation
describes the available Δϕll data in the fiducial region but does not agree with the Δϕll measurement
extrapolated to full phase space. Most likely this discrepancy is due to the difference in precision between
existing event generators and NNLO calculations for dilepton top-pair final states.

DOI: 10.1103/PhysRevLett.123.082001

Introduction.—Within the standard model (SM) of
particle physics, individual top quarks produced in pro-
ton-(anti)proton collisions are not polarized. The spins of
two pair-produced top quarks are, however, correlated to
each other. It is possible [1] to study directly such spin
correlations between top quarks since, due to the very rapid
decay of the top quark, its spin is passed to its decay
products almost free of nonperturbative effects [2]. This
implies that top quark spin correlations are calculable.
The study of top quark spin correlations has a long

history. Spin correlations have been long recognized as a
powerful tool for probing the nature of the quark sector in
the SM [3–14] as well as Higgs and/or beyond the SM
(BSM) physics [15–19]. Indeed, a generic BSM contribu-
tion to top production will alter the top-pair production spin
density matrix. An important example is the case of a light
spin zero top quark supersymmetric partner, the stop,
decaying to top quarks [16,18]. Seeking deviations between
SM predictions and LHC measurements of top quark spin
correlations represents a powerful, model-independent

search strategy for possible BSM physics coupled to the
top quark sector.
Very recently, the ATLAS Collaboration published [20] a

very precise measurement of spin correlations in top quark
pair production at the LHC (earlier LHC and Tevatron
measurements include Refs. [21–25]). A deviation of about
3.2σ with respect to the SM has been observed. This is by
far the biggest deviation from the SM observed in the top
quark sector at the LHC to date. Given the potential
significance of such a discrepancy, in this Letter we
calculate for the first time the complete set of NNLO
QCD corrections to top quark pair production and decay.
Our calculation uses the narrow width approximation. It
allows us to qualitatively increase the level of precision of
SM predictions for realistic top quark final states, thus
making the comparison with the ATLAS data [20] much
more predictive.
Generally, top quark spin correlations can be assessed

following two strategies. The first strategy, which we call
direct, reconstructs the top-pair spin density matrix and is
based on kinematic distributions computed in specially
designed frames of reference; see Refs. [8,9] for details.
The second strategy, which we call indirect, utilizes

differential distributions defined in the laboratory frame.
These distributions are best suited for experimental study
but they tend to be only partly sensitive to spin correlations.
In order to maximize the extracted information about spin
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Next-to-Next-to-Leading Order Study of Three-Jet Production at the LHC
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Multijet rates at hadron colliders provide a unique possibility for probing quantum chromodynamics
(QCD), the theory of strong interactions. By comparing theory predictions with collider data, one can
directly test perturbative QCD, extract fundamental parameters like the strong coupling αs, and search for
physics beyond the standard model. In this work we calculate, for the first time, the next-to-next-to-leading
order (NNLO) QCD corrections to typical three-jet observables and to differential three-to-two jet ratios.
The calculation is complete apart from the three-jet double virtual contributions which are included in the
leading-color approximation. We demonstrate that the inclusion of the NNLO corrections significantly
reduces the dependence of those observables on the factorization and renormalization scales. Besides its
phenomenological value, this proof-of-principle computation represents a milestone in perturbative QCD.

DOI: 10.1103/PhysRevLett.127.152001

Introduction.—The production of highly energetic
sprays of particles, also known as jets, is a dominant
process at hadron colliders. At high energies, where
perturbation theory is expected to hold, this process offers
the possibility for studying QCD in great detail. The
theory-data comparison of differential multijet rates pro-
vides essential information about perturbative QCD and
the modeling of jet production. The precision of these
predictions is typically limited by their dependence on
unphysical parameters—such as the renormalization and
factorization scales—but it can be systematically increased
by including higher-order corrections.
Three-jet production at the Large Hadron Collider (LHC)

has been studied in great detail by experimental collabo-
rations, see for example Refs. [1–6]. Typical observables
are jet transverse momenta, angular correlations and, more
generally, event-shape observables. A particular type of
observable suited for perturbative QCD is the ratio R 3=2 of
three-to-two jet rates [7]. These ratios are directly sensitive
to parton splittings and are, therefore, proportional to the
strong coupling constant αs. This provides an opportunity
for measuring the value of αs at the LHC. Cross section
ratios have the additional advantage that some systematic
uncertainties of experimental and theoretical nature cancel

out. A prime example is the dependence on parton
distribution functions (PDFs).
There is extensive literature on theoretical predictions for

multijet production through next-to-leading order (NLO) in
perturbative QCD [8–13], including NLO electroweak
corrections [14–16]. NLO computations have also been
matched to parton showers [17,18] and are generally
present in multipurpose event generators [19–21].
Higher-order predictions for two-jet and single-inclusive
jet production have seen extensive development in the past
decade and are implemented through next-to-next-to-lead-
ing order (NNLO) in QCD [22–25]. The feasibility of
NNLO QCD predictions for higher jet multiplicity is
limited by the availability of two-loop virtual amplitudes
and by the efficient treatment of real radiation contribu-
tions. The three-jet two-loop amplitudes have recently been
made public in the leading-color approximation [26,27],
leaving the real radiation as the last obstacle to predictions
accurate at second order in αS.
The aim of this Letter is twofold. First, it presents NNLO

QCD predictions for the production of three jets and R 3=2

ratios at the LHC at 13 TeV. Second, it demonstrates the
technical ability to treat the NNLO real radiation contri-
butions for processes with five colored partons at the Born
level. The completion of the second order corrections to
three jet production is a milestone in perturbative QCD
computations since, judging by its infrared structure, it is
among the most complicated two-to-three processes at
the LHC.
This Letter is organized as follows: in the section

“Calculation details” we discuss the technical details of
our computation. The section “Results” contains the
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SMEFT predictions for gg → hh at full NLO QCD
and truncation uncertainties
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Abstract: We present a calculation of the NLO QCD corrections for Higgs-boson pair
production in gluon fusion including effects of anomalous couplings within Standard Model
Effective Field Theory (SMEFT). We study effects of different truncation options of the
EFT expansion in 1/Λ and of double operator insertions, both at total cross-section level as
well as for the distribution of the invariant mass of the Higgs-boson pair, at √

s = 13TeV.
The NLO corrections are implemented in the generator ggHH_SMEFT in the Powheg-Box-V2
framework.
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NNLO QCD corrections to three-photon production

at the LHC
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Abstract: We compute the NNLO QCD corrections to three-photon production at the

LHC. This is the first NNLO QCD calculation for a 2 → 3 process. Our calculation is exact,

except for the scale-independent part of the two-loop finite remainder which is included in

the leading color approximation. We estimate the size of the missing two-loop corrections

and find them to be phenomenologically negligible. We compare our predictions with

available 8TeV measurement from the ATLAS collaboration. We find that the inclusion of

the NNLO corrections eliminates the existing significant discrepancy with respect to NLO

QCD predictions, paving the way for precision phenomenology in this process.
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production
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Abstract: We compute the non-factorisable O(α2
s) corrections to t-channel single-top

quark production at the LHC. These peculiar corrections arise because of interactions
between the heavy- and the light-quark lines and appear for the very first time at next-to-
next-to-leading order in perturbative QCD. We find that the non-factorisable corrections
change the single-top production cross section and the relevant kinematic distributions in
this process by about half a percent.
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Abstract

Numerical evaluations of Feynman integrals often proceed via a deformation of the
integration contour into the complex plane. While valid contours are easy to construct,
the numerical precision for a multi-loop integral can depend critically on the chosen
contour. We present methods to optimize this contour using a combination of optimized,
global complex shifts and a normalizing flow. They can lead to a significant gain in
precision.
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Tasting flavoured Majorana dark matter

Harun Acaroğlua and Monika Blankea,b
aInstitut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology,
Engesserstraße 7, D-76128 Karlsruhe, Germany
bInstitut für Astroteilchenphysik, Karlsruhe Institute of Technology,
Hermann-von-Helmholtz-Platz 1, D-76344 Eggenstein-Leopoldshafen, Germany

E-mail: harun.acaroglu@kit.edu, monika.blanke@kit.edu

Abstract: We study a simplified model of flavoured Majorana dark matter in the Dark
Minimal Flavour Violation framework. The model extends the Standard Model by a dark
matter flavour triplet and a scalar mediator, through which the new dark fermions couple
to right-handed up-type quarks. This interaction is governed by a new coupling matrix λ

which is assumed to constitute the only new source of flavour and CP violation. We analyse
the parameter space of this model by using constraints from collider searches, D0 − D̄0

mixing, cosmology and direct dark matter searches. Throughout our study, we point out
crucial differences between the Majorana and Dirac dark matter cases. After performing a
combined analysis within the context of all the experimental constraints mentioned above,
we analyse which flavour for the dark matter particle is preferred by experimental data.
We further investigate if this model is capable of explaining the large measured value of the
direct CP asymmetry ∆Adir

CP in charm decays. We find that significant enhancements with
respect to the Standard Model expectation are compatible with all constraints, and even the
central value of the measurement can be reached. We also advertise the flavour-violating
final state with two same-sign top quarks produced in association with missing transverse
energy as a smoking-gun signature for flavoured Majorana dark matter at the LHC.
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top sector

Ilaria Brivio,a Sebastian Bruggisser,a Fabio Maltoni,b,c Rhea Moutafis,a,d

Tilman Plehn,a Eleni Vryonidou,e Susanne Westhoffa and Cen Zhangf

aInstitut für Theoretische Physik, Universität Heidelberg,
Philosophenweg 16, Heidelberg, Germany
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Abstract: We provide a comprehensive global analysis of Run II top measurements at

the LHC in terms of dimension-6 operators. A distinctive feature of the top sector as

compared to the Higgs-electroweak sector is the large number of four-quark operators. We

discuss in detail how they can be tested and how quadratic terms lead to a stable limit on

each individual Wilson coefficient. Predictions for all observables are computed at NLO

in QCD. Our SFitter analysis framework features a detailed error treatment, including

correlations between uncertainties.
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Abstract: We report on the calculation of the next-to-leading order QCD corrections to
the production of a tt̄ pair in association with two heavy-flavour jets. We concentrate on
the di-lepton tt̄ decay channel at the LHC with √

s = 13 TeV. The computation is based on
pp → e+νe µ−ν̄µ bb̄ bb̄matrix elements and includes all resonant and non-resonant diagrams,
interferences and off-shell effects of the top quark and the W gauge boson. As it is custom-
ary for such studies, results are presented in the form of inclusive and differential fiducial
cross sections. We extensively investigate the dependence of our results upon variation of
renormalisation and factorisation scales and parton distribution functions in the quest for
an accurate estimate of the theoretical uncertainties. We additionally study the impact of
the contributions induced by the bottom-quark parton density. Results presented here are
particularly relevant for measurements of tt̄H(H → bb̄) and the determination of the Higgs
coupling to the top quark. In addition, they might be used for precise measurements of the
top-quark fiducial cross sections and to investigate top-quark decay modelling at the LHC.
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Abstract: In the heavy quark expansion (HQE) of the total decay rates of Bs and D+
s

mesons non-perturbative matrix elements of four quark operators are arising as phase space
enhanced contributions. We present the first determination of ms effects to the dimension
six matrix elements of these four quark operators via a heavy quark effective theory (HQET)
sum rule analysis. In addition we calculate for the first time eye contractions of the four
quark operators as well as matrix elements of penguin operators. For the perturbative part
we solve the 3-loop contribution to the sum rule and we evaluate condensate contributions.
In this study we work in the strict HQET limit and our results can also be used to estimate
the size of the matrix element of the Darwin operator via equations of motion.
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Recurring themes

• Perturbative computations at high orders in pQCD/SM  which contribute to the development  of a 
better theory of hadron collisions at the LHC  and of  heavy flavour physics.

• Studies of validity, applicability and practicality  of effective field theories as an agnostic tool to 
analyse potential  effects of physics beyond the Standard Model at the LHC. 

• Use of global fits with inputs that range from cosmology and astro-particle physics to collider and 
flavour physics. 

• Development of novel technical tools (from understanding Feynman integrals to machine learning 
methods, to global  fitting programs) is an omnipresent topic.
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Project A1a: Quark-mass effects in Higgs-boson production in  gluon  fusion  

� = 48.58 pb+2.22 pb(+4.56%)
�3.27 pb(�6.72%)(theory)± 1.56 pb (3.20%)(PDF + ↵s)

GGF

GLUON FUSION - INCLUSIVE CROSS SECTION

~88.2%

▸ Many residual uncertainties of comparable importance 

▸ Todo List:  - Full mass dependent NNLO  
- Mixed                  corrections 
- N3LO PDFs 
….
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Table I: E↵ects of a finite top-quark mass on the total hadronic Higgs-boson production cross section for the LHC @ 13 TeV and
8 TeV, separately for the partonic channels and including Monte Carlo integration error estimates. Results obtained with the
PDF set NNPDF31 nnlo as 0118 [46], renormalization and factorization scales µR = µF = MH/2, Higgs-boson mass MH = 125
GeV, and top-quark mass Mt =

p
23/12 ⇥ MH ⇡ 173.055 GeV. The NNLO cross section within HEFT (�NNLO

HEFT ) has been
obtained with SusHi [47, 48] and is split into contributions from the individual orders in ↵s.

channel
�
NNLO
HEFT [pb] (�NNLO

exact � �
NNLO
HEFT ) [pb]

(�NNLO
exact /�

NNLO
HEFT � 1) [%]

O(↵2
s) +O(↵3

s) +O(↵4
s) O(↵3

s) O(↵4
s)

p
s = 8TeV

gg 7.39 + 8.58 + 3.88 +0.0353 +0.0879± 0.0005 +0.62
qg 0.55 + 0.26 �0.1397 �0.0021± 0.0005 �18
qq 0.01 + 0.04 +0.0171 �0.0191± 0.0002 �4

total 7.39 + 9.15 + 4.18 �0.0873 +0.0667± 0.0007 �0.10
p
s = 13TeV

gg 16.30 + 19.64 + 8.76 +0.0345 +0.2431± 0.0020 +0.62
qg 1.49 + 0.84 �0.3696 �0.0115± 0.0010 �16
qq 0.02 + 0.10 +0.0322 �0.0501± 0.0006 �15

total 16.30 + 21.15 + 9.79 �0.3029 +0.1815± 0.0023 �0.26

at the 1-2% level. In fact, we find that the absolute val-
ues of all finite-mass e↵ects add up to about 1.5-1.6% at
NNLO. However, the cancellations among the individual
channels and perturbative orders decrease this number
to �0.1% at 8TeV, and �0.26% at 13TeV.

CONCLUSIONS AND OUTLOOK

A calculation of the hadronic Higgs production cross
section including the full top-mass dependence at NNLO

was reported. It results in a slight decrease relative to the
result in the HEFT approximation of �0.26% at 13TeV,
and �0.1% at 8TeV collider energy. This result confirms
and at the same time eliminates the commonly accepted
uncertainty estimate arising from the lack of knowledge
of these e↵ects.

Our calculational techniques are also applicable to the
bottom- and charm-loop induced terms and the associ-
ated interference with the top-loop terms. This is de-
ferred to future work.

This research was supported by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foun-
dation) under grants 396021762 - TRR 257 and
400140256 - GRK 2497: The physics of the heaviest par-
ticles at the Large Hardon Collider.

Simulations were performed with computing resources
granted by RWTH Aachen University under projects
rwth0414 and rwth0643.
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enhance the large-ŝ region. Consequently, such terms
cannot serve as uncertainty estimates of the heavy-top
limit in a straightforward way.

So far the only estimate of top-mass e↵ects beyond
the HEFT approximation is therefore based on a combi-
nation of the 1/Mt-expansion with the leading terms in
the large-ŝ limit [22–25], from which an uncertainty of 1%
due to top-quark mass e↵ects was derived [1].

In this paper we eliminate this uncertainty by report-
ing on the exact calculation of the top-quark mass e↵ects
in hadronic Higgs production at next-to-next-to-leading
order (NNLO) QCD.

CALCULATION

The calculation requires the combination of the purely
virtual three-loop corrections to the cross section with
the contributions from the real emission both of a single
parton (quark q, anti-quark q̄, or gluon g) at two-loop
level, and of two partons at one-loop level. Factorization
scheme dependence demands to take all possible partonic
initial states into account. This is also important in the
light of the failure of Eq. (1) for the non-gg channels as
mentioned before, combined with the fact that they in-
crease by roughly 100% from NLO to NNLO within HEFT.

Calculations of all the relevant amplitudes, including
their full top-mass dependence, have already been re-
ported on in the literature. In fact, the double-real emis-
sion amplitudes have been known for two decades [26].
Today, they can be obtained with public automated tools,
and we use OpenLoops [27] for this purpose.

Complete results for the three-loop virtual amplitude
are very recent. Its full top-mass dependence at NNLO

has been first obtained with the help of Padé approxi-
mants constructed from the heavy-top expansion and the
non-analytic terms at the threshold ŝ = 4M2

t [28]. For
the present study, we use a numerical result that was de-
rived by expressing the amplitude in terms of master inte-
grals, and subsequently evaluating them numerically [29].
Note that a fully analytic result is only available for the
part which involves light (massless) fermion loops [30].

Two-loop single-emission amplitudes with full top-
mass dependence have been evaluated in Ref. [31] after
a number of previous approximate results [32, 33]. Each
of these studies concerned the production of a resolved
jet in addition to the Higgs boson. In contrast, for our
purposes it is necessary to integrate the amplitudes over
the full phase space, including the soft- and collinear-
singular regions. The method used in Ref. [31] cannot
be applied in this case due to numerical stability and ef-
ficiency issues. Analytic results for the complete set of
integrals necessary for the evaluation of the amplitudes
have been the subject of a recent publication [34], but the
use of these results is non-trivial. Instead, we have cal-
culated the integrals using the same strategy as the one

Figure 1: Finite part of the regulated amplitudes,
2RehM (1)

exact|M
(2)
exacti

��
regulated

, defined in Eq. (2), for the pro-

cesses gg ! gH (first row), qg ! qH (second row) and
qq̄ ! gH (third row), separated into the region below (left
column) and above (right column) threshold for intermediate
top-quark pair production. A factor of ↵4

s/(4⇡)
2
·1/v2 · ŝ, with

v the Higgs-field vacuum expectation value, has been factored
out. The renormalization scale has been set at µR = MH/2.
The kinematics is parameterized with z ⌘ 1 � M

2
H/ŝ and

� ⌘ t̂/(t̂+ û), with ŝ, t̂ and û the standard Mandelstam vari-
ables.

used in Ref. [29] for the Higgs-gluon form factor, which
itself is based on Ref. [35]. In short, the amplitudes have
been reduced to a set of master integrals with the help
of the public software Kira�FireFly [36–40]. Algebraic
manipulations have been simplified by setting the ratio
of the top-quark and Higgs-boson mass to a fixed value of
M

2
t /M

2
H = 23/12, corresponding to Mt ⇡ 173.055 GeV

for MH = 125 GeV. The same software has also been
used to derive a system of first-order homogeneous lin-
ear di↵erential equations in Mt satisfied by the master
integrals. Using initial conditions in the heavy-top limit,
obtained with a diagrammatic large mass expansion, the
system of di↵erential equations has been solved numer-
ically at a very large number of phase-space points. As
a result, the amplitudes have been obtained on a dense
grid that could, in principle, be used for interpolation.
However, direct inclusive phase-space integration would
require an unreliable extrapolation to the singular soft
and collinear regions.
In order to perform the phase-space integrals, the am-

plitudes have been regulated in the soft and collinear

Czakon, Harlander, Klappet, Niggetiedt

Anastasiou et al.

mt ! 1
<latexit sha1_base64="ggyX3ceZ/Bm2CKRnSeSyi10Z6A8=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNmF3ooTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zuq3H7k2Ilb3mCXcj+hQiVAwilZ6iPpIehiTnlAhZv1K1a25M5Bl4hWkCgUa/cpXbxCzNOIKmaTGdD03QT+nGgWTfFLupYYnlI3pkHctVTTixs9nV0/IqVUGJIy1LYVkpv6eyGlkTBYFtjOiODKL3lT8z+umGF75uVBJilyx+aIwlcT+OY2ADITmDGVmCWVa2FsJG1FNGdqgyjYEb/HlZdI6r3luzbu7qNavizhKcAwncAYeXEIdbqEBTWCg4Rle4c15cl6cd+dj3rriFDNH8AfO5w8ui5JL</latexit><latexit sha1_base64="ggyX3ceZ/Bm2CKRnSeSyi10Z6A8=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNmF3ooTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zuq3H7k2Ilb3mCXcj+hQiVAwilZ6iPpIehiTnlAhZv1K1a25M5Bl4hWkCgUa/cpXbxCzNOIKmaTGdD03QT+nGgWTfFLupYYnlI3pkHctVTTixs9nV0/IqVUGJIy1LYVkpv6eyGlkTBYFtjOiODKL3lT8z+umGF75uVBJilyx+aIwlcT+OY2ADITmDGVmCWVa2FsJG1FNGdqgyjYEb/HlZdI6r3luzbu7qNavizhKcAwncAYeXEIdbqEBTWCg4Rle4c15cl6cd+dj3rriFDNH8AfO5w8ui5JL</latexit><latexit sha1_base64="ggyX3ceZ/Bm2CKRnSeSyi10Z6A8=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNmF3ooTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zuq3H7k2Ilb3mCXcj+hQiVAwilZ6iPpIehiTnlAhZv1K1a25M5Bl4hWkCgUa/cpXbxCzNOIKmaTGdD03QT+nGgWTfFLupYYnlI3pkHctVTTixs9nV0/IqVUGJIy1LYVkpv6eyGlkTBYFtjOiODKL3lT8z+umGF75uVBJilyx+aIwlcT+OY2ADITmDGVmCWVa2FsJG1FNGdqgyjYEb/HlZdI6r3luzbu7qNavizhKcAwncAYeXEIdbqEBTWCg4Rle4c15cl6cd+dj3rriFDNH8AfO5w8ui5JL</latexit><latexit sha1_base64="ggyX3ceZ/Bm2CKRnSeSyi10Z6A8=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNmF3ooTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zuq3H7k2Ilb3mCXcj+hQiVAwilZ6iPpIehiTnlAhZv1K1a25M5Bl4hWkCgUa/cpXbxCzNOIKmaTGdD03QT+nGgWTfFLupYYnlI3pkHctVTTixs9nV0/IqVUGJIy1LYVkpv6eyGlkTBYFtjOiODKL3lT8z+umGF75uVBJilyx+aIwlcT+OY2ADITmDGVmCWVa2FsJG1FNGdqgyjYEb/HlZdI6r3luzbu7qNavizhKcAwncAYeXEIdbqEBTWCg4Rle4c15cl6cd+dj3rriFDNH8AfO5w8ui5JL</latexit>

Principal investigators: Czakon, Harlander



The first four years of the CRC !10

Project A1b:    Higgs boson physics with higher order corrections and anomalous couplings  

�
W

+
H

fid [fb] SM Setup 1 Setup 2 Setup 3 Setup 4

LO 2.813
+0.023
�0.039 2.657

+0.012
�0.024 2.999

+0.007
�0.021 2.898

+0.012
�0.026 2.958

+0.007
�0.021

NLO 3.434
+0.089
�0.064 3.419

+0.110
�0.080 3.466

+0.070
�0.048 3.501

+0.088
�0.063 3.458

+0.074
�0.052

NNLO 3.409
+0.024
�0.025 3.436

+0.028
�0.034 3.387

+0.004
�0.015 3.463

+0.015
�0.031 3.390

+0.003
�0.018

Table IV. Fiducial cross sections for pp ! W
+
H ! (⌫ee

+
)(bb̄) at the 13 TeV LHC at various

orders of QCD perturbation theory calculated with massive b quarks. We show the results for

various scenarios including anomalous couplings. We set the factorization and renormalization

scales equal to each other, µr = µf = µ. We use µ =
1
2

p
(pV + pH)2 for the central value and the

uncertainties are calculated by varying the scale µ by a factor of two in both directions. See main

text for details.

B. W
+
H process

We repeat the analysis of the previous subsection for W
+
H production. We focus exclu-

sively on the fiducial region defined in Eq. (4) with additional restrictions on the W -boson

transverse momentum, shown in Eq. (8).

We consider four different scenarios of the anomalous couplings and we choose them in a

way that makes the differences between fiducial cross sections marginal. The four scenarios

are:

Setup 1: g
(1)
hww

= � 1.20 , g
(2)
hww

= � 0.25 , g̃hww = + 0.00 ,

Setup 2: g
(1)
hww

= + 1.00 , g
(2)
hww

= + 0.00 , g̃hww = + 0.80 ,

Setup 3: g
(1)
hww

= + 0.00 , g
(2)
hww

= � 0.10 , g̃hww = � 1.10 ,

Setup 4: g
(1)
hww

= + 0.70 , g
(2)
hww

= � 0.05 , g̃hww = � 1.05 .

The fiducial cross sections at various orders of perturbation theory are reported in Table IV.

We observe that the NLO QCD predictions for cross sections for the four scenarios agree to

within a few percent. At variance with ZH case, however, adding NNLO QCD corrections

does not change the situation in a significant way except that the uncertainty on the theo-

retical predictions is reduced compared to the NLO QCD case. However, we again observe

that the NNLO QCD corrections are not constant across the four scenarios.

In Fig. 6 we show kinematic distributions for the pp ! W
+
H process for the four scenarios
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Figure 4. The invariant mass distribution of the reconstructed Higgs boson at NLO (blue) and

NNLO (red) at the 13 TeV LHC. We present the NNLO results including the gg ! ZH contribution.

The left plot includes the standard fiducial cuts described in the text, the right plot includes the

additional pt,V > 150 GeV cut. We display results for the central scale µ =
1
2

p
(pV + pH)2. The

lower panes show the ratio of the NNLO results to the NLO ones. See text for details.

is relevant to us reads

Lanom = �
1

4⇤
g
(1)
hzz

Zµ⌫Z
µ⌫

h �
1

2⇤
g
(1)
hww

W
µ⌫

W
†
µ⌫

h

�
1

⇤
g
(2)
hzz

Z⌫@µZ
µ⌫

h �
1

⇤

h
g
(2)
hww

W
⌫
@
µ
W

†
µ⌫

h + h.c.
i

�
1

4⇤
g̃hzzZµ⌫Z̃

µ⌫
h �

1

2⇤
g̃hwwW

µ⌫
W̃

†
µ⌫

h .

(5)

The energy scale associated with this Lagrangian is denoted by ⇤; in what follows we will set

⇤ to 1 TeV for definiteness. Parametrically, modifications of the Standard Model predictions

due to operators in Eq. (5) are controlled by the quantities g
(i)
hV V

v/⇤ where v = 246 GeV

is the Higgs field vacuum expectation value. In what follows, we will consider values of

the couplings that lead to relatively small deviations from Standard Model predictions and

discuss to what extent better quality theoretical predictions for the associated production

processes pp ! V H may help with detecting and analyzing such scenarios.

It is straightforward to incorporate effects of the anomalous couplings into theoretical pre-

dictions for cross sections and kinematic distributions. To this end, we note that the above

Lagrangian leads to the following HV (q1)V (q2) interaction vertex

� g
µ⌫

c1 + c2 (qµ1 q
⌫

2 + q
⌫

1q
µ

2 ) + c3✏
µ⌫↵�

q1,↵q2,� + c4 (qµ1 q
⌫

1 + q
µ

2 q
⌫

2 ) . (6)
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Figure 2: Di↵erential cross sections for the invariant mass mhh of the Higgs-boson

pair for benchmark point 1 of Table 2. Top row: ⇤ = 1TeV, middle row: ⇤ = 2TeV,

bottom row: ⇤ = 4TeV. Left: LO, right: NLO.

For benchmark point 3, the di↵erences between the truncation options are very

pronounced, see Fig. 3. The value of chhh is close to the value of maximal destructive

interference between box- and triangle-type contributions when considering the cross

section as a function of chhh alone, therefore delicate cancellations are likely to take

place. Again, the mhh-shape changes as ⇤ increases from 1TeV to 2TeV.
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section as a function of chhh alone, therefore delicate cancellations are likely to take

place. Again, the mhh-shape changes as ⇤ increases from 1TeV to 2TeV.
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2.2 Operator insertions at amplitude-squared level

An EFT description is based on an expansion in a parameter encoding the scale hi-

erarchies which underlie the EFT description. Therefore an uncertainty arises due to

the truncation of the EFT expansion. In particular, there is the question whether to

truncate the SMEFT expansion at amplitude-squared level strictly beyond dimension-

6, or to include squared dimension-6 operators, which are of order 1/⇤4 and therefore

formally suppressed at the same order as dimension-8 operators. Furthermore, double

operator insertions into a single diagram are usually neglected as they form a subset of

operators at order 1/⇤4 which is not uniquely defined (for example, they can be related

to a di↵erent set of operators through the equations of motion). Such issues have been

discussed recently in Refs. [15, 16, 19–21].

In the next section we present a Monte Carlo program, which includes the full

mt-dependent NLO QCD corrections, and allows the systematic study of truncation

e↵ects for the case of Higgs-boson pair production in gluon fusion. In order to construct

the di↵erent truncation options we divide the amplitude into three parts: the pure SM

contribution (SM), single dimension-6 operator insertions (dim6) and double dimension-

6 operator insertions (dim62):

M =

1 + C
0
t

⇤2

1 + C
0
t

⇤2

+
1 + C

0
t

⇤2

1 + C
0
hhh
⇤2

+
C

0
tt

⇤2

+
C

0
ggh

⇤2

1 + C
0
hhh
⇤2

+
C

0
gghh

⇤2

+ . . .

= MSM + Mdim6 + Mdim62 , (2.6)

where C 0 denotes the corresponding coupling combination listed in Table 1. We consider

four possibilities to choose which parts of |M|
2 from eq. (2.6) may enter in the squared

amplitude forming the cross section:

� '

8
>>>><

>>>>:

�SM + �SM⇥dim6 (a)

�(SM+dim6)⇥(SM+dim6) (b)

�(SM+dim6)⇥(SM+dim6) + �SM⇥dim62 (c)

�(SM+dim6+dim62)⇥(SM+dim6+dim62) (d)

(2.7)

Case (a) denotes the first order of an expansion of � ⇠ |M|
2 in ⇤�2, (b) is the first

order of an expansion of M in ⇤�2. Case (c) includes all terms of O (⇤�4) coming from
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Project A1c: Higher order QCD corrections to Higgs boson production  in weak boson fusion

pj1,j2? > 25 GeV, |yj1,j)2| < 4.5

|yj1 � yj2 | > 4.5, mj1j2 > 600 GeV
<latexit sha1_base64="SILpBD/O9d7x1vJUE7957jEg6A0="></latexit><latexit sha1_base64="SILpBD/O9d7x1vJUE7957jEg6A0="></latexit><latexit sha1_base64="SILpBD/O9d7x1vJUE7957jEg6A0="></latexit><latexit sha1_base64="SILpBD/O9d7x1vJUE7957jEg6A0="></latexit>

p1
<latexit sha1_base64="Tw9NfDegvlkvJ+mqwAGhXNz3At4=">AAAB6nicbVDLSgNBEOyNrxhfUY96GAyCp7DrJR6DXjwmaB6QLGF20psMmZ1dZmaFsOQTvHhQxKsf4Xd48+anOHkcNLGgoajqprsrSATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbD6g0j+W9GSfoR3QgecgZNVa6S3per1hyy+4MZJV4C1Kqnn7UvwGg1it+dvsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bnToh51bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVn23LJXt2lcwxx5OIEzuAAPKlCFW6hBAxgM4BGe4cURzpPz6rzNW3POYuYY/sB5/wEOOo/Z</latexit><latexit sha1_base64="G2nRI9RQJ7VPBa7CQ63Q+R8Mmtw=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmgckS5id9CZDZmeXmVkhhBw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFSSCa+O6X05mZXVtfSO7mdva3tndy+8f1HScKoZVFotYNQKqUXCJVcONwEaikEaBwHrQv5n49QdUmsfy3gwS9CPalTzkjBor3SVtr50vuEV3CrJMvDkplI7Hle/Hk3G5nf9sdWKWRigNE1Trpucmxh9SZTgTOMq1Uo0JZX3axaalkkao/eH01BE5s0qHhLGyJQ2Zqr8nhjTSehAFtjOipqcXvYn4n9dMTXjlD7lMUoOSzRaFqSAmJpO/SYcrZEYMLKFMcXsrYT2qKDM2nZwNwVt8eZnULoqeW/QqNo1rmCELR3AK5+DBJZTgFspQBQZdeIIXeHWE8+y8Oe+z1owznzmEP3A+fgDscJE/</latexit><latexit sha1_base64="G2nRI9RQJ7VPBa7CQ63Q+R8Mmtw=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmgckS5id9CZDZmeXmVkhhBw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFSSCa+O6X05mZXVtfSO7mdva3tndy+8f1HScKoZVFotYNQKqUXCJVcONwEaikEaBwHrQv5n49QdUmsfy3gwS9CPalTzkjBor3SVtr50vuEV3CrJMvDkplI7Hle/Hk3G5nf9sdWKWRigNE1Trpucmxh9SZTgTOMq1Uo0JZX3axaalkkao/eH01BE5s0qHhLGyJQ2Zqr8nhjTSehAFtjOipqcXvYn4n9dMTXjlD7lMUoOSzRaFqSAmJpO/SYcrZEYMLKFMcXsrYT2qKDM2nZwNwVt8eZnULoqeW/QqNo1rmCELR3AK5+DBJZTgFspQBQZdeIIXeHWE8+y8Oe+z1owznzmEP3A+fgDscJE/</latexit><latexit sha1_base64="ryv5hnunLTqOrMu35lbxOkeQS84=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WhJtLDEKksCF7C1zsGFv77K7Z0Iu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXplIYS+m3V1pb39jcKm9Xdnb39g+qh0dtk2SaY4snMtGdkBmUQmHLCiuxk2pkcSjxMRzfzPzHJ9RGJOrBTlIMYjZUIhKcWSfdp32/X63ROp2DrBK/IDUo0OxXv3qDhGcxKsslM6br09QGOdNWcInTSi8zmDI+ZkPsOqpYjCbI56dOyZlTBiRKtCtlyVz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRVZALlWYWFV8sijJJbEJmf5OB0MitnDjCuBbuVsJHTDNuXToVF4K//PIqaV/UfVr372itcV3EUYYTOIVz8OESGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f/jGNlA==</latexit>

p2
<latexit sha1_base64="I7LJoXSrIExqoEw2radUUTy0+3U=">AAAB6nicbVDLSgNBEOyNrxhfUY96GAyCp7Cbix6DXjwmaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKsf4Xd48+anOHkcNLGgoajqprsrSKQw6LpfTm5tfWNzK79d2Nnd2z8oHh41TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuDaiFjd4zjhfkQHSoSCUbTSXdKr9Iolt+zOQFaJtyCl6ulH/RsAar3iZ7cfszTiCpmkxnQ8N0E/oxoFk3xS6KaGJ5SN6IB3LFU04sbPZqdOyLlV+iSMtS2FZKb+nshoZMw4CmxnRHFolr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1L23LJXt2lcwxx5OIEzuAAPLqEKt1CDBjAYwCM8w4sjnSfn1Xmbt+acxcwx/IHz/gMPvo/a</latexit><latexit sha1_base64="G9q3t2DXlZ2TPiNKxCsmXrcDtfA=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Cru56DHoxWOC5gHJEmYnnWTI7OwyMyuEJUePXjwo4tWPyHd48xv8CSePgyYWNBRV3XR3BbHg2rjul7Oyura+sZnZym7v7O7t5w4OazpKFMMqi0SkGgHVKLjEquFGYCNWSMNAYD0Y3Ez8+gMqzSN5b4Yx+iHtSd7ljBor3cXtYjuXdwvuFGSZeHOSL52MK9+Pp+NyO/fZ6kQsCVEaJqjWTc+NjZ9SZTgTOMq2Eo0xZQPaw6alkoao/XR66oicW6VDupGyJQ2Zqr8nUhpqPQwD2xlS09eL3kT8z2smpnvlp1zGiUHJZou6iSAmIpO/SYcrZEYMLaFMcXsrYX2qKDM2nawNwVt8eZnUigXPLXgVm8Y1zJCBYziDC/DgEkpwC2WoAoMePMELvDrCeXbenPdZ64oznzmCP3A+fgDt9JFA</latexit><latexit sha1_base64="G9q3t2DXlZ2TPiNKxCsmXrcDtfA=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Cru56DHoxWOC5gHJEmYnnWTI7OwyMyuEJUePXjwo4tWPyHd48xv8CSePgyYWNBRV3XR3BbHg2rjul7Oyura+sZnZym7v7O7t5w4OazpKFMMqi0SkGgHVKLjEquFGYCNWSMNAYD0Y3Ez8+gMqzSN5b4Yx+iHtSd7ljBor3cXtYjuXdwvuFGSZeHOSL52MK9+Pp+NyO/fZ6kQsCVEaJqjWTc+NjZ9SZTgTOMq2Eo0xZQPaw6alkoao/XR66oicW6VDupGyJQ2Zqr8nUhpqPQwD2xlS09eL3kT8z2smpnvlp1zGiUHJZou6iSAmIpO/SYcrZEYMLaFMcXsrYX2qKDM2nawNwVt8eZnUigXPLXgVm8Y1zJCBYziDC/DgEkpwC2WoAoMePMELvDrCeXbenPdZ64oznzmCP3A+fgDt9JFA</latexit><latexit sha1_base64="T6W0IOR3snZl9Wh7noVdC7EaWmc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecZryIKYjJSLBKFrpIR3UB27Vq3kLkHXiF6QKBZoD96s/TFgWc4VMUmN6vpdikFONgkk+q/Qzw1PKJnTEe5YqGnMT5ItTZ+TCKkMSJdqWQrJQf0/kNDZmGoe2M6Y4NqveXPzP62UYXQe5UGmGXLHloiiTBBMy/5sMheYM5dQSyrSwtxI2ppoytOlUbAj+6svrpF2v+V7Nv/eqjZsijjKcwTlcgg9X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AP+1jZU=</latexit>

p3
<latexit sha1_base64="pR5+ljf7NzNKv2B33yQmPXox0rE=">AAAB6nicbVDLSgNBEOyNrxhfUY96GAyCp7CrBz0GvXhM0DwgWcLsZDYZMju7zPQKYcknePGgiFc/wu/w5s1PcfI4aGJBQ1HVTXdXkEhh0HW/nNzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+cC1EbG6x1HC/Yj2lQgFo2ilu6R70S2W3LI7BVkm3pyUKscftW8AqHaLn51ezNKIK2SSGtP23AT9jGoUTPJxoZManlA2pH3etlTRiBs/m546JqdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBWfQm4n9eO8Xwys+ESlLkis0WhakkGJPJ36QnNGcoR5ZQpoW9lbAB1ZShTadgQ/AWX14mjfOy55a9mk3jGmbIwxGcwBl4cAkVuIUq1IFBHx7hGV4c6Tw5r87brDXnzGcO4Q+c9x8RQo/b</latexit><latexit sha1_base64="1GFtfpLazMuWkhl4ba/vTDTSd8c=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crt60GPQi8cEzQOSJcxOJsmQ2dllplcIS44evXhQxKsfke/w5jf4E04eB00saCiquunuCmIpDLrul7O0vLK6tp7ZyG5ube/s5vb2qyZKNOMVFslI1wNquBSKV1Cg5PVYcxoGkteC/s3Yrz1wbUSk7nEQcz+kXSU6glG00l3cumjl8m7BnYAsEm9G8sWjUfn78XhUauU+m+2IJSFXyCQ1puG5Mfop1SiY5MNsMzE8pqxPu7xhqaIhN346OXVITq3SJp1I21JIJurviZSGxgzCwHaGFHtm3huL/3mNBDtXfipUnCBXbLqok0iCERn/TdpCc4ZyYAllWthbCetRTRnadLI2BG/+5UVSPS94bsEr2zSuYYoMHMIJnIEHl1CEWyhBBRh04Qle4NWRzrPz5rxPW5ec2cwB/IHz8QPveJFB</latexit><latexit sha1_base64="1GFtfpLazMuWkhl4ba/vTDTSd8c=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crt60GPQi8cEzQOSJcxOJsmQ2dllplcIS44evXhQxKsfke/w5jf4E04eB00saCiquunuCmIpDLrul7O0vLK6tp7ZyG5ube/s5vb2qyZKNOMVFslI1wNquBSKV1Cg5PVYcxoGkteC/s3Yrz1wbUSk7nEQcz+kXSU6glG00l3cumjl8m7BnYAsEm9G8sWjUfn78XhUauU+m+2IJSFXyCQ1puG5Mfop1SiY5MNsMzE8pqxPu7xhqaIhN346OXVITq3SJp1I21JIJurviZSGxgzCwHaGFHtm3huL/3mNBDtXfipUnCBXbLqok0iCERn/TdpCc4ZyYAllWthbCetRTRnadLI2BG/+5UVSPS94bsEr2zSuYYoMHMIJnIEHl1CEWyhBBRh04Qle4NWRzrPz5rxPW5ec2cwB/IHz8QPveJFB</latexit><latexit sha1_base64="yrIsjGOVV5t1e2B2ZcAbxXbBTR8=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0n0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ndLa+sbmVnm7srO7t3/gHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSQ9q/7LtVr+bNQVaJX5AqFGj03a/eIGFZzBUySY3p+l6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSH4yy+vktZFzfdq/r1Xrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzBwFIjZY=</latexit>

p4
<latexit sha1_base64="x+0v5mI2wRZrtRK3Vuzqvp4fHjg=">AAAB6nicbVDLSgNBEOyNrxhfUY96GAyCp7Argh6DXjwmaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKsf4Xd48+anOHkcNLGgoajqprsrSKQw6LpfTm5ldW19I79Z2Nre2d0r7h80TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDm4nffODaiFjd4yjhfkT7SoSCUbTSXdK96BZLbtmdgiwTb05KleOP2jcAVLvFz04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW6poxI2fTU8dk1Or9EgYa1sKyVT9PZHRyJhRFNjOiOLALHoT8T+vnWJ45WdCJSlyxWaLwlQSjMnkb9ITmjOUI0so08LeStiAasrQplOwIXiLLy+TxnnZc8tezaZxDTPk4QhO4Aw8uIQK3EIV6sCgD4/wDC+OdJ6cV+dt1ppz5jOH8AfO+w8Sxo/c</latexit><latexit sha1_base64="OOavC2e6augqbA47gfeC2L0Ba2A=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crsi6DHoxWOC5gHJEmYnk2TI7Owy0yuEJUePXjwo4tWPyHd48xv8CSePgyYWNBRV3XR3BbEUBl33y1laXlldW89sZDe3tnd2c3v7VRMlmvEKi2Sk6wE1XArFKyhQ8nqsOQ0DyWtB/2bs1x64NiJS9ziIuR/SrhIdwSha6S5uXbRyebfgTkAWiTcj+eLRqPz9eDwqtXKfzXbEkpArZJIa0/DcGP2UahRM8mG2mRgeU9anXd6wVNGQGz+dnDokp1Zpk06kbSkkE/X3REpDYwZhYDtDij0z743F/7xGgp0rPxUqTpArNl3USSTBiIz/Jm2hOUM5sIQyLeythPWopgxtOlkbgjf/8iKpnhc8t+CVbRrXMEUGDuEEzsCDSyjCLZSgAgy68AQv8OpI59l5c96nrUvObOYA/sD5+AHw/JFC</latexit><latexit sha1_base64="OOavC2e6augqbA47gfeC2L0Ba2A=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crsi6DHoxWOC5gHJEmYnk2TI7Owy0yuEJUePXjwo4tWPyHd48xv8CSePgyYWNBRV3XR3BbEUBl33y1laXlldW89sZDe3tnd2c3v7VRMlmvEKi2Sk6wE1XArFKyhQ8nqsOQ0DyWtB/2bs1x64NiJS9ziIuR/SrhIdwSha6S5uXbRyebfgTkAWiTcj+eLRqPz9eDwqtXKfzXbEkpArZJIa0/DcGP2UahRM8mG2mRgeU9anXd6wVNGQGz+dnDokp1Zpk06kbSkkE/X3REpDYwZhYDtDij0z743F/7xGgp0rPxUqTpArNl3USSTBiIz/Jm2hOUM5sIQyLeythPWopgxtOlkbgjf/8iKpnhc8t+CVbRrXMEUGDuEEzsCDSyjCLZSgAgy68AQv8OpI59l5c96nrUvObOYA/sD5+AHw/JFC</latexit><latexit sha1_base64="TgxkHnJY9c7s6nC573F+SdZznnk=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIe1f9t2qV/PmIKvEL0gVCjT67ldvkLAs5gqZpMZ0fS/FIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug5yodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BD85ZdXSeui5ns1/96r1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AwLMjZc=</latexit>

k
<latexit sha1_base64="EYJYK1pE2YmzSY1OLEiCs4296P4=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZt2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPbfs1dxS5RpmysMRHMMpeHAOFbiFKtSBAcITvMCrc+88O2/O+6w058x7DuGPnI8fQIyOuA==</latexit><latexit sha1_base64="MvRi8uPEb6GtjqL9vEH9UHxecmw=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVGXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8yG5As</latexit><latexit sha1_base64="MvRi8uPEb6GtjqL9vEH9UHxecmw=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVGXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8yG5As</latexit><latexit sha1_base64="q0U8WJsfXpGwpJA+fG4Cnsyiny0=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVak0G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRRYzr</latexit>

p1 + k
<latexit sha1_base64="NzUgfltMunQMKVuoBoeKWj0QJV0=">AAAB7HicbVDLSgNBEOz1GeMr6lEPg0EQhLDrRY9BLx4TcJNAsoTZSW8yZHZ2mZkVwpJv8OJBEa9+g9/hzZuf4uRx0MSChqKqm+6uMBVcG9f9clZW19Y3Ngtbxe2d3b390sFhQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwduI3H1Bpnsh7M0oxiGlf8ogzaqzkp13vYtgtld2KOwVZJt6clKsnH/VvAKh1S5+dXsKyGKVhgmrd9tzUBDlVhjOB42In05hSNqR9bFsqaYw6yKfHjsmZVXokSpQtachU/T2R01jrURzazpiagV70JuJ/Xjsz0XWQc5lmBiWbLYoyQUxCJp+THlfIjBhZQpni9lbCBlRRZmw+RRuCt/jyMmlcVjy34tVtGjcwQwGO4RTOwYMrqMId1MAHBhwe4RleHOk8Oa/O26x1xZnPHMEfOO8/PZ6Qgw==</latexit><latexit sha1_base64="mXGibunE1q0jXQHbPKspaObqWRY=">AAAB7HicbVDLSgNBEOyNrxhfUY+KDAZBEMKOFz0GvXhMwE0CyRJmJ7PJkNnZZWZWCEuOnr14UMSr35Dv8OY3+BNOHgdNLGgoqrrp7goSwbVx3S8nt7K6tr6R3yxsbe/s7hX3D+o6ThVlHo1FrJoB0UxwyTzDjWDNRDESBYI1gsHtxG88MKV5LO/NMGF+RHqSh5wSYyUv6eCLQadYcsvuFGiZ4DkpVY7Hte/Hk3G1U/xsd2OaRkwaKojWLewmxs+IMpwKNiq0U80SQgekx1qWShIx7WfTY0fozCpdFMbKljRoqv6eyEik9TAKbGdETF8vehPxP6+VmvDaz7hMUsMknS0KU4FMjCafoy5XjBoxtIRQxe2tiPaJItTYfAo2BLz48jKpX5axW8Y1m8YNzJCHIziFc8BwBRW4gyp4QIHDE7zAqyOdZ+fNeZ+15pz5zCH8gfPxAxvjkek=</latexit><latexit sha1_base64="mXGibunE1q0jXQHbPKspaObqWRY=">AAAB7HicbVDLSgNBEOyNrxhfUY+KDAZBEMKOFz0GvXhMwE0CyRJmJ7PJkNnZZWZWCEuOnr14UMSr35Dv8OY3+BNOHgdNLGgoqrrp7goSwbVx3S8nt7K6tr6R3yxsbe/s7hX3D+o6ThVlHo1FrJoB0UxwyTzDjWDNRDESBYI1gsHtxG88MKV5LO/NMGF+RHqSh5wSYyUv6eCLQadYcsvuFGiZ4DkpVY7Hte/Hk3G1U/xsd2OaRkwaKojWLewmxs+IMpwKNiq0U80SQgekx1qWShIx7WfTY0fozCpdFMbKljRoqv6eyEik9TAKbGdETF8vehPxP6+VmvDaz7hMUsMknS0KU4FMjCafoy5XjBoxtIRQxe2tiPaJItTYfAo2BLz48jKpX5axW8Y1m8YNzJCHIziFc8BwBRW4gyp4QIHDE7zAqyOdZ+fNeZ+15pz5zCH8gfPxAxvjkek=</latexit><latexit sha1_base64="BZZ8XbvXg5Ir2Xok7hC3Rpn8tK8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEripR6LXjxWMG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJ3dzvPKHSPJGPZppiENOR5BFn1FjJTwfe1WRQrbl1dwGyTryC1KBAa1D96g8TlsUoDRNU657npibIqTKcCZxV+pnGlLIJHWHPUklj1EG+OHZGLqwyJFGibElDFurviZzGWk/j0HbG1Iz1qjcX//N6mYlugpzLNDMo2XJRlAliEjL/nAy5QmbE1BLKFLe3EjamijJj86nYELzVl9dJ+7ruuXXvwa01b4s4ynAG53AJHjSgCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz8tpI4+</latexit>

p3 � k
<latexit sha1_base64="IcMa7A2pqq0Xk40nV3CBiNy8lQo=">AAAB7HicbVA9SwNBEJ2LXzF+RS21WAyCjeFOCy2DNpYJeEkgOcLeZpMs2ds7dueEcOQ32FgoYutv8HfY2flT3HwUmvhg4PHeDDPzwkQKg6775eRWVtfWN/Kbha3tnd294v5B3cSpZtxnsYx1M6SGS6G4jwIlbyaa0yiUvBEObyd+44FrI2J1j6OEBxHtK9ETjKKV/KRzeT7sFEtu2Z2CLBNvTkqV44/aNwBUO8XPdjdmacQVMkmNaXlugkFGNQom+bjQTg1PKBvSPm9ZqmjETZBNjx2TU6t0SS/WthSSqfp7IqORMaMotJ0RxYFZ9Cbif14rxd51kAmVpMgVmy3qpZJgTCafk67QnKEcWUKZFvZWwgZUU4Y2n4INwVt8eZnUL8qeW/ZqNo0bmCEPR3ACZ+DBFVTgDqrgAwMBj/AML45ynpxX523WmnPmM4fwB877D0O0kIc=</latexit><latexit sha1_base64="LPabRqCePkiGp/ThXVfTWtvksKA=">AAAB7HicbVC7SgNBFL3rM8ZX1FKRwSDYGHa10DJoY5mAmwSSJcxOZpMhszPLzKwQlpTWNhaK2PoN+Q47v8GfcPIoNPHAhcM593LvPWHCmTau++UsLa+srq3nNvKbW9s7u4W9/ZqWqSLUJ5JL1QixppwJ6htmOG0kiuI45LQe9m/Hfv2BKs2kuDeDhAYx7goWMYKNlfykfXnebxeKbsmdAC0Sb0aK5aNR9fvxeFRpFz5bHUnSmApDONa66bmJCTKsDCOcDvOtVNMEkz7u0qalAsdUB9nk2CE6tUoHRVLZEgZN1N8TGY61HsSh7Yyx6el5byz+5zVTE10HGRNJaqgg00VRypGRaPw56jBFieEDSzBRzN6KSA8rTIzNJ29D8OZfXiS1i5LnlryqTeMGpsjBIZzAGXhwBWW4gwr4QIDBE7zAqyOcZ+fNeZ+2LjmzmQP4A+fjByH5ke0=</latexit><latexit sha1_base64="LPabRqCePkiGp/ThXVfTWtvksKA=">AAAB7HicbVC7SgNBFL3rM8ZX1FKRwSDYGHa10DJoY5mAmwSSJcxOZpMhszPLzKwQlpTWNhaK2PoN+Q47v8GfcPIoNPHAhcM593LvPWHCmTau++UsLa+srq3nNvKbW9s7u4W9/ZqWqSLUJ5JL1QixppwJ6htmOG0kiuI45LQe9m/Hfv2BKs2kuDeDhAYx7goWMYKNlfykfXnebxeKbsmdAC0Sb0aK5aNR9fvxeFRpFz5bHUnSmApDONa66bmJCTKsDCOcDvOtVNMEkz7u0qalAsdUB9nk2CE6tUoHRVLZEgZN1N8TGY61HsSh7Yyx6el5byz+5zVTE10HGRNJaqgg00VRypGRaPw56jBFieEDSzBRzN6KSA8rTIzNJ29D8OZfXiS1i5LnlryqTeMGpsjBIZzAGXhwBWW4gwr4QIDBE7zAqyOcZ+fNeZ+2LjmzmQP4A+fjByH5ke0=</latexit><latexit sha1_base64="DxHlVUq/u2zNyKfCXHFvVwp7f/E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyXRgx6LXjxWMG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJT/tXF+N+tebW3TnIKvEKUoMCzX71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6CXIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrcu659a9B7fWuC3iKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBM7qOQg==</latexit>

p3
<latexit sha1_base64="pR5+ljf7NzNKv2B33yQmPXox0rE=">AAAB6nicbVDLSgNBEOyNrxhfUY96GAyCp7CrBz0GvXhM0DwgWcLsZDYZMju7zPQKYcknePGgiFc/wu/w5s1PcfI4aGJBQ1HVTXdXkEhh0HW/nNzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+cC1EbG6x1HC/Yj2lQgFo2ilu6R70S2W3LI7BVkm3pyUKscftW8AqHaLn51ezNKIK2SSGtP23AT9jGoUTPJxoZManlA2pH3etlTRiBs/m546JqdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBWfQm4n9eO8Xwys+ESlLkis0WhakkGJPJ36QnNGcoR5ZQpoW9lbAB1ZShTadgQ/AWX14mjfOy55a9mk3jGmbIwxGcwBl4cAkVuIUq1IFBHx7hGV4c6Tw5r87brDXnzGcO4Q+c9x8RQo/b</latexit><latexit sha1_base64="1GFtfpLazMuWkhl4ba/vTDTSd8c=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crt60GPQi8cEzQOSJcxOJsmQ2dllplcIS44evXhQxKsfke/w5jf4E04eB00saCiquunuCmIpDLrul7O0vLK6tp7ZyG5ube/s5vb2qyZKNOMVFslI1wNquBSKV1Cg5PVYcxoGkteC/s3Yrz1wbUSk7nEQcz+kXSU6glG00l3cumjl8m7BnYAsEm9G8sWjUfn78XhUauU+m+2IJSFXyCQ1puG5Mfop1SiY5MNsMzE8pqxPu7xhqaIhN346OXVITq3SJp1I21JIJurviZSGxgzCwHaGFHtm3huL/3mNBDtXfipUnCBXbLqok0iCERn/TdpCc4ZyYAllWthbCetRTRnadLI2BG/+5UVSPS94bsEr2zSuYYoMHMIJnIEHl1CEWyhBBRh04Qle4NWRzrPz5rxPW5ec2cwB/IHz8QPveJFB</latexit><latexit sha1_base64="1GFtfpLazMuWkhl4ba/vTDTSd8c=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crt60GPQi8cEzQOSJcxOJsmQ2dllplcIS44evXhQxKsfke/w5jf4E04eB00saCiquunuCmIpDLrul7O0vLK6tp7ZyG5ube/s5vb2qyZKNOMVFslI1wNquBSKV1Cg5PVYcxoGkteC/s3Yrz1wbUSk7nEQcz+kXSU6glG00l3cumjl8m7BnYAsEm9G8sWjUfn78XhUauU+m+2IJSFXyCQ1puG5Mfop1SiY5MNsMzE8pqxPu7xhqaIhN346OXVITq3SJp1I21JIJurviZSGxgzCwHaGFHtm3huL/3mNBDtXfipUnCBXbLqok0iCERn/TdpCc4ZyYAllWthbCetRTRnadLI2BG/+5UVSPS94bsEr2zSuYYoMHMIJnIEHl1CEWyhBBRh04Qle4NWRzrPz5rxPW5ec2cwB/IHz8QPveJFB</latexit><latexit sha1_base64="yrIsjGOVV5t1e2B2ZcAbxXbBTR8=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0n0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ndLa+sbmVnm7srO7t3/gHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSQ9q/7LtVr+bNQVaJX5AqFGj03a/eIGFZzBUySY3p+l6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSH4yy+vktZFzfdq/r1Xrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzBwFIjZY=</latexit>
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<latexit sha1_base64="NDN3vZMtfe9XMyY9P4tmWaJD1Pk="></latexit><latexit sha1_base64="roPJ1XgR3DaNGhcqwJ+SU5hMDAE="></latexit><latexit sha1_base64="roPJ1XgR3DaNGhcqwJ+SU5hMDAE="></latexit><latexit sha1_base64="mxG/TrjxbHcKKCeCbQrmWSa0pUw="></latexit>

Example of factorizable and non-factorizable corrections. Non-factorizable 
contributions are color suppressed.  Are there any enhancement mechanisms? 
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<latexit sha1_base64="aUN6UfrGJuoKG3zYcqhI9HhZGXY="></latexit><latexit sha1_base64="aUN6UfrGJuoKG3zYcqhI9HhZGXY="></latexit><latexit sha1_base64="aUN6UfrGJuoKG3zYcqhI9HhZGXY="></latexit><latexit sha1_base64="aUN6UfrGJuoKG3zYcqhI9HhZGXY="></latexit>

k = ↵p1 + �p2 + k?
<latexit sha1_base64="o1DZ4ZYBisO1Lmvi/ZV6n5Oa9TU=">AAACDXicbZA9SwNBEIbn4nf8ilpqsRgFQQh3abQRgjaWCsYEcuHY20ySJXt3y+6eEI78ARv/io2gIrb2dnb+FDcfhSa+sPDwzgyz84ZScG1c98vJzc0vLC4tr+RX19Y3Ngtb27c6SRXDKktEouoh1Sh4jFXDjcC6VEijUGAt7F0M67U7VJon8Y3pS2xGtBPzNmfUWCsoHPTIGfGpkF1KZOCRY+KHaIZcttwLfIlKBoWiW3JHIrPgTaBY2Xu+/gaAq6Dw6bcSlkYYGyao1g3PlaaZUWU4EzjI+6lGSVmPdrBhMaYR6mY2umZADq3TIu1E2RcbMnJ/T2Q00rofhbYzoqarp2tD879aIzXt02bGY5kajNl4UTsVxCRkGA1pcYXMiL4FyhS3fyWsSxVlxgaYtyF40yfPwm255Lkl79qmcQ5jLcMu7MMReHACFbiEK6gCg3t4hBd4dR6cJ+fNeR+35pzJzA78kfPxA4Wdm4o=</latexit><latexit sha1_base64="oMna6sEiOWewpl7sL9MAEdvJHLU=">AAACDXicbZC7SgNBFIZnvcZ4i1oqMhgFQQi7abQRgjaWCZgLZJdldnI2GTK7O8zMCiGktLHxVWyEKGJrb+cz+BJOLoUm/jDw8Z9zOHP+QHCmtG1/WQuLS8srq5m17PrG5tZ2bme3ppJUUqjShCeyERAFnMVQ1UxzaAgJJAo41IPu9ahevwOpWBLf6p4ALyLtmIWMEm0sP3fcxZfYJVx0CBa+g8+wG4AecdFw13cFSOHn8nbBHgvPgzOFfOlgWPm+PxyW/dyn20poGkGsKSdKNR1baK9PpGaUwyDrpgoEoV3ShqbBmESgvP74mgE+MU4Lh4k0L9Z47P6e6JNIqV4UmM6I6I6arY3M/2rNVIcXXp/FItUQ08miMOVYJ3gUDW4xCVTzngFCJTN/xbRDJKHaBJg1ITizJ89DrVhw7IJTMWlcoYkyaB8doVPkoHNUQjeojKqIogf0hF7Qq/VoPVtv1vukdcGazuyhP7I+fgBj4pzw</latexit><latexit sha1_base64="oMna6sEiOWewpl7sL9MAEdvJHLU=">AAACDXicbZC7SgNBFIZnvcZ4i1oqMhgFQQi7abQRgjaWCZgLZJdldnI2GTK7O8zMCiGktLHxVWyEKGJrb+cz+BJOLoUm/jDw8Z9zOHP+QHCmtG1/WQuLS8srq5m17PrG5tZ2bme3ppJUUqjShCeyERAFnMVQ1UxzaAgJJAo41IPu9ahevwOpWBLf6p4ALyLtmIWMEm0sP3fcxZfYJVx0CBa+g8+wG4AecdFw13cFSOHn8nbBHgvPgzOFfOlgWPm+PxyW/dyn20poGkGsKSdKNR1baK9PpGaUwyDrpgoEoV3ShqbBmESgvP74mgE+MU4Lh4k0L9Z47P6e6JNIqV4UmM6I6I6arY3M/2rNVIcXXp/FItUQ08miMOVYJ3gUDW4xCVTzngFCJTN/xbRDJKHaBJg1ITizJ89DrVhw7IJTMWlcoYkyaB8doVPkoHNUQjeojKqIogf0hF7Qq/VoPVtv1vukdcGazuyhP7I+fgBj4pzw</latexit><latexit sha1_base64="qTTqfQlnyOSMwqdL18015fpVt/E=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVBKEk3ehGKLpxWcFeoAlhMj1th06SYWYilNAXcOOruHGhiFv37nwbJ20W2vrDwMd/zuHM+UPBmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK2SVFJo0YQnshsSBZzF0NJMc+gKCSQKOXTC8U1e7zyAVCyJ7/VEgB+RYcwGjBJtrMA+GeMr7BEuRgSLwMXn2AtB51w3PA48AVIEdtWpOTPhZXALqKJCzcD+8voJTSOINeVEqZ7rCO1nRGpGOUwrXqpAEDomQ+gZjEkEys9m10zxqXH6eJBI82KNZ+7viYxESk2i0HRGRI/UYi03/6v1Uj249DMWi1RDTOeLBinHOsF5NLjPJFDNJwYIlcz8FdMRkYRqE2DFhOAunrwM7XrNdWrunVNtXBdxlNEROkZnyEUXqIFuURO1EEWP6Bm9ojfryXqx3q2PeWvJKmYO0R9Znz91o5lF</latexit>

The leading term in the expansion around the forward limit is remarkably simple. 

Melnikov, Penin

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

H
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transverse momentum distribution rapidity distribution
(2nd jet) (1st jet)

A. Penin, U of A RADCOR 2019 – p. 16/19

Principal investigator: Melnikov

Transverse momentum distribution of the second hardest jet
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that appears in the final result. For the field  this latter piece is given by

X  = �
�
2
SUV,int.

� 2
, (8)

where only the interaction part of the action excluding the interactions with gauge bosons
through the covariant derivative appears. The interactions with the gauge bosons are
included in the propagator part of the functional derivative, which allows for an evaluation
in which only gauge covariant objects appear at every step and the final result is manifestly
gauge invariant. The price to be paid for this manifest gauge covariance is that every
occurrence of a covariant derivative has to be shifted by a loop momentum in the evaluation
of the functional trace in Eq.(6). We therefore have to parameterize Eq.(8) as

X  = U  + iDµZ
µ

  
+ iZ

†µ
  

Dµ + . . . , (9)

where Dµ is the covariant derivative of the UV-model. The quantities U  , Z
µ

  
and Z

†µ
  

only depend on covariant derivatives through commutators whereas the explicit covariant
derivatives appearing in Eq.(9) are so-called open covariant derivatives that act on every-
thing to their right. The ellipsis denotes terms with further open covariant derivatives.
Importantly, contributions with one open covariant derivative arise at dimension six when-
ever there is a scalar field charged under the gauge group and therefore they contribute
to the matching through the presence of the Higgs field. Consequently, for our matching
computations we use an extension of the results of Ref. [37], adding gauge bosons and the
heavy resonance of our model. Since the gauge boson fluctuations appear in loops they
have to be gauge fixed. This gauge fixing does not disturb the manifest gauge invariance
at the level of the background fields and the gauge-fixing parameter can be chosen at
convenience. Choosing Feynman gauge allows for easy incorporation of these operators
into the results of Ref. [37], since we can treat gauge bosons like scalar fields with an
extra index. Care has to be taken to account for the overall sign in the propagator. For
the resonance this choice is not available since it does not have a gauge-fixing term and
some operators with up to two open covariant derivatives have to be computed for the
matching.

2.3 Triplet model

The UV model we study in this paper is a gauge-triplet extension of the Standard
Model [14, 18–21]. In the unbroken electroweak phase, the Lagrangian reads

L = LSM �
1

4
eV µ⌫A eV A

µ⌫ �
g̃M

2
eV µ⌫AfWA

µ⌫ +
m̃

2

V

2
eV µA eV A

µ

+
X

f

g̃f
eV µA

J
fA

µ + g̃H
eV µA

J
HA

µ +
g̃V H

2
|�|

2 eV µA eV A

µ , (10)

where eV A
µ is a new, massive vector field transforming as a triplet of SU(2)L, fWA

µ are the
SM weak gauge bosons, and � is the SM Higgs doublet. The kinetic term of the vector
field includes a covariant derivative,

eV A

µ⌫ = eDµ
eV A

⌫ �
eD⌫

eV A

µ with eDµ
eV A

⌫ = @µ
eV A

⌫ � g2f
ABCfWB

µ
eV C

⌫ . (11)

where A,B,C are SU(2)L indices and the covariant derivative carries a tilde to indicate

that it contains the fields fWA
µ . The currents coupling the heavy vector to the SM-fields

are given by

J
lA

µ = l̄i�µt
A
lj �

ij
, J

qA

µ = q̄i�µt
A
qj �

ij
, J

HA

µ = �
†
i
 !
D

A

µ� , (12)
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Figure 6: The impact of the variation of the matching scale Q at a mass of mV = 4TeV
for a reduced model with free g̃M , g̃H , g̃l, expressed in the unmixed Lagrangian Eq.(15)
with actual measurements.

where c0 = c1/2 emerges from 1-loop diagrams inducing the operator structure (DµW
µ⌫)2,

which maps to O�,2 via the equations of motion. Of the additional constants, the g̃
2

H
-

coe�cient is dominated by the tree-level contribution to c2, while the g̃
4

H
-coe�cient is

completely determined by the one-loop matching. Numerically, we find

c0 =
c1

2
=

3

128⇡2
= 0.0024 ,

c2 = 0.75 , c3 = 0.0069 , c4 = 0.019 , c5 = �0.045 . (33)

In Fig. 5 we show the numerical dependence of f�,2 on g̃H for di↵erent choices of Q. For
Q = mV = 4 TeV the Wilson coe�cient has a simple power dependence on g̃H driven by
c4. For Q ⇡ 0.66mV = 2.6TeV the g̃

4

H
-term cancels exactly. For Q below this threshold,

the coe�cient in front of g̃4
H

becomes negative, which flips the sign of f�,2 at g̃H � 1 and
allows a solution of f�,2 = 0 for g̃H 6= 0. For Q . 2.4TeV the solution is within the range
|g̃H | < 4⇡ and leads to visible e↵ects in our global analysis.

Figure 6 shows the results of the same global analysis as in Sec. 3.1, where now we fix
mV = 4TeV. The free parameters are

{g̃H , g̃l, g̃M , Q} , (34)

where the matching scale is varied in the rangeQ = 500GeV ... 4TeV. The left panel shows
a central allowed region for |g̃H | . 4 that is independent of Q. In addition, a beautiful
fleur-de-lis shape arises in g̃H vs Q for Q < 2.4 TeV. It roughly follows the curves along
which f�,2 = 0 marked in red. The Wilson coe�cients ft, fb, f⌧ have a similar behavior
and vanish approximately in the same region, because they are induced by the same or
similar loop contributions. As these are the operators that dominate the constraint on
g̃H , the fleur-de-lis feature persists in the full global fit, see Sec. 4. When we profile over
Q as a nuisance parameter, this correlation broadens the 1-dimensional and 2-dimensional
profile likelihood in g̃H by roughly a factor 2. As shown in the second and third panels of
Fig. 6, the broadening a↵ects significantly only the constraints in the g̃H direction, while
those on g̃l are essentially unchanged compared to when Q = mV . Although not shown,
this is also verified for g̃M .

We emphasize that the tree-loop cancellations that drive this e↵ect are only very
slightly a↵ected by the renormalization group evolution of f�,2, as illustrated by the dashed
lines including approximate RGE contributions in Fig. 5. They really correspond to a
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Impact of the matching scale variation on the 
allowed/excluded regions for the couplings 

MV = 4 TeV
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•   SFITTER in action

•   One-loop matching 

• Precision EW observables

•   WH and WW production

•   Direct WW resonance search

Significant impact of the matching scale on the interpretation 
of SMEFT analysis.

Important role of precision EW observables.

Complementarity of resonance searches and shape fits.

Brivio, Bruggisser, Geoffray, Kilian, Krämer, Luchmann, Plehn, Summ

Principal investigators: Krämer, Plehn, Killian**

The goal: explore practicalities of using  SMEFT to analyse the LHC data.
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Figure 12: Same as Fig. 11, but for a fermionic multiplet with JF = 4 and MF = 600GeV.

for the JF = 4 fermionic case are compatible with the data, whereas the measurement, with
a single event in the mT (W±W±) > 1050GeV bin, is visibly under tension with all non-SM
curves depicted in the lower right panels of Fig. 11 and Fig. 12. It is again apparent that it is
much easier to exclude the EFT description compared to the full model or the unitarized EFT
description.
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• In the second funding period, the project will change significantly.

•  It will become more focused on the technical aspects of simulations 
for  multi-particle final states with the idea to use advances in machine 
learning for optimization.

• Are there machine-learning alternatives to good old Vegas?  

• Can one  use machine-learning ideology to sample amplitudes across 
multi-dimensional phase-spaces? 

• Phenomenology: better description of VBS  within and beyond the 
SM. 

Principal investigators: Killian, Zeppenfeld*, Butter**, Heinrich**

Within this approximation, the covariant derivative of the Higgs doublet field is D̂µ =
@µ+ig ⌧
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, with the Pauli matrices ⌧a, and the SU(2)L field-strength tensor is defined through
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Suppressing the SM fermions and the Higgs potential, the relevant toy-model Lagrangian can
be written as
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The first line corresponds to the well-known SM Lagrangian of the gauge and Higgs sector in
the unitary gauge, albeit with equal W and Z masses,2 mW = mZ = gv/2. The second line of
Eq. (4) comprises the new particles and their interactions with the gauge fields, which give rise
to familiar expressions for the Feynman rules. Our loop calculations will involve internal lines
of only the new fermions or scalars. Thus, results in the unitary gauge, outlined above, are
identical to those of a more general R⇠ gauge. The new fermions’ gauge couplings are assumed
to be non-chiral and therefore their mass, MF , can be chosen arbitrarily (and large) prior to
spontaneous symmetry breaking of the SU(2)L. In principle our toy model can host various
fermionic and scalar multiplets without mass mixing. However, this will be irrelevant for our
phenomenological discussion.

Our toy model is closely related to new-physics solutions of problems that remain open in
the SM, like an explanation of neutrino masses or dark matter: Large fermionic and scalar
SU(2)L multiplets up to quintets that couple among each other and to the lepton sector of the
SM are known to provide an explanation of neutrino masses [22–28]. However, we are interested
in the impact of such SU(2)L multiplets on vector boson scattering only and thus allow the new
particles to couple to the SM only through the gauge coupling of SU(2)L. Such large multiplets
can also contain a dark matter candidate, as the lightest particle in the multiplet spectrum
can be stable. Our model coincides with a class of minimal dark matter models [29–31], which
range from SU(2)L triplets up to septets (see Ref. [32] for a review).

Embedding the heavy matter fields into the full SM, i.e. including the U(1)Y gauge field, the
mass degeneracy of the additional SU(2)L multiplets at lowest-order in perturbation theory is
lifted at the one-loop level, due to the mass splitting between photon, W and Z. As an example,
and in agreement with the literature [29], for a JF = 4 fermion nonet of zero hypercharge,
the di↵erences in mass of the charged states with respect to the neutral state are given by
�m4± = m 4± �m 0 = 2.7GeV, �m3± = 1.5GeV, �m2± = 0.66GeV and �m± = 0.166GeV.
Thus, cascade decays from the heavier, charged states to the neutral, stable state proceed
through far o↵-shell gauge bosons that result in very soft leptons and pions. If on the one hand
the decay length of the charged states is short enough that they decay within the interaction

2The absence of a massless photon in our toy model and the common W and Z masses significantly simplify
the analytical results for VBS amplitudes as well as the unitarity considerations in Section 3.1.
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isospin JR representation. The explicit form of the propagator corrections is given by
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These expressions can be expanded in small momenta p2 motivated by p2 ⇠ m2
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As we employ dimensional regularization, working in d = 4 � 2✏ dimensions, we parameterize
the divergences in terms of �✏ =
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where µ denotes the renormalization scale. It is therefore clear that choosing an MS scheme
with µ = MF ,MS leads practically to an on-shell scheme with almost vanishing propagator
corrections, such that electroweak precision data are not significantly impacted by the extra
degrees of freedom.

We now turn our attention to the three-boson vertex. The result is generically of the form
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for heavy fermions, and analogously for scalars. Here “permutations” of the external gauge
bosons refers to the Feynman graph with the opposite direction of the fermion arrow. For the
three-boson vertex correction in the scalar case, all diagrams involving the WW�� seagull
vertex vanish individually because, among other reasons, their isospin factor Tr
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is zero. The sum of the depicted diagrams, on the other hand, carries an isospin factor
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For the scalar case, the one-loop corrections to the four-gauge boson vertex take the form
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Project A3a: Extended Higgs sectors at the LHC
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Figure 1: C2HDM: The mass mH± versus tan� for T1 (left) and T2 (right). The grey points are all parameter
points passing the experimental and theoretical checks of ScannerS. The brown points additionally fulfill NLO
vacuum stability and NLO perturbative unitarity constraints. The color code denotes the strength of the phase
transition ⇠c for ⇠c � 1. The di-Higgs search constraints are included.

constraints.

We start the discussion with Fig. 1, where the charged Higgs boson mass mH± is shown as
a function of tan� for the C2HDM T1 (left) and T2 (right). The grey points are all parame-
ter points compatible with the theoretical and recent experimental constraints as described in
Sec. 4.2. The brown points additionally provide an NLO stable vacuum and fulfill NLO per-
turbative unitarity (see also Sec. 4.2). The color code indicates parameter points with values
of ⇠c � 1 and thereby all points with an SFOEWPT. In the C2HDM T1 two distinct possible
scenarios for parameter points providing an SFOEWPT can be observed. The first region has
charged Higgs boson masses of ⇠ 450 GeV up to ⇠ 690GeV and quite small tan� values around
1. Only one point provides an SFOEWPT with a medium charged Higgs boson mass and a
tan� value around 5. All the other points of the second region with larger values of tan� have
a charged Higgs boson mass below 200 GeV. Compared to our previous analysis [35], parameter
points with medium charged Higgs boson masses and large tan� values could not be found any
more, so that we have this strict separation of small masses in combination with large tan�
values and medium masses in combination with small tan�. The maximum strength of the
phase transition that we found for the C2HDM T1 is ⇠c ⇡ 1.7, and for the C2HDM T2 it is
⇠c ⇡ 1.18, which is compatible with our findings in [35].

In the C2HDM T2, the flavor constraints B ! Xs� [64–68] require the charged Higgs boson
mass to be above 580 GeV, which is reflected in Fig. 1 (right). The figure shows that most
parameter points compatible with theoretical and experimental constraints have a rather small
tan� of the order of O(tan�) ⇡ 1 � 4 and charged Higgs boson masses up to ⇠ 1.1 TeV. The
requirement an SFOEWPT like in the C2HDM T1 sets an upper bound on the charged Higgs
boson mass which is ⇠ 700 GeV. All valid parameter points that have an SFOEWPT gather
in the lower left corner of the plot, with small tan� values and as light as possible charged
Higgs boson masses. Future updates in the flavor sector that constrain this specific corner of
the parameter space might rule out the C2HDM T2 in combination with an SFOEWPT.
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DM from the number of e↵ective degrees of freedom Ne↵ in the early universe.

Depending on the strength of the interaction mediated through the Higgs or scalar portal
studied in this paper, dark matter is in thermal equilibrium with the SM thermal bath in the
early universe. If this interaction is strong enough to keep the DM in equilibrium until after
the QCD phase transition has occurred, it can contribute a significant fraction to the radiation
energy density. Such a contribution is typically measured in units of the contribution of a
single relativistic neutrino species �Ne↵ ⌘ ⇢(DM)/⇢(⌫). The SM predicts three relativistic
species in the epoch before recombination N

SM

e↵
= 3.046. This is in agreement with bounds

obtained by the Planck collaboration, the strongest one coming from a fit to CMB polarisation,
lensing and baryon acoustic oscillation data N

SM

e↵
= 2.99+0.34

�0.33
(95% CL) [57], whereas a fit to

only the power spectrum yields N
SM

e↵
= 3.00+0.57

�0.53
. This assumes the standard ⇤CDM model

and depends significantly on other underlying parameters, e.g. the helium abundance during
BBN [58]. In BSM scenarios, e.g. if neutrinos are allowed to decay [59, 60] or if a Majoron
heats the neutrino sector [61], the value of the fit can change considerably. The contribution
of (pseudo-)scalar dark matter is �Ne↵ ⇡ 2 in the case of late decoupling, Tdec . 1 MeV,
whereas earlier decoupling leads to contributions of �Ne↵ . 0.5 for TQCD > Tdec & 1 MeV,
and �Ne↵ . 0.05 for Tdec & TQCD [62,63]. It is therefore safe to assume that DM decoupling
before the QCD phase transition is currently unconstrained by data. For DM decoupling after
the QCD phase transition, but at Tdec > 1 MeV, the contribution to �Ne↵ varies between
0.05 and 0.5. Depending on the precise decoupling temperature and the specifics of the dark
sector we consider this value unfavoured but not excluded by Planck. A future measurement
by the Simons Observatory [64] or CMB-S4 [65] with their respective projected sensitivities
of �(Ne↵) = 0.05 and �(Ne↵) = 0.03 would firmly exclude these scenarios.

The models we are studying in this work require large couplings to gluons. As a conse-
quence the DM will be kept in equilibrium with the SM until after the QCD phase transition.†

However, once the temperature drops below Tdec . m⇡, the dark sector is in contact with the
SM thermal bath only via DM DM $ e

+
e
� or DM DM $ �� scattering,‡ which are strongly

suppressed in all models we are considering. We therefore assume that it is always possible
to decouple in the window m⇡ > Tdec & 1 MeV, where the contribution to �Ne↵ is still not
excluded by Planck.

2.1 Scalar dark matter

A scalar singlet s protected by a Z2-symmetry provides a UV-complete model for light dark
matter

L �
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2
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µ
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2
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ss
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�ss

4
. (2)

Vacuum stability requires �s � 0, which implies repulsive self-interactions. Renormalizable
couplings to the SM can be established through the Higgs portal
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2
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2
H

†
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†We want to take this opportunity to thank Simon Knapen for pointing this out to us.
‡In the case of a scalar mediator and Tdec < TQCD with couplings only to gluons, dark matter can also

annihilate into photons through virtual pion intermediate states DM DM ! ⇡0⇡0 ! 4�.
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The paper is organized as follows. In Sec. 2 we introduce the computation of the e↵ec-
tive potential in the C2HDM and N2HDM and set our notation. In Sec. 3, we describe the
renormalisation of the N2HDM that is new. The one for the C2HDM has been provided pre-
viously in [35]. The basics of our numerical analysis are introduced in Sec. 4. Section 5 is
devoted to the presentation of our results, where we first give in Subsec. 5.1 an update of the
C2HDM by including the newest constraints. We then move on to the detailed presentation of
the N2HDM phenomenology of the SFOEWPT in Subsec. 5.2, both discussing the related mass
spectra and trilinear Higgs self-couplings and providing benchmark points. In Subsec. 5.3 we
compare the C2HDM and N2HDM rates for Higgs pair production induced by the requirement
of an SFOEWPT. Our conclusions are given in Sec. 6.

2 The E↵ective Potential

In order to decide if the EWPT is of strong first order, we have to determine the value vc of the
VEV at the critical temperature Tc. The VEV at the temperature T is given by the minimum
of the one-loop corrected e↵ective potential at non-zero temperature T . In this section we
provide the loop-corrected e↵ective potentials at finite temperature for our two models under
investigation, the C2HDM and the N2HDM. We start with the tree-level potentials and thereby
set our notation.

2.1 The Tree-Level C2HDM Potential

We briefly introduce the C2HDM Higgs sector and refer to [35, 40] for a more detailed intro-
duction. In 2HDMs [24, 25] the SM Higgs potential is extended by an additional SU(2)
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with a softly broken discrete Z2 symmetry under which �1 ! �1, �2 ! ��2, which ensures the
absence of tree-level flavour-changing neutral currents (FCNC) upon extension to the Yukawa
sector. The hermiticity of the Lagrangian requires all couplings to be real except for m

2
12 and

�5. If their complex phases are unrelated the model is CP-violating and called C2HDM [37]. In
the following, we will adopt the conventions of Refs. [40, 41]. We denote the VEVs of the EW
minimum by !i 2 R (i = 1, 2) and write the two Higgs doublets as expansions around the VEVs
in terms of the charged field components ⇢i and ⌘i and the neutral CP-even and CP-odd fields
⇣i and  i. At tree level, the general vacuum structure of the 2HDM allows for three di↵erent
possible vacua that are given by the normal EW-breaking vacuum, a CP-breaking and a charge-
breaking (CB) vacuum. It has been shown that vacua breaking di↵erent symmetries cannot
coexist at tree level in the 2HDM [42–44]. Since this statement might not hold at higher orders,
or be broken by finite temperature e↵ects, we allow for a more general vacuum structure. We
therefore include the possibility of a CB- and CP-breaking VEV in the field expansion, denoted
by !CB and !CP, respectively,
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Depending on the strength of the interaction mediated through the Higgs or scalar portal
studied in this paper, dark matter is in thermal equilibrium with the SM thermal bath in the
early universe. If this interaction is strong enough to keep the DM in equilibrium until after
the QCD phase transition has occurred, it can contribute a significant fraction to the radiation
energy density. Such a contribution is typically measured in units of the contribution of a
single relativistic neutrino species �Ne↵ ⌘ ⇢(DM)/⇢(⌫). The SM predicts three relativistic
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and depends significantly on other underlying parameters, e.g. the helium abundance during
BBN [58]. In BSM scenarios, e.g. if neutrinos are allowed to decay [59, 60] or if a Majoron
heats the neutrino sector [61], the value of the fit can change considerably. The contribution
of (pseudo-)scalar dark matter is �Ne↵ ⇡ 2 in the case of late decoupling, Tdec . 1 MeV,
whereas earlier decoupling leads to contributions of �Ne↵ . 0.5 for TQCD > Tdec & 1 MeV,
and �Ne↵ . 0.05 for Tdec & TQCD [62,63]. It is therefore safe to assume that DM decoupling
before the QCD phase transition is currently unconstrained by data. For DM decoupling after
the QCD phase transition, but at Tdec > 1 MeV, the contribution to �Ne↵ varies between
0.05 and 0.5. Depending on the precise decoupling temperature and the specifics of the dark
sector we consider this value unfavoured but not excluded by Planck. A future measurement
by the Simons Observatory [64] or CMB-S4 [65] with their respective projected sensitivities
of �(Ne↵) = 0.05 and �(Ne↵) = 0.03 would firmly exclude these scenarios.

The models we are studying in this work require large couplings to gluons. As a conse-
quence the DM will be kept in equilibrium with the SM until after the QCD phase transition.†

However, once the temperature drops below Tdec . m⇡, the dark sector is in contact with the
SM thermal bath only via DM DM $ e

+
e
� or DM DM $ �� scattering,‡ which are strongly

suppressed in all models we are considering. We therefore assume that it is always possible
to decouple in the window m⇡ > Tdec & 1 MeV, where the contribution to �Ne↵ is still not
excluded by Planck.

2.1 Scalar dark matter

A scalar singlet s protected by a Z2-symmetry provides a UV-complete model for light dark
matter
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Figure 2: Constraints from precision experiments, cosmology, and direct detection on scalar
ULDM with a Higgs portal. The dark matter mass ms and the portal coupling �hs are the
only free parameters. Constraints which require the dark matter nature are shown with dotted
contours. The perturbativity bound of �hs = 4⇡ is shown in shaded grey.

For the SM Higgs boson we remind ourselves of the e↵ective coupling to gluons and photons,
derived from the low-energy Lagrangian

L �
gh��

v
hFµ⌫F

µ⌫ +
ghgg

v
h Tr Gµ⌫G

µ⌫
, (4)

with ghgg = ↵s/(12⇡) and gh�� = �47↵/(72⇡) [66] in the consistent heavy top limit and
integrating out the W -boson at one loop. Higgs-induced dark matter self-interactions can be
large for sizable �hs, but any contribution can be absorbed by choosing appropriate values of
�s. Scalar dark matter with a Higgs portal is e↵ectively a two parameter model, and both
�hs and ms need to be independently very small to have a viable ultra-light dark matter
candidate.

As an alternative, we consider the Lagrangian of Eq.(2) without a Higgs portal, but with
a new scalar mediator � and an e↵ective coupling to gluons
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� Tr Gµ⌫G
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. (5)

In contrast to the Higgs portal model, the mediator model introduces three additional param-
eters, the mediator mass m�, the dimensionful coupling strength to dark matter µ�s and a
coupling to gluons suppressed by the scale ⇤�. For both of these models we need to consider
a set of low-energy and cosmological constraints. We will collect them in Fig. 2 for the Higgs
portal and in Fig. 3 for the scalar mediator. In the case of the mediator model we usually fix
m� = 100 GeV.

Low-energy constraints The exchange of very light dark matter pairs between nuclei
creates a potential that a↵ects precision measurements of low-energy observables. Con-

6
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Project A3b: Precision predictions for Higgs boson properties as a probe for New Physics

The central values of these numbers have been obtained by using the top pole mass. In
light of the findings of Refs. [8,16] the preferred scale choice is µt ⇠ MHH at large values of
MHH so that the choice of the top pole mass for the central prediction can be questioned.
However, for small values of MHH close to the production threshold the process is quite
close to the HTL, where the scale choice µt ⇠ mt is the preferred one, since the top mass
constitutes the related matching scale. The scale choice µt = mt is implicitly involved in
the top pole mass, too. A further refinement of the proper scale choice for the virtual
top mass would require an interpolation between the di↵erent kinematical regimes that
would introduce a new uncertainty by itself. Such investigations are beyond the scope
of this note and all analyses so far. It should, however, be noted that the relative NLO
top-mass e↵ects turn out to be quite independent of MHH if the top mass is defined as
the MS mass mt(MHH/4) as can be inferred from Fig. 1, where we display the ratio of the
NLO cross section to the LO cross section5 and to the Born-improved HTL at NLO (with
the LO cross section determined in terms of the used top mass definition) for various
choices of the top mass. Adopting mt(MHH/4) for the top mass the NLO mass e↵ects
range between 10% and 15% for the whole range in MHH with a mild dependence on the
invariant Higgs-pair mass as can be inferred from the ratio to the HTL. The ratio to the
LO cross section develops a very flat behaviour for this scale choice, too.
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Figure 1: Ratio of the full NLO QCD corrected di↵erential cross section to the LO one
(left) and to the (Born-improved) NLO HTL (right) for various definitions of the virtual
top mass as a function of the invariant Higgs-pair mass MHH for a c.m. energy

p
s = 14

TeV and using PDF4LHC parton densities.

5It should be noted that the ratio to the LO cross section is not the consistently defined K factor. The
latter requires the LO cross section to be evaluated with LO ↵s and PDFs, while we use NLO quantities
at LO, too, to show the pure e↵ects of the matrix elements.
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Figure 8: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 14 TeV.

the full real radiation corrections and only di↵er in the way that the virtual corrections are
implemented. The blue curve, denoted “FTapprox”, incorporates the virtual corrections
computed in the infinite top quark mass limit and rescaled by the exact LO prediction.
The red curve is based on the grid constructed in Ref. [13] but improved by increasing
the number of points from 3398 to 6320 (see discussion above). Finally, the green curve
is based on the new grid, the construction of which is described in Section 5. This curve
constitutes our best prediction. The grey and green bands around the corresponding
curves have been obtained by independent variations of µR and µF as described above.

It is interesting to note that for small mhh and pT,h there is perfect agreement of the red
and green curves, which is expected since in this region the dependence on Vfin comes
primarily from the region in the (partonic)

p
s–pT plane where the support of the old

grid was dense. For higher values of mhh and pT,h, one observes a di↵erence between the
red and the green curves. However, in both cases the red curve lies well within the green
uncertainty band.

The mhh and pT,h distributions for
p
s
H
= 100 TeV are shown in Fig. 9, where the same

notation is used as in Fig. 8. Note that now a significant di↵erence is observed between
the red and green curves; for higher values of mhh and pT,h the red curve lies outside the
green uncertainty band. As an example let us consider pT,h = 2000 GeV. For this value
the K factor is reduced from K ⇡ 1.7 to K ⇡ 1.5 after including the high-energy results
in the grid.

Let us mention that in Figs. 8 and 9, the same phase-space points have been used for all
curves. Thus, the di↵erences between the curves is only due to the di↵erent implementa-
tions of the virtual corrections.

We should emphasize that one observes no change in the total cross section due to the
change from the red to the green curve, since the main contribution to �tot comes from
smaller centre-of-mass energies. However, Figs. 8 and 9 show that it is important to use
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Figure 1: One- and two-loop Feynman diagrams contributing to gg ! HH. Solid, curly,
and dashed lines represent fermions, gluons, and Higgs bosons respectively.
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denote the contribution from one-particle reducible diagrams such as the

one shown in Fig. 1(f). In Ref. [9] this contribution has not been considered since the full
top quark mass dependence is available from Eqs. (24), (25) and (26) of Ref. [43].

At this point a comment on the definition of ↵s is in order. In Ref. [9] ↵s has been defined
with six active flavours which is an appropriate choice for the high-energy limit. In this
paper, we compare to Ref. [12] where a five-flavour ↵s has been used. Thus, we have to
transform ↵s and the gluon wave function from the six-flavour to the five-flavour theory
using the relations
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
identical.
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Project B1a: N3LO QCD corrections to color-singlet production at the LHC
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Three Contributions

1. Two-loop renormalization
of single-gluon emission

2. One-loop renormalization
of double-gluon emission

focus in remainder of this talk

3. Three-gluon emission

Robbert Rietkerk (KIT) | Collinear dynamics in colour-singlet production 12
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Figure 1. Absolute pT (��) (left) and m(��) (right) di↵erential distributions. Shown are the predic-
tions in LO (green), NLO (blue), NNLO (red) QCD. The colored bands around the central scales are
from 7-point scale variation. The grey band shows the estimated Monte Carlo integration error in each
bin. The lower panel shows the same distributions but relative to the NLO central scale prediction.

Figure 2. As in fig. 1 but for the m(��) distribution subjected to di↵erent pT (��) cuts: pT (��) > 50
GeV (left), pT (��) > 100 GeV (center) and pT (��) > 200 GeV (right).

the invariant mass of the two photons m(��), the angle between the two photons in the

Collins-Soper frame �CS , the absolute di↵erence in rapidities of the two photons �y(��) =

|y(�1)�y(�2)|, the azimuthal angle between the two photons ��(��) and the absolute rapid-

ity of the photon pair |y(��)|. We also calculate the NNLO QCD corrections to the following

two-dimensional distributions: m(��) ⌦ pT (��) and �CS ⌦ m(��).

We first discuss the pT (��) di↵erential distribution which is of central interest to this

work. The distribution is shown in fig. 1. As can be seen from this figure, the NLO QCD

correction is very significant relative to the LO one. In particular, the scale uncertainty bands

at LO and NLO do not overlap anywhere. This behavior is easy to understand based on the

properties of inclusive diphoton production through NNLO. Clearly, a reliable prediction of

this observable requires the inclusion of, at least, the NNLO QCD corrections.

As can be seen from fig. 1 the inclusion of the NNLO corrections has a major stabilizing
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from 7-point scale variation. The grey band shows the estimated Monte Carlo integration error in each
bin. The lower panel shows the same distributions but relative to the NLO central scale prediction.

Figure 2. As in fig. 1 but for the m(��) distribution subjected to di↵erent pT (��) cuts: pT (��) > 50
GeV (left), pT (��) > 100 GeV (center) and pT (��) > 200 GeV (right).

the invariant mass of the two photons m(��), the angle between the two photons in the

Collins-Soper frame �CS , the absolute di↵erence in rapidities of the two photons �y(��) =

|y(�1)�y(�2)|, the azimuthal angle between the two photons ��(��) and the absolute rapid-

ity of the photon pair |y(��)|. We also calculate the NNLO QCD corrections to the following

two-dimensional distributions: m(��) ⌦ pT (��) and �CS ⌦ m(��).

We first discuss the pT (��) di↵erential distribution which is of central interest to this

work. The distribution is shown in fig. 1. As can be seen from this figure, the NLO QCD

correction is very significant relative to the LO one. In particular, the scale uncertainty bands

at LO and NLO do not overlap anywhere. This behavior is easy to understand based on the

properties of inclusive diphoton production through NNLO. Clearly, a reliable prediction of

this observable requires the inclusion of, at least, the NNLO QCD corrections.

As can be seen from fig. 1 the inclusion of the NNLO corrections has a major stabilizing
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Calculation of beam function(s) at N3LO QCD an axial gauge.  

Jettiness soft function calculation at N3LO in pQCD.

Principal investigators:  Bell**,Czakon, Melnikov
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Figure 5. Absolute di↵erential top-quark pair production and decay cross section as a function of
the invariant mass m(B`) (left) and the B-hadron energy E(B) (right). All curves are convoluted
with the same FF: FFKM at NNLO. Comparisons for LO, NLO and NNLO are shown.

Figure 6. As in fig. 5 but showing the scale variation of the NNLO prediction: µR-only vs. total
(upper plot), µF -only vs. total (middle plot) and µFr-only vs. total scale variation (lower plot).

Figure 7. As in fig. 5 but showing the fragmentation and pdf variations of the default FFKM FF.
Also shown are the central predictions for the other two FF at NNLO: FFKM(2) and CNO.
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Fragmentation to B-mesons in top quark decays can be 
combined with the description of top production at the 
LHC through NNLO QCD.     

Figure 2. Schematic representation of one-loop contributions for the tt̄� production process in the
NWA. For simplicity only top quarks are treated in NWA. The three rows show the three contribu-
tions from Eq. (2.7). The full blobs represent tree-level sub-amplitudes whereas the blobs with a hole
denote sub-amplitudes with one-loop corrections included.

This Lorentz transformation is applied again into the momenta of the decay products to
construct the mapped final states. Even though the mapping is not conceptually different
from the standard Catani-Seymour implementation, the form of the new subtraction terms
is not so trivial. Because the top quark propagator is already summed up over its polari-
sation states it seems that one cannot just use the polarised formulae from Ref. [32]. The
divergence, however, has a pure soft nature, so it is independent of the top quark polar-
isations. Consequently, standard, non-polarised Catani-Seymour dipole can be used with
an additional symmetry factor of 1/2 which compensates for the summation over the two
polarisations of the gluon.

In the following we shall shortly discuss the treatment of gluon radiation in top quark
decays. The Catani-Seymour subtraction scheme can be extended straightforwardly to top
quark decays. In Ref. [65] such extension, that preserves the momentum of the decaying
particle and it is therefore applicable to the case of top quark decays, has been proposed.
It has been later extended in Ref. [29] to the case of radiative decays. We employ the
scheme of Ref. [65] to construct subtraction terms for the final-initial case where initial
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Czakon, Generet,  Mitov, Poncelet

pp ! tt̄�
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Figure 4. Differential cross section distribution as a function of the minimum invariant mass
of the positron and bottom-jet, M(be

+
)min, and the (averaged) invariant mass of the top quark,

M(tavg), for the pp ! e
+
⌫eµ

�
⌫̄µbb̄� process at the LHC run II with

p
s = 13 TeV. The CT14 PDF

set is employed.

They comprise NLO QCD corrections to the production of tt̄� and LO top quark decays.
Furthermore, photon radiation is restricted only to the production stage . Such a prediction
should mimic the computation of Ref. [23] where the NLO QCD corrections are computed
for the tt̄� production stage but include neither exact LO spin correlations nor radiative
corrections to decays. On top of it, Ref. [23] omits photon emission in the parton shower
evolution. Because the contribution from photon emission in top quark decays is large and
NLO QCD corrections to decays are also relevant it is not surprising that NWALOdecay

result can not reproduce the correct normalisation. The discrepancy to the NWA approach
amounts to 50% (58%) for µ0 = mt/2 (µ0 = HT /4). NLO QCD corrections to the top
quark decays are negative and at the level of 17% (12%) when µ0 = mt/2 (µ0 = HT /4) is
employed in the NWA.

Finally, in Table 2 theoretical uncertainties as obtained from the scale dependence are
provided for all cases that we have considered up until now. When comparing the full off-
shell case with the full NWA one at NLO in QCD we observe that theoretical uncertainties
are not underestimated when the NWA is employed. Instead, they are consistent at the
level of 6% for µ0 = HT /4 and 13% for µ0 = mt/2, see Ref. [30] for the full off-shell results
at NLO in QCD with the fixed scale choice.

6 Phenomenological Results for Differential Cross Sections

6.1 Off-shell vs On-shell Top Quark Modelling

In the following we examine the size of top quark off-shell effects at the differential level.
To this end we compare differential cross sections for a few observables at NLO in QCD
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Bevilacqua,  Hartano, Kraus, Weber, Worek

Radiation of photons in the decay needs to be suppressed to study 
the anomalous couplings. 

Principal investigators:  Czakon, Heinrich**, Worek

pp ! tt̄ ! B +X
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Project B2a: Automated calculations in Soft-Collinear  Effective Theory
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Figure 1: Upper left: Two-loop anomaly exponent d2 as a function of the jet radius R. The dots
show the results of our numerical evaluation, and the lines represent the expansion from [5]. Other:
Non-logarithmic terms of the NNLO matching kernels defined in (4.5) for three different values of
the jet radius R.

where the known analytic numbers are shown in the square brackets for comparison. The
two-loop anomaly exponent, on the other hand, depends on the jet radius R and is displayed
in the upper left panel of Figure 1. In this plot, we also show the known results from [5],
which were obtained semi-analytically in an expansion for R ⌧ 1. Note that our results
have numerical uncertainties, which are not visible on the scale of the plot, while the results
from [5] have an inherent error due to the truncation of the small-R expansion. Overall,
the plot shows that the two-loop anomaly is correctly reproduced by our calculation, and
that the expansion used in [5] extends up to large values of R . 1.

For the non-logarithmic terms of the matching kernels we use the decomposition

bI(2)q q(N) = C2
F

bI(2,CF )
q q (N) + CFCA

bI(2,CA)
q q (N) + CFTFnf

bI(2,nf )
q q (N) + CFTF

bI(2,TF )
q q (N) ,

bI(2)q g(N) = CFTF
bI(2,CF )
q g (N) + CATF

bI(2,CA)
q g (N) ,

bI(2)q q̄(N) = CF (CA � 2CF ) bI(2,CAF )
q q̄ (N) + CFTF

bI(2,TF )
q q (N) ,

bI(2)q q0(N) = bI(2)q q̄0(N) = CFTF
bI(2,TF )
q q (N) . (4.5)

Apart from the quark-to-quark and gluon-to-quark channels that are already present at
NLO, there are further channels opening up at NNLO, and we write q0 and q̄0 to indicate
that the initiating parton has a different flavour than the quark that appears in the definition
of the beam function. In total, there are thus seven independent matching kernels at this
order that we resolve numerically in Mellin space in our approach. The first three quark-
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of invariant mass Q and rapidity Y with a transverse-momentum veto pvetoT ⌧ Q can be
written in the following factorised form [2],

d2�(pvetoT )

dQ2dY
=

X

i,j

Hij(Q,µ)Bi/h1
(x1, p

veto
T , µ)Bj/h2

(x2, p
veto
T , µ)Sij(p

veto
T , µ) , (1.1)

where the sum runs over all partonic channels and x1,2 = (Q/
p
s) e±Y . Here Hij(Q,µ) is

the hard function that contains the virtual corrections to the Born process, whereas the soft
and collinear emissions that pass the jet-veto constraint are described by the soft function
Sij(pvetoT , µ) and the beam functions Bi/h(x, p

veto
T , µ), respectively. As long as the jet-veto

scale lies in the perturbative regime, pvetoT � ⇤QCD, the latter can be matched onto the
usual parton distribution functions fi/h(x, µ) via

Bi/h(x, p
veto
T , µ) =

X

k

Z 1

x

dz

z
Ii k

⇣x
z
, pvetoT , µ

⌘
fk/h(z, µ) , (1.2)

which holds at leading power in ⇤QCD/pvetoT . The calculation of the matching kernels
Ii k(x, pvetoT , µ) for the quark beam function with i = q to NNLO accuracy is the goal of
the present paper.

The matching kernels for transverse-momentum resummation are, in fact, already
known to N3LO accuracy [27–37], as are the ones for N-jettiness [38–46]. Whereas a double-
differential beam function was computed to NNLO in [47–49], the closely-related beam func-
tions for certain rapidity-dependent jet vetoes are also known at this accuracy [50]. Some-
what surprisingly, the matching kernels for the standard pvetoT are currently only known to
NLO [2, 10]. While the convolution of two gluon beam functions was numerically extracted
from a fixed-order code at NNLO in [5, 6], no such determination was attempted so far
for the quark beam functions. Our calculation therefore provides the ingredients to extend
jet-veto resummations for quark-initiated processes to NNLL0 accuracy.1

As the considered jet veto is based on transverse momenta, the observable is described
by a version of the effective theory that is referred to as SCET-2. It is well known that
perturbative computations in SCET-2 are not well-defined in dimensional regularisation,
as they require an additional prescription to regularise rapidity divergences. The matching
kernels in (1.2) are therefore regularisation-scheme dependent, and we apply the analytic
phase-space regulator proposed in [52] in our calculation. As will be described in the
following section, the scheme dependence drops out once the collinear, anti-collinear and
soft contributions are combined. In order to avoid distribution-valued expressions, we
furthermore determine the matching kernels directly in Mellin space.

Our calculation is based on a novel framework that aims at automating the computation
of NNLO jet and beam functions for a broad class of observables [53, 54]. We indeed
checked our numerical predictions against the analytic results for transverse-momentum
resummation from [30], before implementing the phase-space constraints that are imposed
by the jet veto. The automated setup follows the spirit of SoftSERVE [55–57], which has

1
We use the primed-order counting in this article, in which the matching corrections are included at one

order higher than in the unprimed one, see for instance Table 6 in [51].
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Automated calculation of soft, beam and jet functions for 
arbitrary observables.   

B, J, S ⇠
Z
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In principle, same divergencies as in QCD, therefore a generic 
NNLO problem.  On the other hand, SCET-related phase-space 
modifications lead to “UV” divergencies which must be 
extracted as well. but for two emissions or more the measurement function depends on the distance of the

emissions in some predefined measure. If the emissions are close to each other in these
units, they are recombined into a pseudo-particle, whereas they are considered as part of
two independent jets if they are far away. In the current work we consider the general class
of kT -type jet algorithms, and for two emissions one finds that the measurement function
depends on the jet radius R, but not on the specific clustering prescription according to
the kT , Cambridge/Aachen or anti-kT jet algorithm [2]. Denoting the momenta of the two
emissions by kµ and lµ, the measurement function can be written in the form

!2(k, l) = ✓(��R) max
�
|~k?|, |~l?|

�
+ ✓(R��) |~k? +~l?| , (2.4)

where the distance measure of the jet algorithm translates into

� =

r
1

4
ln2

k�l+

k+l�
+ ✓2kl , (2.5)

with ✓kl being the angle between the momenta ~k? and ~l? in the transverse plane.
Our automated framework for the computation of NNLO beam functions developed

in [53, 54] furthermore requires that all distributions are resolved by appropriate integral
transformations. For the delta-function constraint in (2.1), this is achieved by a Mellin
transform

bBi/h(N, pvetoT , µ) =

Z 1

0
dx xN�1 Bi/h(x, p

veto
T , µ) , (2.6)

which brings the matching relation (1.2) into a product form,

bBi/h(N, pvetoT , µ) =
X

k

bIi k(N, pvetoT , µ) bfk/h(N,µ) . (2.7)

As the considered jet veto is imposed on the transverse momenta of the reconstructed jets,
the relevant soft modes in the effective theory have the same virtuality as the collinear
ones. This version of the effective theory is known as SCET-2, and we use the analytic
phase-space regulator of [52] to regularise rapidity divergences that are not captured by the
dimensional regulator ✏ = (4� d)/2. Specifically, the rapidity regulator ↵ is introduced on
the level of the phase-space measure

Z
ddki

✓
⌫

k�i + k+i

◆↵

�(k2i ) ✓(k
0
i ) (2.8)

for each emitted parton with momentum kµi . While this corresponds to the prescription that
is implemented for the soft integrals in SoftSERVE, the regulator simplifies in the collinear
region with k�i � k+i and in the anti-collinear region with k+i � k�i . As the rapidity
regulator respects the n-n̄ symmetry of the process, it is actually not necessary to compute
the anti-quark beam function in the anti-collinear region explicitly.

The rapidity divergences induce a dependence on the rapidity scale ⌫ that is implicit in
(2.7). In order to obtain a result that is independent of the specific regularisation scheme,
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The rapidity divergences induce a dependence on the rapidity scale ⌫ that is implicit in
(2.7). In order to obtain a result that is independent of the specific regularisation scheme,
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been successfully applied to compute various NNLO soft functions that involve two light-
like Wilson lines. An extension of the soft-function framework to an arbitrary number of
jet directions is currently in development [58].

The outline of this paper is as follows. In Section 2 we lay out the theoretical back-
ground of our framework, and in Section 3 we describe some technical aspects of the NNLO
calculation. Our results for the jet-veto matching kernels are presented in Section 4, and we
conclude in Section 5. In the appendix we collect the anomalous dimensions and splitting
functions that are needed for the renormalisation-group analysis.

2 Theoretical framework

We start from the generic definition of a quark beam function,

1

2


/n

2

�

�↵

Bq/h(x, ⌧, µ) =
X

X

�
⇣
(1� x)P�

�

X

i

k�i

⌘
M(⌧ ; {ki})

hh(P )| �̄↵ |Xi hX|�� |h(P )i , (2.1)

where � = W †
n̄
/n/̄n
4  is the collinear field operator and Wn̄ denotes a collinear Wilson line.

We furthermore introduced two light-cone vectors nµ and n̄µ satisfying n2 = n̄2 = 0 and
n · n̄ = 2, and throughout this article we adopt the notation k�i = n̄ · ki, k+i = n · ki and
a transverse component k?,µ

i that fulfils n · k?i = n̄ · k?i = 0. The sum over X indicates
the phase space of the final-state partons with momenta {ki}. At tree level this is just the
vacuum state, and at NNLO it consists of up to two massless partons. The state |h(P )i

refers to a hadronic state of momentum Pµ = P�nµ/2, but in order to extract the matching
kernels from the relation (1.2), it will be convenient to consider partonic states instead.
In fact, if the matching is performed on-shell in dimensional regularisation, the parton
distribution functions evaluate to fi/j(x, µ) = �ij�(1�x) to all orders in perturbation theory,
and the calculation of the partonic beam functions directly yields the desired matching
kernels.

The above definition of the quark beam function is generic, and the function M(⌧ ; {ki})

specifies what is actually measured on the collinear radiation. Following [56, 57] we write
the measurement function in the form

M(⌧ ; {ki}) = exp
�
� ⌧ !({ki})

�
, (2.2)

where ⌧ is a Laplace variable of dimension 1/mass, and the function !({ki}) specifies the
observable. In the jet-veto case, the phase-space constraints are more naturally formulated
in terms of a theta function, cM(pvetoT ; {ki}) = ✓

�
pvetoT � !({ki})

�
, and it has been shown

in [57] how to convert this into the form (2.2) via a Laplace transform, and how to ex-
tract from this calculation the result in the original pvetoT space. For one emission with
momentum kµ, the constraint is imposed on the transverse momentum of the emission,

!1(k) = |~k?| , (2.3)
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Project B2b: Operator analysis of New physics in top quark observableslevel of total rates and kinematic distributions. We also include top pair production in

association with a W - or Z-boson, which is more sensitive to certain operators than top

pair or single top production and help distinguishing between operators. Table 1 shows

our set of Wilson coe�cients and their contributions to the various processes.

parameter tt̄ single t tW tZ t decay tt̄Z tt̄W

C1,8
Qq ⇤�2 – – – – ⇤�2 ⇤�2

C3,8
Qq ⇤�2 ⇤�4 [⇤�2] – ⇤�4 [⇤�2] ⇤�4 [⇤�2] ⇤�2 ⇤�2

C8
tu, C

8
td ⇤�2 – – – – ⇤�2 –

C1,1
Qq ⇤�4 [⇤�2] – – – – ⇤�4 [⇤�2] ⇤�4 [⇤�2]

C3,1
Qq ⇤�4 [⇤�2] ⇤�2 – ⇤�2 ⇤�2 ⇤�4 [⇤�2] ⇤�4 [⇤�2]

C1
tu, C

1
td ⇤�4 [⇤�2] – – – – ⇤�4 [⇤�2] –

C8
Qu, C

8
Qd ⇤�2 – – – – ⇤�2 –

C8
tq ⇤�2 – – – – ⇤�2 ⇤�2

C1
Qu, C

1
Qd ⇤�4 [⇤�2] – – – – ⇤�4 [⇤�2] –

C1
tq ⇤�4 [⇤�2] – – – – ⇤�4 [⇤�2] ⇤�4 [⇤�2]

C�
�Q – – – ⇤�2 – ⇤�2 –

C3
�Q – ⇤�2 ⇤�2 ⇤�2 ⇤�2 – –

C�t – – – ⇤�2 – ⇤�2 –

C�tb – ⇤�4 ⇤�4 ⇤�4 ⇤�4 – –

CtZ – – – ⇤�2 – ⇤�2 –

CtW – ⇤�2 ⇤�2 ⇤�2 ⇤�2 – –

CbW – ⇤�4 ⇤�4 ⇤�4 ⇤�4 – –

CtG ⇤�2 [⇤�2] ⇤�2 – [⇤�2] ⇤�2 ⇤�2

Table 1. Wilson coe�cients in our analysis and their contributions to top-quark observables via
SM-interference (⇤�2) and via dimension-6 squared terms only (⇤�4). A square bracket indicates
that the Wilson coe�cient contributes via SM-interference at NLO QCD. All quark masses except
mt are assumed to be zero. ‘Single t’ stands for s� and t�channel electroweak top production.

In what follows, we describe in detail how the 22 top operators a↵ect these processes.

We pay special attention to contributions of the dimension-6 squared terms, which will

be crucial for our global fit. Another important aspect in our discussion is the energy

dependence of operator contributions, which changes the top kinematics in distributions.

For top pair production, we present complete analytic expressions for four-quark operator

contributions at LO, including both SM-interference and dimension-6 squared terms. We

also derive the structure of operator contributions at NLO QCD.
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• 8 four-quark operators with LL and RR chiral structure

O1,8
Qq = (Q̄�µT

AQ)(q̄i�
µTAqi) O1,1

Qq = (Q̄�µQ)(q̄i�
µqi)

O3,8
Qq = (Q̄�µT

A⌧ IQ)(q̄i�
µTA⌧ Iqi) O3,1

Qq = (Q̄�µ⌧
IQ)(q̄i�

µ⌧ Iqi)

O8
tu = (t̄�µT

At)(ūi�
µTAui) O1

tu = (t̄�µt)(ūi�
µui)

O8
td = (t̄�µTAt)(d̄i�µT

Adi) O1
td = (t̄�µt)(d̄i�µdi) ; (2.3)

• 6 four-quark operators with LR and RL chiral structure

O8
Qu = (Q̄�µTAQ)(ūi�µT

Aui) O1
Qu = (Q̄�µQ)(ūi�µui)

O8
Qd = (Q̄�µTAQ)(d̄i�µT

Adi) O1
Qd = (Q̄�µQ)(d̄i�µdi)

O8
tq = (q̄i�

µTAqi)(t̄�µT
At) O1

tq = (q̄i�
µqi)(t̄�µt) ; (2.4)

• 8 operators with two heavy quarks and bosons [40]

O1
�Q = (�† i

 !
Dµ �)(Q̄�µQ) ‡OtB = (Q̄�µ⌫t) e�Bµ⌫

O3
�Q = (�† i

 !
DI

µ �)(Q̄�µ⌧ IQ) ‡OtW = (Q̄�µ⌫t) ⌧ I e�W I
µ⌫

O�t = (�† i
 !
Dµ �)(t̄�µt) ‡ObW = (Q̄�µ⌫b) ⌧ I�W I

µ⌫

‡O�tb = (e�†iDµ�)(t̄�
µb) ‡OtG = (Q̄�µ⌫TAt) e�GA

µ⌫ . (2.5)

The di↵erent color structures of the operators will eventually lead to di↵erent color factors

in the LHC observables and di↵erent limits on the Wilson coe�cients, as we will see later.

In Appendix A, we list the relations between these operators and the operators in the

Warsaw basis [41]. Gauge invariance imposes relations between e↵ective top couplings to

gauge bosons. We define

C��Q ⌘ C1
�Q � C3

�Q CtZ ⌘ �swCtB + cwCtW (2.6)

C+
�Q ⌘ C1

�Q + C3
�Q = C��Q + 2C3

�Q CtA ⌘ cwCtB + swCtW =
1

sw

�
CtW � cwCtZ

�
,

We choose C3
�Q, C

�
�Q and CtW , CtZ as degrees of freedom in our analysis. With this choice,

C��Q and CtZ modify the tt̄Z coupling, CtW modifies the tbW vertex, while C3
�Q a↵ects

both.

The Wilson coe�cients of the operators in Eqs. (2.3), (2.4), and (2.5) define the 22

parameters in our global analysis. Further operators either do not leave visible e↵ects in

the observables we have selected (like operators with four heavy quarks) or are strongly

constrained by more sensitive observables (like the Yukawa operator at dimension six, which

is constrained by Higgs measurements). We therefore do not include them in our analysis,

but mention them whenever they are relevant.

Experimentally, we focus on observables in top pair and electroweak single top pro-

duction at the LHC. These processes are precisely predicted and measured, both at the
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Figure 13. 95% and 68% CL bounds on top operators from a global fit to the full data set
from Tabs. 5 and 6. We show the results including all uncertainties (red) and with theoretical
uncertainties reduced by a factor of two, �th/2 (blue).

color structure of operators from jet radiation.

Looking at the quark chirality, we observe that the bounds on operators with left-

and right-handed tops are similar in strength. Charge-symmetric tt̄ observables do not

distinguish between these operators at high energies, see Eqs. (2.10) and (2.12). The

charge asymmetry is sensitive to the top chirality, see Eq. (4.18), but still leads to equal

bounds on the magnitude of LL and RL operators due to its small SM contribution.

Regarding di↵erent light quark flavors, operators with up quarks are better constrained

than operators with down quarks. This reflects the parton content of the proton, which

leads to an enhanced sensitivity of tt̄ observables to up-quark operators over down-quark

operators, see Eq. (4.8).

Let us now turn our attention to the bosonic operators. The strongest bounds are

obtained for the dipole operators OtG and OtW . For OtW the bound does not change

compared to the single top fit (see also Fig 14), because it is dominated by the precise

measurements of W helicities in top decays. From our global fit, we obtain at 95% CL

⇤
p
CtW

2 [�0.38, 0.47] TeV . (6.1)
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Figure 1: Schematic illustration of a dark shower from the decay of a Z
0 produced in associ-

ation with a gluon. Figure taken from ref. [10].

that in this set-up all dark pions are stable on cosmological scales and therefore constitute a
potential DM candidate.

The interactions of the dark sector with the SM are mediated by the massive U(1)0 gauge
boson Z

0 with vector couplings to both dark and SM quarks, denoted ed and gq, respectively.
Couplings to leptons, as well as mixing between the Z 0 and SM gauge bosons, are assumed to
be suppressed. In analogy to �-⇢0 mixing in the SM, the Z 0 mixes with the ⇢0d, which induces
small couplings between the ⇢0d and SM quarks and renders the ⇢0d unstable. For m⇢d < 2m⇡d

the ⇢
±
d mesons can only decay into three-body final states via an o↵-shell Z 0, which makes

them stable with respect to collider phenomenology. We assume that each mesonic degree of
freedom is produced with the same probability during the dark hadronisation process while
the production of dark baryons in the shower is negligible, and that the ⇢

0
d mesons decay

promptly.2 The invisible energy fraction in a dark shower is then given by rinv = 0.75, which
we will use as the benchmark value in the following. Furthermore, the relevant mass for
characterising the dark shower is the mass of the dark vector mesons: mmeson = m⇢d .

We note in passing that the assumption m⇢d < 2m⇡d can be motivated from cosmology,
because the relic density of dark pions is determined by the rate of the annihilation process
⇡d⇡d ! ⇢d⇢d, which becomes Boltzmann suppressed at low temperatures. Provided m⇡d

and m⇢d are su�ciently close, the observed relic abundance can be reproduced even for weak
portal interactions and/or heavy Z

0 bosons, which makes it possible to satisfy constraints
from direct detection experiments. For example, for m⇡d = 4GeV and gd = 1 one requires
m⇢d ⇡ 5 GeV, while the Z

0 mediator can be in the TeV range [10].
LHC phenomenology for this model is then dominated by the on-shell production of the Z 0

(possibly in association with SM particles) and its subsequent decays into either SM or dark
quarks. While the former case leads to di-jet resonances that can be easily reconstructed,

2We note that for small Z0 couplings the ⇢0d can be long-lived and lead to displaced vertices at the LHC. The
corresponding production cross sections can nevertheless be su�ciently large that thousands of such events have
already gone unnoticed at ATLAS and CMS. Ongoing detector upgrades as well as new analysis strategies make
these signatures a promising target for future LHC runs. Exploring the sensitivity of searches for displaced
vertices for dark sector models is subject of separate work in progress.
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Fig. 3: Profile likelihood in terms of the DM mass, the relic den-
sity and the rescaled annihilation cross-section. As in Fig. 2, we
consider only dimension-6 operators and cap the LHC likelihood
at the value of the background-only hypothesis. The solid red
line in the middle panel denotes the “initial construction” pro-
jection sensitivity of Cherenkov Telescope Array (CTA) towards
the Galactic Centre (GC) for the bb̄ final state [136].

cient is largely unconstrained for � < 200 GeV. We also
identify this coe�cient as giving the main contribution
for fitting the Fermi-LAT excess. For larger values of �,
on the other hand, the constraints are very similar to
the ones for C

(6)

2,4 as the LHC only has limited sensitivity
to distinguish the spin structure of the operators.

Dimension-6 operators only (relic density saturated)

Next we consider the case where the relic density con-
straint is imposed not only as an upper limit but as an
actual measurement, i.e., the DM particle under con-
sideration is required to account for all of the DM in
the universe via the e�ective interactions that we con-
sider. We show in Fig. 5 the allowed parameter space in
the restricted m‰–� plane when considering a capped
LHC likelihood, i.e. the same likelihoods as in Fig. 2
apart from the modified relic density requirement. As
expected from the top row of Fig. 3, it is not possible to
saturate the observed relic density for m‰ . 100 GeV.
The reason is that for such small DM masses the relic
density requirement is incompatible with Fermi-LAT
and CMB bounds on the annihilation cross-section for
operators that predict dominantly s-wave annihilation
(Q(6)

1,q and Q
(6)

3,q), and incompatible with direct detection
and LHC constraints for Q

(6)

2,q and Q
(6)

4,q.
Constraints from direct and indirect detection ex-

periments are also responsible for the preference for
larger DM masses visible in Fig. 5. In particular, the
Fermi-LAT likelihood pushes the best-fit point towards
the boundary m‰ = 500 GeV. We find the likelihood
of the best-fit point to be slightly worse than for the
background-only hypothesis: 2∆ ln L © 2(ln L

best≠fit
≠

ln L
ideal) = ≠0.5. Extending the range of the scan to

larger DM masses would allow the model to fully evade
the Fermi-LAT constraint. This would shift the best-
fit point and the allowed parameter regions to slightly
larger DM masses without changing the remaining con-
clusions (see also Fig. 3).

For a complementary view of the parameter space, we
show in Fig. 6 the predicted number of signal events in
the next-generation direct detection experiment LZ [174]
as a function of the DM mass. Due to the various di�er-
ent operators contributing to the DM-nucleus scattering,
the predicted number of signal events is a more useful
quantity to consider than the DM-nucleon scattering
cross-section at zero momentum transfer. The predicted
number of events corresponds to nuclear recoil energies
in the search window [6 keV, 30 keV] and assumes an
exposure of 5.6 ◊ 106 kg days and 50% acceptance for
nuclear recoils (see Ref. [110] for details on our imple-
mentation of LZ).

4

mass). The full Lagrangian for the theory is then

L = LSM + Lint + ‰
!
i /̂ ≠ m‰

"
‰ , (2)

such that the free parameters of the theory are the DM
mass m‰, the scale of new physics �, and the set of
dimensionless Wilson coe�cients {C

(d)

a }.
For su�ciently large �, the phenomenology at small

energies is dominated by the operators of lowest dimen-
sion, and we therefore limit ourselves to d Æ 7. However,
even this leaves a relatively large set of operators. The
DM EFT that is valid below the electroweak (EW) scale
(with the Higgs, W , Z and the top quark integrated
out) contains 2 dimension five, 4 dimension six, and 22
dimension seven operators (not counting flavour multi-
plicities), while the DM EFT above the EW scale for
a singlet Dirac fermion DM has 4 dimension five, 12
dimension six, and 41 dimension seven operators (again,
not counting flavour multiplicities) [68]. The large set of
possible operators poses a challenge for a global statisti-
cal analysis where bounds on � and {C

(d)

a } are derived
from experimental observations (see Sec. 3 for details).
An added complexity is that we consider both processes
where the typical energy transfer is above the EW scale
(such as collider searches and indirect detection) as well
as processes in which the energy release is small (di-
rect detection). The consistent implementation of these
bounds requires the combination of both DM EFTs,
together with the appropriate matching conditions be-
tween the two.

To make the problem tractable we focus in our nu-
merical analysis on a subset of DM EFT operators - the
dimension six operators involving DM, ‰, and SM quark
fields, q,

Q
(6)

1,q = (‰“µ‰)(q“
µ
q) , (3)

Q
(6)

2,q = (‰“µ“5‰)(q“
µ
q) , (4)

Q
(6)

3,q = (‰“µ‰)(q“
µ
“5q) , (5)

Q
(6)

4,q = (‰“µ“5‰)(q“
µ
“5q) . (6)

The di�erence between the DM EFT below the EW
scale and the DM EFT above the EW scale is in this
case very simple: above the EW scale the quark flavours
run over all SM quarks, including the top quark, while
below the EW scale the top quark is absent.

While the above set of operators does not span the
full dimension six bases of the two DM EFTs, it does
collect the most relevant operators. The full dimension
six operator basis contains operators where quarks are
replaced by the SM leptons. These are irrelevant for
the collider and direct detection constraints we consider,
and are thus omitted for simplicity. The basis of dimen-
sion six operators for the DM EFT above the EW scale

contains, in addition, operators that are products of DM
and Higgs currents. These are expected to be tightly
constrained by direct detection to have very small coe�-
cients such that they are irrelevant in other observables,
and are thus also dropped for simplicity.

To explore to what extent the numerical analyses
would change, if the set of considered DM EFT opera-
tors were enlarged, we also perform global fits including,
in addition to the dimension six operators (3)-(6), a
set of dimension seven operators that comprise interac-
tions with the gluon field either through the QCD field
strength tensor G

a
µ‹ or its dual ÂGµ‹ = 1

2
‘µ‹fl‡G

fl‡, as
well as operators constructed from scalar, pseudoscalar
and tensor bilinears:

Q
(7)

1
= –s

12fi
(‰‰)Gaµ‹

G
a
µ‹ , (7)

Q
(7)

2
= –s

12fi
(‰i“5‰)Gaµ‹

G
a
µ‹ , (8)

Q
(7)

3
= –s

8fi
(‰‰)Gaµ‹ ÂGa

µ‹ , (9)

Q
(7)

4
= –s

8fi
(‰i“5‰)Gaµ‹ ÂGa

µ‹ , (10)

Q
(7)

5,q = mq(‰‰)(qq) , (11)

Q
(7)

6,q = mq(‰i“5‰)(qq) , (12)

Q
(7)

7,q = mq(‰‰)(qi“5q) , (13)

Q
(7)

8,q = mq(‰i“5‰)(qi“5q) , (14)

Q
(7)

9,q = mq(‰‡
µ‹

‰)(q‡µ‹q) , (15)

Q
(7)

10,q = mq(‰i‡
µ‹

“5‰)(q‡µ‹q) . (16)

The definition of the operators describing interactions
with the gluons, Q

(7)

1–4
, includes a loop factor since in

most new physics models these operators are gener-
ated at one loop. Similarly, the couplings to scalar and
tensor quark bilinears, Q

(7)

5–10,q, include a conventional
factor of the quark mass mq, since they have the same
flavour structure as the quark mass terms (coupling
left-handed and right-handed quark fields). The mq sup-
pression of these operators is thus naturally encountered
in new physics models that satisfy low energy flavour
constraints, such as minimal flavour violation and its
extensions. Note that, unless explicitly stated otherwise,
mq always refers to the running mass in the modified
minimal subtraction (MS) scheme.

The complete dimension-seven basis below the EW
scale contains eight additional operators with derivatives
acting on the DM fields [68]. To simplify the discussion
we do not include these operators in our analysis, par-
tially because they do not lead to new chiral structures
in the SM currents. Moreover, the direct detection con-
straints on these additional operators are expressible in
terms of the operators that we do include in the global
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Can the DM particle be a Dirac fermion?  A difficult question 
that requires global analysis in an EFT framework (GAMBIT).

If the dark sector is strongly-interacting and confining,  
its phenomenology at colliders may mimic that of QCD 
with many “dark hadrons” being produced and forming 
jet-like structures. Can one distinguish such jets from 
light QCD-jets?

SciPost Physics Submission

Figure 6: ROC curves (dashed lines) for the DGCNN trained on mixed samples of dark
showers with di↵erent values of rinv and mmeson, and tested on pure samples each containing
a specific value for rinv (left panel) and mmeson (right panel). ROC curves for training and
testing on samples with identical parameters are shown for comparison (solid lines, as in
figure 4).

quark within the jet cone. We emphasise that we apply two di↵erent jet definitions to each
event. While the signal events are defined using the ATLAS jet definition of ref. [46], the fat
jets for the tagger training are anti-kT jets with a minimal transverse momentum of 100 GeV
and a jet radius R = 0.8 in order to contain all radiation from an underlying dark quark. The
background jet samples consist of all fat jets from the corresponding Z+jets events. We train
on 200k signal and 200k background jets.

In the analysis we first apply the cuts from ref. [46]. We then sort the remaining events
into signal regions and apply the DGCNN dark shower tagger, trained on the appropriate
signal region, to all fat jets in each event. If at least one of the jets in an event is tagged
as a dark shower jet the event is accepted. Otherwise the event is rejected. By varying the
tagging threshold we control the signal event e�ciency and Z+jets background rejection rate.
The corresponding ROC curve is shown in the left panel of figure 7 for the signal region EM4,
which corresponds to 400 GeV< /ET < 500 GeV. EM4 is the signal region most sensitive to
the dark shower signal with our benchmark parameters. The e�ciencies ✏S and ✏B shown
in figure 7 are relative to the event numbers after the ordinary mono-jet cuts. Hence, the
existing analysis without a dark shower tagger is equivalent to the point ✏S = ✏B = 1 in the
lower right-hand corner of the plot.

To estimate the influence of detector e↵ects on the DGCNN tagger, we also show the
analogous ROC curve for a tagger based on detector level quantities, i.e. towers and tracks
from Delphes [60], instead of particles as input in the training and in the analysis. We find
that detector e↵ects lead to a slightly reduced background rejection compared to the case
with particles as DGCNN input.

Using the improved background suppression due to the DGCNN tagger in the mono-jet
search, we derive an expected limit on the dark shower cross section. The background event
numbers B and systematic uncertainties �B from the ATLAS analysis [46] are divided by the
background rejection obtained from our simulation of the dominant Z+jets background. We
apply the same additional rejection rate for the sub-leading background of W+jets events.

11

Kahlhoefer et al. ( Gambit collaboration)Bernreuther,  Finke, Kahlhoefer, Krämer, Mück 

Principal investigator:  F. Kahlhoefer,  Krämer, Plehn* 



The first four years of the CRC !21

Project C1a: Inclusive semileptonic, rare and radiative decays   of B-mesons 

�(b ! Xcl⌫̄)

�0
= 0.648 (1� 0.087� 0.018� 0.0003) ⇡ 0.580.

<latexit sha1_base64="ZP5ma5Ro3qJKziG/BV9/tTuNcK0="></latexit><latexit sha1_base64="ZP5ma5Ro3qJKziG/BV9/tTuNcK0="></latexit><latexit sha1_base64="ZP5ma5Ro3qJKziG/BV9/tTuNcK0="></latexit><latexit sha1_base64="ZP5ma5Ro3qJKziG/BV9/tTuNcK0="></latexit>

2

(a) (b)
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(e) (f)

FIG. 1. Sample Feynman diagrams which contribute to the
forward scattering amplitude of a bottom quark at LO (a),
NLO (b), NNLO (c) and N3LO (d-f). Straight, curly and
dashed lines represent quarks, gluons and leptons, respec-
tively. The weak interaction mediated by the W boson is
shown as a blob.

in Ref. [19] that the expansion converges quite fast for
the physical values of mc and mb. Second, we apply the
so-called method of regions [36, 37] and exploit the simi-
larities to the calculation of the three-loop corrections to
the kinetic mass [38].

The method of regions [36, 37] leads to two possible
scalings for each loop momentum

• |kµ| ⇠ mb (h, hard)

• |kµ| ⇠ � ·mb (u, ultra-soft)

with � = 1 �mc/mb. We choose the notion “ultra-soft”
for the second scaling to stress the analogy to the cal-
culation of the relation between the pole and the kinetic
mass of a heavy quark, see [38, 39]. Note that the mo-
mentum which flows through the neutrino-lepton loop, `,
has to be ultra-soft since the Feynman diagram has no
imaginary part if ` is hard.

Let us next consider the remaining (up to three) mo-
mentum integrations which can be interpreted as a four-
point amplitude with forward-scattering kinematics and
two external momenta: ` and the on-shell momentum
p2 = m2

b . This is in close analogy to the scattering am-
plitude of a heavy quark and an external current consid-
ered in Ref. [38]. In fact, the loop momenta can have the
following scalings

O(↵s) h, u

O(↵2
s) hh, hu, uu

O(↵3
s) hhh, hhu, huu, uuu

Note that all regions where at least one of the loop mo-
menta scales ultra-soft leads to the same integral families

as in Ref. [38, 39]. The pure-hard regions were absent
in [38, 39]; they lead to (massive) on-shell integrals.
At this point there is the crucial observation that the

integrands in the hard regions do not depend on the loop
momentum `. On the other hand, the ultra-soft integrals
still depend on `. However, for each individual integral
the dependence of the final result on ` is of the form

(�2p · `+ 2�)↵ (2)

with known exponent ↵. This means that it is always
possible to perform in a first step the ` integration which
is of the form

Z
dd`

`µ1`µ2 · · ·

(�2p · `+ 2�)↵(�`2)�
. (3)

A closed formula for such tensor integrals with arbitrary
tensor rank and arbitrary exponents ↵ and � can easily
be obtained from the formula provided in Appendix A
of Ref. [37]. We thus remain with the loop integrations
given in the above table. Similar to Eq. (3) we can in-
tegrate all one-loop hard or ultra-soft loops which leaves
us with pure hard or pure ultra-soft contributions up to
three loops.
A particular challenge of our calculation is the high

expansion depth in �. We perform an expansion of all
diagrams up to �12. This leads to huge intermediate ex-
pressions of the order of 100 GB. Furthermore, for some
of the scalar integrals individual propagators are raised
to positive and negative powers up to 12, which is a non-
trivial task for the reduction to master integrals. For the
latter we combine FIRE [40] and LiteRed [41].2 For the
subset of integrals which are needed for the expansion up
to �10 we also use the stand-alone version of LiteRed [41]
as a cross-check. For all regions where at least one of the
regions is ultra-soft we can take over the master integrals
from [38, 39]. For some of the (complicated) three-loop
triple-ultra-soft master integrals higher order ✏ terms are
needed. The method used for their calculation and the
results are given Ref. [39]. All triple-hard master inte-
grals can be found in Ref. [42].

Results. We write the total decay rate for the b ! c
transition in the form

�(B ! Xc`⌫̄) = �0

2

4X0 + CF

X

n�1

⇣↵s

⇡

⌘n
Xn

3

5

+O

 
⇤2

QCD

m2

b

!
, (4)

with CF = 4/3, �0 = AewG2

F |Vcb|
2m5

b/(192⇡
3), X0 = 1�

8⇢2�12⇢4 log(⇢2)+8⇢6�⇢8 where ⇢ = mc/mb and ↵s ⌘

↵(5)

s (µs) with µs being the renormalization scale. Aew =

2 We thank A. Smirnov for providing us with the private version
of FIRE which was crucial for our calculation.

Z
ddl

(2⇡)d
1

(2lp+ �)n1(l2)n2
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Expansion around the equal-mass limit; radiation is always soft. 3
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FIG. 2. The third-order coe�cient (see Eq. (4)) as a function
of ⇢ = mc/mb for di↵erent expansion depth in �.

1.014 is the leading electroweak correction [43] and mb

(mc) is the bottom (charm) pole mass. The one- and two-
loop results are available from Refs. [12–19]. The main
result of our calculation is X3. In the following we set all
colour factors to their numerical values. Furthermore, we
specify the number of massless quarks to 3 and take into
account closed charm and bottom loops. For µ = mb we
have

X3 =
X

n�5

x3,n�
n , (5)

with analytic coe�cients x3,n, which in general depend
on log(�). For illustration purposes we show explicit re-
sults only for the leading term x3,5. Our result reads

CFx3,5 =
533858

1215
�

20992a4
81

+
8744⇡2⇣3

135
�

6176⇣5
27

�
16376⇣3
135

�
2624l4

2

243
+

5344⇡2l2
2

1215
+

179552⇡2l2
405

�
39776⇡4

6075
�

1216402⇡2

3645
, (6)

where l2 = log(2), a4 = Li4(1/2) and ⇣n is the Riemann
zeta function. Analytic results up to �12 can be found in
the supplementary material to this Letter [44].

In Fig. 2 we show X3 as a function of ⇢ = 1 � � =
mc/mb where the di↵erent curves contain di↵erent ex-
pansion depths in �. One observes a rapid convergence
at the physical point for the b ! c decay which amounts
to ⇢ ⇡ 0.3. In particular, the curves including terms
up to �10, �11 or �12 are basically indistinguishable for
⇢ ⇡ 0.3 which leads to X3(⇢ = 0.28) = �68.4± 0.3,
where the uncertainty is obtained from the di↵erence of
the �11 and �12 expansion, multiplied by a security factor
of five.

For the numerical evaluation it is convenient to cast
Eq. (4) in the form

�(B ! Xc`⌫̄) = �0X0

2

41 +
X

n�1

⇣↵s

⇡

⌘n
Yn

3

5

Y1 Y rem

2 �0Y
�0
2

Y rem

3 �2

0Y
�2
0

3

mOS

b ,mOS

c �1.72 3.08 �16.17 48.8 �212.1

mkin

b ,mkin

c �0.94 0.33 �4.08 �5.4 �15.4

mkin

b ,mc(3 GeV) �1.67 �3.39 �3.85 �97.7 69.1

mkin

b ,mc(2 GeV) �1.25 �1.21 �2.43 �68.8 67.9

mb(mb),mc(3 GeV) 3.07 �21.81 35.17 �56.7 119.4

TABLE I. Numerical results for the coe�cients Yn in Eq. (7)
for various renormalization schemes.
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!
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with ↵s ⌘ ↵(4)

s (µs) as expansion parameter. In the fol-
lowing we discuss various renormalization schemes for
the charm and bottom quark masses, where �0 and X0

are evalutated using the respective numerical values. In
Tab. I we provide the corresponding results for the co-
e�cients Yn. At two and three-loop orders we split the
results into the large-�0 contribution and the remaining
term

Y2 = Y rem

2
+ �0Y

�0
2

,

Y3 = Y rem

3
+ �2

0
Y

�2
0

3
, (8)

with �0 = 11� 2/3nl = 9 where nl = 3 is the number of
massless quarks. Note that the uncertainty of Y3 due to
the expansion in � is of the same order of magnitude as
for X3 discussed above.

For the transition of the on-shell quark masses to the
MS scheme we use the three-loop formulae provided in
Refs. [45, 46]. Finite-mc e↵ects in the bottom mass rela-
tion are taken from Refs. [47]. The two- and three-loop
corrections to the transition from the on-shell to the ki-
netic scheme are provided in [48] and [38, 39], respec-
tively. Note that the transition to the kinetic scheme also
requires the renormalization of the parameters µ2

⇡ and
and ⇢3D, which enter the decay rate at order 1/m2

b and
1/m3

b , respectively. They receive additive contributions,
which enter Yi in Eq. (7) [49, 50]. The corresponding cor-
rections up to three-loop order can be found in [39]. Note
that we assume a heavy charm quark and thus we have
(nl = 3)-flavour QCD as starting point for the on-shell–
kinetic relations. We use the decoupling relation for ↵s

up to two-loop order to obtain expressions parameterized

in terms of ↵(4)

s . For the decoupling scale we use µs. It
has been shown in Ref. [39] that there are no additional
charm quark mass e↵ects in the kinetic-on-shell relation.
Note that our two-loop results for Y rem

2
di↵er from the

one of Ref. [2] due to finite charm quark mass e↵ects
in the relation between the kinetic and on-shell bottom
quark mass and the renormalization of µ2

⇡ and ⇢3D [39].
This leads to a shift of about �0.5% in the leading 1/mb

approximation of the decay rate and thus might have a
visible e↵ect on the value of |Vcb|.
For the numerical evaluation of the decay rate we use

the input values mOS

b = 4.7 GeV, mOS
c = 1.3 GeV,

(a) Leading power coe�cient. (b) Chromomagnetic operator coe�cient.
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Figure 2: Coe�cients of the di↵erential rate normalized to their value at r = 0 as a function of the
leptonic pair invariant mass squared r. The orange continuous line and the black dashed line stand
for coe�cients at LO and NLO, respectively.

NLO 1/m3

b corrections. The NLO 1/m3

b corrections represent around 1% of the total contribution
to the normalized moments. Again, we use for illustration the numerical values given in table 1.

Some specific values for the coe�cients of the (not yet normalized) moments at di↵erent q2
cut

are
given in table 2. We observe that the NLO 1/m3

b corrections represent around a 5% correction of
the LO 1/m3

b correction. We also see that for larger moments there is less sensitivity to q2
cut

.
Some specific values for the normalized moments are given in table 3
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quark mass using local operators defined in Heavy Quark E↵ective Theory (HQET) [38, 39] with
matching coe�cients Ci

Im T = �0
|Vcb|

2

✓
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2m2

b

+ CG
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2m2

b

+ CD
OD

4m3

b

+ CLS
OLS

4m3

b

◆
. (5)

The HQET operators Oi are listed below ordered by their mass dimension up to dimension six

O0 = h̄vhv (mass dimension three) , (6)

Ov = h̄vv · ⇡hv (mass dimension four) , (7)

O⇡ = h̄v⇡
2

?
hv (mass dimension five) , (8)

OG =
1

2
h̄v[�

µ, �⌫ ]⇡?µ⇡? ⌫hv (mass dimension five) , (9)

OD = h̄v[⇡?µ, [⇡
µ
?
, v · ⇡]]hv (mass dimension six) , (10)

OLS =
1

2
h̄v[�

µ, �⌫ ]{⇡?µ, [⇡? ⌫ , v · ⇡]}hv (mass dimension six) , (11)

where ⇡µ = iDµ = i@µ + gsAa
µT

a is the covariant derivative of QCD, ⇡µ = vµ(v⇡) + ⇡µ
?
and where

we have neglected operators which are of higher dimension on shell. Here the field hv is the HQET
field, whose dynamics is determined by the HQET Lagrangian [39].

It is convenient to choose the local operator b̄/vb defined in full QCD as the leading term of the
HQE in Eq. (5) instead of O0, since its forward matrix element with hadronic states is absolutely
normalized. The HQE of the operator b̄/vb reads

b̄/vb = O0 + C̃v
Ov

mb
+ C̃⇡

O⇡

2m2

b

+ C̃G
OG

2m2

b

+ C̃D
OD

4m3

b

+ C̃LS
OLS

4m3

b

, (12)

with the matching coe�cients C̃i being pure numbers. Eventually we use the equations of motion
(EOM) of the HQET Lagrangian to get rid of the operator Ov in Eq. (5).

Thus, the HQE for semileptonic weak decays is written as (e.g. [40])

�(B ! Xc`⌫̄`) = �0
|Vcb|

2


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+ CµG
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2m3

b

� C⇢LS

⇢3LS
2m3
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�
, (13)

where �0 = G2

Fm
5

b/(192⇡
3) and mb is the b-quark mass. The coe�cients Ci, i = 0, µ⇡, µG, ⇢D, ⇢LS

depend (in case of neglecting the lepton and light-quark masses) on the ratio ⇢ = m2

c/m
2

b , where mc

is the c-quark mass. Note that from reparametrization invariance C0 = Cµ⇡ and CµG = C⇢LS [9,41].
The parameters µ2

⇡, µ
2

G, ⇢
3

D and ⇢3LS are forward matrix elements of local operators usually called
the hadronic parameters of the HQE. The definition of these parameters in our calculation reads

hB(pB)|b̄/vb|B(pB)i = 2MB , (14)

�hB(pB)|O⇡|B(pB)i = 2MBµ
2

⇡ , (15)

cF (µ)hB(pB)|OG|B(pB)i = 2MBµ
2

G , (16)

�cD(µ)hB(pB)|OD|B(pB)i = 4MB⇢
3

D , (17)

�cS(µ)hB(pB)|OLS|B(pB)i = 4MB⇢
3

LS . (18)

where the forward matrix elements are taken over the physical state of the heavy meson or, theoreti-
cally, in full QCD [9]. The quantities cF (µ), cD(µ), and cS(µ) are matching coe�cients in the HQET
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merical analysis we identify the matching scale µ1 and
µb and µc, the renormalization scales at which mb and
mc are defined. We simultaneously vary µ1 = µb = µc

between 2.1 GeV and 8.4 GeV with a central scale
µ1 = 4.2 GeV. That is, z enters the coe�cients as
z̄ = (mc(µ1)/mb(µ1))2. The |�B| = 2 operators are
defined at the scale µ2 which has to be kept fixed, be-
cause the µ2 dependence only cancels in the products
of Hab(z) and eHab

S
(z) with their respective matrix ele-

ments. In our analysis we set µ2 = 4.75 GeV which is
the bottom quark pole mass mpole

b
obtained from mb(mb)

with two-loop accuracy. The terms of order ⇤QCD/mb in
�s

12 are only known to LO, so that the µ1-dependence of
these terms is non-negligible.

We now discuss the results for ��s/�Ms. In our three
schemes we have

��s

�Ms

=
⇣
3.79+0.53

�0.58scale
+0.09
�0.19scale, 1/mb

± 0.11
BB̃S

±0.781/mb
± 0.05input

�
⇥ 10�3 (pole) ,

��s

�Ms

=
⇣
4.33+0.23

�0.44scale
+0.09
�0.19scale, 1/mb

± 0.12
BB̃S

±0.781/mb
± 0.05input

�
⇥ 10�3 (MS) ,

��s

�Ms

=
⇣
4.20+0.36

�0.39scale
+0.09
�0.19scale, 1/mb

± 0.12
BB̃S

±0.781/mb
± 0.05input

�
⇥ 10�3 (PS) , (8)

where the subscripts indicate the source of the various
uncertainties. The dominant uncertainty comes from
the matrix elements of the power-suppressed corrections
(“1/mb”) [35, 39]) followed by the renormalization scale
uncertainty from the variation of µ1 in the leading-power
term (“scale”). The uncertainties from the leading-power
bag parameters (“BB̃S”) and from the scale variation in
the 1/mb piece (“scale, 1/mb”) are much smaller and the
variation of the remaining input parameters (“input”) is
of minor relevance.

In Fig. 3 we show the dependence of ��s/�Ms on
the simultaneously varied renormalization scales µ1 =
µb = µc for the MS and PS schemes. The small contri-
butions involving four-quark penguin operators are only
included at NLO in both the NLO and NNLO curves.
Dotted, dashed, and solid curves correspond to the LO,
NLO, and NNLO results, respectively. In both schemes
one observes a clear stabilization of the µ1 dependence
after including higher orders. Furthermore, we observe
that the NNLO predictions (solid lines) in both schemes
are close together which demonstrates the expected re-
duction of the scheme dependence. In the MS scheme we
observe that the LO and NLO curves intersect close to
the central scale. As a consequence the NLO corrections
are relatively small and the NNLO contributions are of
comparable size. Close to 9 GeV the NNLO contribution
is zero and the NLO corrections amount to about +21%.
At the same time the NNLO predictions for µ1 = 4.2 GeV
and µ1 = 9 GeV di↵er only by +5% and +9% in the
MS and PS schemes, respectively. Note that in the MS

� � � � � � � � џސ�� � թސ � խސ );3p*
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FIG. 3. Renormalization scale dependence at LO, NLO and
NNLO for the MS and PS scheme. The scale in the power-
suppressed terms is kept fixed. The gray band represents the
experimental result.

scheme the scale dependence of the leading-power term
drops from +0

�29% at NLO to +5
�10% at NNLO and is now

of the same order of magnitude as the ±6% experimental
error in Eq. (2). In the PS scheme the scale uncertainty
is of the same order of magnitude as in the MS scheme.
Note that the scheme dependence inferred from the MS
and PS central values in Eq. (8) is only 3%. Eq. (8)
clearly shows that one needs better results for the 1/mb

matrix elements. A meaningful lattice-continuum match-
ing calls for NLO corrections to the power-suppressed
terms, which will further reduce the uncertainty labeled
with “scale, 1/mb”.
For the pole scheme we only show the NNLO prediction

in Fig. 3. While we also see a relatively mild dependence
on µ1, the corresponding solid curve lies significantly be-
low the predictions in the MS and PS schemes. This
feature can be traced back to the large two-loop correc-
tions in the relation between the MS and the pole bottom
quark mass a↵ecting NNLO contributions as much as the
genuine NNLO corrections, underpinning the well-known
issues with quark pole masses [62–64]. For this reason we
recommend to not use the pole scheme for the prediction
of ��s.
The most precise prediction for ��s is obtained from

the results in Eq. (8) combined with the experimental re-
sult [65] �M

exp
s

= 17.7656 ± 0.0057 ps�1. Upon adding
the various uncertainties in quadrature, symmetrizing
the scale dependence and averaging the results from the
MS and PS schemes we obtain

��s = (0.076± 0.017) ps�1
. (9)

The comparison to Eq. (2) shows that the uncertainty is
only about a factor three bigger than from experiment
and dominated by the 1/mb corrections.
With our NNLO result for �q

12 we can also improve the
predictions for width di↵erence in the Bd � B̄d system
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uncertainties. The dominant uncertainty comes from
the matrix elements of the power-suppressed corrections
(“1/mb”) [35, 39]) followed by the renormalization scale
uncertainty from the variation of µ1 in the leading-power
term (“scale”). The uncertainties from the leading-power
bag parameters (“BB̃S”) and from the scale variation in
the 1/mb piece (“scale, 1/mb”) are much smaller and the
variation of the remaining input parameters (“input”) is
of minor relevance.

In Fig. 3 we show the dependence of ��s/�Ms on
the simultaneously varied renormalization scales µ1 =
µb = µc for the MS and PS schemes. The small contri-
butions involving four-quark penguin operators are only
included at NLO in both the NLO and NNLO curves.
Dotted, dashed, and solid curves correspond to the LO,
NLO, and NNLO results, respectively. In both schemes
one observes a clear stabilization of the µ1 dependence
after including higher orders. Furthermore, we observe
that the NNLO predictions (solid lines) in both schemes
are close together which demonstrates the expected re-
duction of the scheme dependence. In the MS scheme we
observe that the LO and NLO curves intersect close to
the central scale. As a consequence the NLO corrections
are relatively small and the NNLO contributions are of
comparable size. Close to 9 GeV the NNLO contribution
is zero and the NLO corrections amount to about +21%.
At the same time the NNLO predictions for µ1 = 4.2 GeV
and µ1 = 9 GeV di↵er only by +5% and +9% in the
MS and PS schemes, respectively. Note that in the MS
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FIG. 3. Renormalization scale dependence at LO, NLO and
NNLO for the MS and PS scheme. The scale in the power-
suppressed terms is kept fixed. The gray band represents the
experimental result.

scheme the scale dependence of the leading-power term
drops from +0

�29% at NLO to +5
�10% at NNLO and is now

of the same order of magnitude as the ±6% experimental
error in Eq. (2). In the PS scheme the scale uncertainty
is of the same order of magnitude as in the MS scheme.
Note that the scheme dependence inferred from the MS
and PS central values in Eq. (8) is only 3%. Eq. (8)
clearly shows that one needs better results for the 1/mb

matrix elements. A meaningful lattice-continuum match-
ing calls for NLO corrections to the power-suppressed
terms, which will further reduce the uncertainty labeled
with “scale, 1/mb”.
For the pole scheme we only show the NNLO prediction

in Fig. 3. While we also see a relatively mild dependence
on µ1, the corresponding solid curve lies significantly be-
low the predictions in the MS and PS schemes. This
feature can be traced back to the large two-loop correc-
tions in the relation between the MS and the pole bottom
quark mass a↵ecting NNLO contributions as much as the
genuine NNLO corrections, underpinning the well-known
issues with quark pole masses [62–64]. For this reason we
recommend to not use the pole scheme for the prediction
of ��s.
The most precise prediction for ��s is obtained from

the results in Eq. (8) combined with the experimental re-
sult [65] �M

exp
s

= 17.7656 ± 0.0057 ps�1. Upon adding
the various uncertainties in quadrature, symmetrizing
the scale dependence and averaging the results from the
MS and PS schemes we obtain

��s = (0.076± 0.017) ps�1
. (9)

The comparison to Eq. (2) shows that the uncertainty is
only about a factor three bigger than from experiment
and dominated by the 1/mb corrections.
With our NNLO result for �q

12 we can also improve the
predictions for width di↵erence in the Bd � B̄d system

2

chromomagnetic penguin operators [26–29], the corre-
sponding NNLO corrections (and NLO corrections in-
volving four-quark penguin operators) enhanced by the
number Nf of active quark flavours [30–32] as well as
NLO results with one current-current and one penguin
operator [33] or two penguin operators [34]. The lat-
ter paper also presents two-loop results with one or two
chromomagnetic penguin operators which are part of the
NNLO and N3LO contributions. (The four-quark pen-
guin operators Q3�6 have Wilson coe�cients which are
much smaller than those of Q1,2 and the chromomagnetic
penguin operator contributes with a suppression factor of
↵s.) The corrections of Refs. [30] and Refs. [33, 34] have
been calculated in an expansion in mc/mb to first and
second order, respectively. ��s/�Ms further involves
a well-computed ratio of two hadronic matrix elements
[35–37]. The contribution to �s

12 being sub-leading in
⇤QCD/mb is only known to LO of QCD [38] and the
hadronic matrix elements still have large errors [39].

Both the described perturbative contribution and the
power-suppressed term have theoretical uncertainties ex-
ceeding the experimental error in Eq. (2). In this Let-
ter we present NNLO QCD corrections to the numeri-
cally dominant contribution with two current-current op-
erators and reduce the perturbative uncertainty of the
leading-power term to the level of the experimental er-
ror.

Calculation. To obtain ��s/�Ms we use the known
two-loop QCD corrections to M

s

12 from Ref. [11]. It
is convenient to decompose �s

12 according to the CKM
structures

�s

12 = �(�s

c
)2�cc

12 � 2�s

c
�
s

u
�uc

12 � (�s

u
)2�uu

12 , (3)

where �
s

a
= V

⇤
as
Vab with a = u, c. �s

12 is obtained with
the help of a tower of e↵ective theories. In a first step
we construct a theory where all degrees of freedom heav-
ier than the bottom quark mass mb are integrated out
and the dynamical degrees of freedom are given by the
five lightest quarks and the gluons. We adopt the oper-
ator basis of the |�B| = 1 theory from Ref. [40]. The
matching to the Standard Model happens at the scale
µ0 ⇡ 2mW ⇡ mt(mt). Afterwards, renormalization
group running is used to obtain the couplings of the ef-
fective operators at the scale µ1 which is of the order
mb.

In a next step we perform a HQE which allows us to
write �s

12 as an expansion in 1/mb. At each order �s

12
is expressed as a sum of Wilson coe�cients multiplying
respective operator matrix elements. The latter has to
be computed using lattice gauge theory [35] or QCD sum
rules [36, 37]. To leading order in the 1/mb expansion we
have

�ab

12 =
G

2
F
m

2
b

24⇡MBs

h
H

ab(z)hBs|Q|B̄si+ eHab

S
(z)hBs|

eQS |B̄si

i

+O(⇤QCD/mb) , (4)

where ab 2 {cc, uc, uu}. GF is the Fermi constant and
MBs is the mass of the Bs meson. The main purpose

(a) (b)

(c) (d)

FIG. 1. Representative Feynman diagrams in the �B = 1
theory with f = u, d, s, c, b. Solid and curly lines represent
quarks and gluons, respectively. The (orange) blob indicates
an operator insertion.

(a) (b) (c)

FIG. 2. Representative Feynman diagrams in the �B = 2
theory. Solid and curly lines represent quarks and gluons,
respectively. The (blue) blob indicates an operator insertion.

of this Letter is the computation of the matching co-
e�cients H

ab and eHab

S
to next-to-next-to-leading order

(NNLO) in the strong coupling constant ↵s. They de-
pend on z = m

2
c
/m

2
b
. For the �B = 1 theory one distin-

guishes current-current and penguin operators. At lead-
ing and next-to-leading orders the current-current op-
erators provide about 90% of the total contribution to
�ab

12 [34]. Thus, in this work we restrict ourselves to the
current-current contributions.
For the calculation of the NNLO corrections one has to

overcome several challenges. First, it is necessary to per-
form a three-loop calculation of the amplitude bs̄ ! b̄s

in the �B = 1 theory. Sample Feynman diagrams are
shown in Fig. 1. In total about 20,000 three-loop di-
agrams have to be considered which requires an auto-
mated setup for the computation. In our case the com-
bination of qgraf [41], tapir [42] and q2e/exp [43, 44]
turned out to be useful. For the leading term in the
HQE we are allowed to set the momentum of the strange
quark to zero. Furthermore, we expand in the charm
quark mass up to second order,1 which reduces the in-
tegrals to on-shell two-point functions with external mo-
mentum q

2 = m
2
b
. The propagators inside the loop di-

agrams are either massless or carry the mass mb. We

1 Up to this order a naive Taylor expansion of the amplitude is
possible except for the fermionic corrections with a closed charm
quark loop. These contributions are taken over from Ref. [30, 31].

TTP22-030, P3H-22-051

The width di↵erence in the B�B̄ system at next-to-next-to-leading order of QCD
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We extend the theoretical prediction for the width di↵erence ��q in the mixing of neutral B
mesons in the Standard Model to next-to-next-to-leading order in ↵s. To this aim we calculate three-
loop diagrams with two |�B| = 1 current-current operators analytically. In the matching between
|�B| = 1 and |�B| = 2 e↵ective theories we regularize the infrared divergences dimensionally and
take into account all relevant evanescent operators. Further elements of the calculation are the
two-loop renormalization matrix Zij for the |�B| = 2 operators and the O(↵2

s) corrections to the
finite renormalization that ensures the 1/mb suppression of the operator R0 at two-loop order. Our
theoretical prediction reads ��s/�Ms = (4.33± 0.93) · 10�3 if expressed in terms of the bottom
mass in the MS scheme and ��s/�Ms = (4.20± 0.95) · 10�3 for the use of the potential-subtracted
mass. While the controversy on |Vcb| a↵ects both ��s and �Ms, the ratio ��s/�Ms is not a↵ected
by the uncertainty in |Vcb| .

Introduction. The weak interaction of the Standard
Model (SM) permits transitions between a neutral Bq

meson and its antiparticle B̄q, where q = d or s. The
corresponding transition amplitude is mediated by box
diagrams with W bosons and up-type quarks u, c, or t

on the internal lines. The time evolution of the two-state
system (|Bqi, |B̄qi) is governed by two hermitian 2⇥2 ma-
trices, the mass matrix M

q and the decay matrix �q. By
diagonalizing M

q
� i�q

/2 one finds the mass eigenstates
|B

q

L
i and |B

q

H
i expressed in terms of the flavour eigen-

states |Bqi, |B̄qi. The mass eigenstates di↵er in their
masses Mq

H,L
and decay widths �q

H,L
with “L” and “H”

denoting “light” and “heavy”. There are three observ-
ables, the mass and width di↵erences �Mq = M

q

H
�M

q

L

and ��s = �q

L
� �q

H
as well as the CP asymmetry in

flavor-specific decays, aqfs. Experimentally, �Mq is read
o↵ from the Bq�B̄q oscillation frequency, ��q is found by
measuring lifetimes in di↵erent decay modes, and a

q

fs is
usually measured through the time-dependent CP asym-
metry in semileptonic Bq decays. These observables are
related to the o↵-diagonal elements of Mq and �q as fol-
lows:

�Mq ' 2|Mq

12| ,
��q

�Mq

= �Re
�q

12

M
q

12

, a
q

fs = Im
�q

12

M
q

12

, (1)

with |��q| ' 2|�q

12|. M
q

12 is sensitive to new physics
mediated by particles with masses well beyond 100TeV.
On the contrary, �q

12, probes e↵ects of light new parti-
cles with feeble couplings to quarks (see e.g. Refs. [1, 2]).
While this is one motivation for a more precise SM predic-
tion of �q

12, a better knowledge of �q

12 will also help to re-
veal new physics in M

q

12: Inclusive and exclusive semilep-
tonic B decays give di↵erent values for the element |Vcb|

of the Cabibbo-Kobayashi-Maskawa (CKM) matrix and

⇤ gerlach.marvin@protonmail.com
† ulrich.nierste@kit.edu
‡ v.shtabovenko@kit.edu
§ matthias.steinhauser@kit.edu

this contoversy inflicts an O(15%) uncertainty onto the
overall CKM factor (VtbV

⇤
tq
)2 of Mq

12. This uncertainty
drops out from the ratio ��q/�Mq in Eq. (1) and also
the 4% error from the hadronic matrix element in M

q

12
largely cancels. The measurements of LHCb [3], CMS [4],
ATLAS [5], CDF [6], and DØ [7] combine to

��exp
s

= (0.082± 0.005) ps�1[8] , (2)

while ��exp
d

is still consistent with zero. The precise
value in Eq. (2) calls for a better SM prediction of ��s,
which is the topic of this Letter. We specify to q = s

from now on.
At one-loop level the SM predictions for �s

12 is calcu-
lated from the dispersive part of the Bs $ B̄s amplitude.
One must therefore only consider diagrams with light in-
ternal u, c quarks; i.e. diagrams with one or two t quarks
only contribute to M

s

12. To properly accomodate strong
interaction e↵ects associated with di↵erent energy scales
one employs two operator product expansions (OPE). In
the first step one matches the SM to an e↵ective theory
with |�B| = 1 operators [9], where B is the beauty quan-
tum number. The most important operators, i.e. those
with the largest coe�cients, are the current-current op-
erators Q1,2 describing tree-level b decays. The e↵ective
|�B| = 1 hamiltonian is known to next-to-leading (NLO)
[10–12] and next-to-next-to-leading order (NNLO) [13–
15] of Quantum Chromodynamics (QCD). The OPE em-
ployed in the second step of the calculation is the Heavy
Quark Expansion (HQE) [16–24] (cf. also [25] for a re-
view), which expresses the Bs $ B̄s transition amplitude
as a series in ⇤QCD/mb, where ⇤QCD ⇠ 400MeV is the
fundamental scale of QCD and mb is the b quark mass.
The HQE involves local |�B| = 2 operators; to find the
corresponding Wilson coe�cients one must calculate the
�B = 2 amplitude in both the |�B| = 1 and |�B| = 2
theories to the desired order in ↵s.
The state of the art is as follows: QCD corrections to

�s

12 are only known for the leading term of the ⇤QCD/mb

expansion (“leading power”). These include NLO QCD
corrections to the contributions with current-current and
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Uncertainty of the theoretical result is still a factor 3 
larger than the result of the experimental measurement.
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is neither unique nor meaningful for the expansion of the LCDA to infinite order in our basis – it is critical, however,
for the rate of convergence. We preemptively point out that our choice reproduces the popular exponential model at
trivial order, i.e., a0 = 1 and ak>0 = 0 for some value of !0. Thus one can view our parametrisation as a systematic
extension of the exponential model. Via Eq. (9) our choice for r(⌧, µ0) leads to simple expressions for the dual LCDA,
see below. With this – as one of the central results of our paper – we obtain the following parametrization of the
B-meson LCDA in position space,

�̃+(⌧ ;µ0) =
(1� y(⌧))2

4

KX

k=0

ak(µ0) (y(⌧))
k

=
1

(1 + i!0⌧)2

KX

k=0

ak(µ0)

✓
i!0⌧ � 1

i!0⌧ + 1

◆k

,

(36)

which reflects an expansion in the point ⌧ = �i/!0. It is to be emphasized that our parametrization does not aim to
cover the singular behavior of the LCDA in the local limit ⌧ ! 0. Actually, as can be seen from Eq. (36), the values
of �̃(⌧) and all of its derivatives are finite at ⌧ = 0 for any finite value of the truncation K, which in turn implies
the existence of all non-negative moments h!n

i in momentum space. Nevertheless – as we will show in Section IV –
the parametrization can be used at small but finite values |⌧0| ⇠ 1/µ0 ⌧ 1/!0 to implement the constraints from the
local OPE on �̃+(⌧, µ0) [25]. In this way, we can also mimic the “radiative tail” for intermediate values ! ⇠ µ0 � !0

of the B-meson LCDA in momentum space [12]. Moreover, as we show below, we can consistently include the RG
evolution within the framework of our parametrization by suitably adjusting the coe�cients ak(µ) and the function
r(⌧, µ).

A. LCDA in Dual Space and Logarithmic Moments

In dual space our parametrization proposed in Eq. (36) translates via Eq. (9) to

⌘+(s;µ0) = e
�s!0

KX

k=0

(�1)k ak(µ0)

1 + k
L

(1)
k (2!0s) , (37)

where L(1)
k are the associated Laguerre polynomials. The expansion coe�cients can be obtained from the orthogonality

of the Laguerre polynomials resulting in the projection

ak(µ0) = 4 (�1)k !0

1Z

0

ds (!0s) e
�s!0 L

(1)
k (2!0s) ⌘+(s;µ0) . (38)

The expression for the integral � reads

2!0 �[r](µ0) =
KX

k=0

|ak|
2 = 2!0

Z 1

0
ds

 
!

2
0 |s⌘+(s;µ0)|

2 +

����
d

ds
(s⌘+(s;µ0))

����
2
!

⌘ 2!0

Z 1

0
ds

Z 1

0
ds

0 �
s
0
⌘
⇤
+(s

0;µ0)
�
R[⌘](s

0
, s) (s⌘+(s;µ0)) , (39)

with the corresponding integral transform of our default choice of |r(⌧ ;µ0)|2,

R[⌘](s
0
, s) = !

2
0 �(s� s

0)� �
00(s� s

0) . (40)

The generating function for the logarithmic moments can be expressed as

F[⌘+](t;µ0, µm) =
�(1� t)

!0

✓
µ̂m

!0

◆�t KX

k=0

ak 2F1(�k, 1 + t; 2; 2) . (41)

This result can be obtained using Cauchy’s residue theorem, where poles of higher order result in derivatives of the
integrand, which can be expressed in terms of binomial coe�cients. The hypergeometric function with negative first
argument simplifies to polynomials in t of nth order,

2F1(0, 1 + t; 2; 2) = 1 , 2F1(�1, 1 + t; 2; 2) = �t , 2F1(�2, 1 + t; 2; 2) =
1

3

�
1 + 2t2

�
, etc. , (42)
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evolution within the framework of our parametrization by suitably adjusting the coe�cients ak(µ) and the function
r(⌧, µ).

A. LCDA in Dual Space and Logarithmic Moments

In dual space our parametrization proposed in Eq. (36) translates via Eq. (9) to

⌘+(s;µ0) = e
�s!0

KX

k=0

(�1)k ak(µ0)

1 + k
L

(1)
k (2!0s) , (37)

where L(1)
k are the associated Laguerre polynomials. The expansion coe�cients can be obtained from the orthogonality

of the Laguerre polynomials resulting in the projection

ak(µ0) = 4 (�1)k !0

1Z

0

ds (!0s) e
�s!0 L

(1)
k (2!0s) ⌘+(s;µ0) . (38)

The expression for the integral � reads

2!0 �[r](µ0) =
KX

k=0

|ak|
2 = 2!0

Z 1

0
ds

 
!

2
0 |s⌘+(s;µ0)|

2 +

����
d

ds
(s⌘+(s;µ0))

����
2
!

⌘ 2!0

Z 1

0
ds

Z 1

0
ds

0 �
s
0
⌘
⇤
+(s

0;µ0)
�
R[⌘](s

0
, s) (s⌘+(s;µ0)) , (39)

with the corresponding integral transform of our default choice of |r(⌧ ;µ0)|2,

R[⌘](s
0
, s) = !

2
0 �(s� s

0)� �
00(s� s

0) . (40)

The generating function for the logarithmic moments can be expressed as

F[⌘+](t;µ0, µm) =
�(1� t)

!0

✓
µ̂m

!0

◆�t KX

k=0

ak 2F1(�k, 1 + t; 2; 2) . (41)

This result can be obtained using Cauchy’s residue theorem, where poles of higher order result in derivatives of the
integrand, which can be expressed in terms of binomial coe�cients. The hypergeometric function with negative first
argument simplifies to polynomials in t of nth order,

2F1(0, 1 + t; 2; 2) = 1 , 2F1(�1, 1 + t; 2; 2) = �t , 2F1(�2, 1 + t; 2; 2) =
1

3

�
1 + 2t2

�
, etc. , (42)
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describe the low-momentum behavior. In Section III we introduce our novel parametrization for the B-meson LCDA
�̃+(⌧) in position space. Starting from a conformal transformation ⌧ 7! y, which maps the real ⌧ axis onto the unit
circle in the complex y-plane, we construct a Taylor expansion in the variable y, where the Taylor coe�cients are
constrained by an integral bound. We translate our parametrization to the so-called “dual” space and to momentum
space. In both cases, this results in an expansion in terms of associated Laguerre polynomials. We also provide
expressions for the logarithmic moments and discuss di↵erent options to implement the e↵ect of the RG evolution.
Moreover, we briefly discuss how to generalize our formalism to higher-twist LCDAs, restricting ourselves to the
Wandzura-Wilczek limit. Our parametrization is generic enough to capture the features of a variety of benchmark
models discussed in the literature. This is illustrated in Section IV where we study the convergence properties of our
expansion for four examples of such models. To set the stage for future phenomenological applications, in Section V,
we perform numerical fits on the basis of two pseudo-observables that are expected to be well constrained by future
data on the photo-leptonic B ! �`⌫ decay. In addition, we show how including theoretical information from the local
operator product expansion (OPE) yields further constraints of the expansion coe�cients in phenomenological fits.
We conclude in Section VI and provide some additional formulas in two appendices.

II. PREREQUISITES

The leading-twist1 LCDA of the B-meson is be defined as the matrix element of a light-cone operator in HQET
normalized to the matrix element of the corresponding local operator [11]:

�̃+(⌧ ;µ) =
h0|q̄(⌧n) [⌧n, 0] /n�5 hv(0)|B(v)i

h0|q̄(0) /n�5 hv(0)|B(v)i
. (1)

Here nµ is a light-like vector with n
2 = 0, and the gauge link [⌧n, 0] appears as a straight Wilson line that renders the

definition of �̃+(⌧) gauge invariant in QCD. The B-meson moves with velocity v
µ. For simplicity we are considering

a frame with v · n = 1. The limit mb ! 1 has already been taken in HQET. Hence, �̃+ does not depend on the
heavy-quark mass mb. The mb-dependence of physical amplitudes is contained in short-distance coe�cient functions
that multiply the LCDA, e.g., in QCD factorization calculations.

A. Mathematical Properties

In position space, the LCDA fulfills the following three properties. They have previously been discussed, e.g., in
Ref. [20]:

P1: �̃+(⌧) is analytic in the lower complex half plane Im ⌧ < 0.

P2: �̃+(⌧) is analytic on the real ⌧ axis, except for a single point ⌧ = 0 where it has a logarithmic singularity of
measure zero, with a branch cut extending along the positive imaginary axis. Hence �̃+(⌧) is Lebesque-integrable
with

lim
✏!0+

1�i✏Z

�1�i✏

d⌧ �̃+(⌧, µ) = 0 (2)

P3: �̃+(⌧) can be analytically continued from the lower complex half plane onto the real ⌧ axis almost everywhere
(i.e. in all points except for a null set).

In the following we assume that the Fourier transform exists,

�+(!;µ) =

+1�i✏Z

�1�i✏

d⌧

2⇡
e
i!⌧

�̃+(⌧ ;µ) . (3)

1 The notion of twist has to be modified for the discussion of light-cone operators in HQET; see Ref. [19].
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It follows from the properties P1 to P3 and the Paley-Wiener theorem [21, theorem 7.2.4] that �̃+(⌧) is the holo-
morphic Fourier transform of a function �+(!),

�̃+(⌧ ;µ) =

Z 1

0
d! e

�i!⌧
�+(!;µ) , (4)

and that �+(!) 2 L
2 on the support [0,1). Plancherel’s theorem then provides that both �̃+(⌧) and �+(!) are

square-integrable on the entire real ⌧ axis and the positive ! axis, respectively, and their two-norms coincide:

Z +1

�1

d⌧

2⇡

���̃+(⌧)
��2 =

Z 1

0
d!

���+(!)
��2 < 1 . (5)

As consequence, the inner product exists in both the ! space and the ⌧ space.

We further assume that �+(!;µ) / ! for ! ! 0 at large renormalization scales µ � ⇤had. This is supported by
the asymptotic behavior due to approximate conformal symmetry within the twist expansion [22]. From this assumed
behavior at ! = 0 one further property follows:

P4: The position space LCDA must asymptotically fall o↵ at least as fast as 1/⌧2:

0  lim
⌧!1

���⌧2
�̃(⌧)

��� < 1 . (6)

In QCD factorization theorems, the momentum-space argument ! = n · l represents the light-cone projection of the
light spectator-quark momentum l

µ in the B-meson. We remark that the support of the matrix element in Eq. (1) is
di↵erent from the corresponding expressions for a light pseudoscalar meson, due to the di↵erent analytic properties
of the heavy-quark propagator in HQET compared to a light-quark propagator in full QCD. As a consequence,
! 2 [0,1).

B. Renormalization and Eigenfunctions

The B-meson LCDA �+(!) can be expanded in terms of a continuous set of eigenfunctions of the one-loop
renormalization-group (RG) equation, which can be expressed through Bessel functions of the first kind [14, 15].
Following the convention of Ref. [15] one has2

�+(!, µ) =

Z 1

0
ds

p
!s J1(2

p
!s) ⌘+(s, µ)

, s ⌘+(s;µ) =

Z 1

0

d!

!

p
!s J1(2

p
!s)�+(!;µ) .

(7)

The notation for the function ⌘+(s) is related to the function ⇢+(!0) as defined in Ref. [14] via the relation

s ⌘+(s;µ) = ⇢+(!
0 = 1/s;µ) . (8)

In this work we use the notation of Ref. [15]. For convenience we also quote the relation between the dual-space
LCDA and the position-space LCDA, see also Ref. [14],

s ⌘+(s;µ) =

Z
d⌧

2⇡

⇣
1� e

�is/⌧
⌘
�̃+(⌧ ;µ)

, �̃+(⌧ ;µ) = �
1

⌧2

Z 1

0
ds e

is
⌧ s ⌘+(s;µ) .

(9)

2 The transformations in Eq. (7) imply that the momentum-space LCDA �+(!, µ) grows linearly in ! for small momenta, and its dual
⌘+(s, µ) goes to a constant at s ! 0.
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position-space LCDA �̃+(⌧, µ0) =
1

(1 + i!0⌧)2

KX

k=0

ak(µ0)

✓
i!0⌧ � 1
i!0⌧ + 1

◆k

momentum-space LCDA �+(!, µ0) =
! e�!/!0

!2
0

KX

k=0

ak(µ0)
1

1 + k
L(1)

k (2!/!0)

dual-space LCDA ⌘+(s, µ0) = e�s!0

KX

k=0

ak(µ0)
(�1)k

1 + k
L(1)

k (2!0s)

generating function F[⌘+](t; µ0, µm) =
�(1 � t)

!0

✓
µ̂m

!0

◆�t KX

k=0

ak(µ0) 2F1(�k, 1 + t, 2, 2)

inverse moment ��1
B (µ0) =

1
!0

KX

k=0

ak(µ0)
1 + (�1)k

2 (1 + k)
(only even k)

logarithmic moment �B(µ0) = � ln ⇠ � 1
⇠

KX

k=0

ak(µ0)


d
dt

2F1(�k, 1 + t; 2; 2)

�

t=0

(only odd k)

derivative at ! = 0 �0
+(0, µ0) =

1
!2

0

KX

k=0

ak(µ0)

TABLE I. Summary of representations and pseudo observables connected to the leading-twist B-meson LCDA within our
proposed parametrization at the low-energy reference scale µ0. Here L(1)

k are associated Laguerre polynomials, and ⇠ = !0/�B .

VI. CONCLUSION AND OUTLOOK

We have proposed a novel systematic parametrization of the leading-twist B-meson light-cone distribution ampli-
tude (LCDA) in position space. At the center of our derivation is the Taylor expansion of the LCDA in a conveniently
chosen variable y, which arises from the conformal transformation in Eq. (28). The coe�cients of that expansion
obey an integral bound Eq. (34), which provides qualitative control of the truncation error of the expansion, with
the numerical value of the bound presently unknown. Our parametrization yields simple expressions for a variety of
quantities connected to the LCDA, including its logarithmic moments and a set of “pseudo-observables” describing
the low-momentum behavior. For convenience we summarize the resulting formulas for the most important functions
in Table I. We have also discussed three di↵erent approaches to implement the renormalization-group (RG) evolution
of the LCDA and its derived quantities within our framework. We have identified one approach that allows a com-
putationally e�cient implementation in future phenomenological analyses.

We have performed detailed numerical studies to show that our parametrization can successfully reproduce di↵erent
benchmark models, including non-trivial features like the ”radiative tail” at large light-cone momentum. Furthermore,
we have illustrated the power of our approach to combine di↵erent types of phenomenological and theoretical con-
straints. This is achieved through matching our parametrization to hypothetical values of two “pseudo-observables”
in Eq. (95) that are expected to be constrained by future experimental data on the photo-leptonic B ! �`⌫ decay.
Moreover, we have shown that theoretical constraints on the expansion parameters from the local operator product
expansion (OPE) can be implemented at small but finite light-cone separation in a natural and straight-forward
manner. We have used this to define a new renormalization scheme Eq. (114) for the mass parameter in heavy-quark
e↵ective theory (HQET), which resembles the so-called “DA-scheme” that has been introduced by Lee and Neubert
from the consideration of “cut-o↵” moments.

Our framework is general enough to allow theoretical refinements in the future. First, it can be applied to higher-
twist LCDA of the B-meson, as we have briefly discussed for the Wandzura-Wilczek part of the twist-three LCDA
��. Second, the available two-loop RG evolution can be implemented on the level of our truncated expansion. Third,
the OPE constraints from dimension-five HQET operators can be included as well. Finally, on the phenomenological
side, a future determination of the very value of the integral bound, e.g. from lattice QCD studies, would allow us to
quantify the truncation errors.

NOTE ADDED

During the final phase of this work, Ref. [32] appeared. Among others, it discusses a complementary approach to
parametrizing the leading B-meson LCDA, where the generating function Eq. (15) is expanded in t. The logarithmic

To assess the SU(3)fl symmetry violation, we note in passing that the ratio of the HQET decay
constants calculated from the sum rule (12):

FBs(µ = 1GeV)/FB(µ = 1GeV) = 1.16± 0.08 (46)

is in agreement with the analogous ratio fBs/fB obtained from the lattice QCD [9] and from the
sum rules in full QCD (see e.g., [11]). Hereafter, the errors of our predictions are estimated incor-
porating all individual uncertainties generated by a separate variation of each input parameter
within its adopted interval. This includes the parameters listed in Table 1 and the Borel interval
(44), whereas the value of the threshold !0(s) is adjusted each time for a given combination of
other inputs.

Quantity
⇥
�Bs(µ = 1 GeV)

⇤�1 ⇥
�B(µ = 1 GeV)

⇤�1

Perturbative contribution 1.34± 0.15 1.17± 0.05

Condensate contribution (model I) 0.66± 0.25 1.00± 0.24

Condensate contribution (model II) 1.23± 0.51 1.88± 0.56

total value (model I) 2.00± 0.29 2.17± 0.24

total value (model II) 2.57± 0.53 3.05± 0.56

Table 2: The QCD sum rule prediction for the inverse value of the Bs and B DA inverse moment
(in the units GeV�1).

Our numerical results are presented in Table 2, where the inverse values of �Bs and �B

obtained from the sum rule (33) are compared. The latter is in the same ballpark as in [19]
(see Eq. (38) there); the di↵erence is caused by the deviations of the input parameters, mainly
of the quark condensate density and �. The condensate contributions are of the same order as
the perturbative ones; note that the quark condensate contributions are also enhanced in the
correlation functions with heavy-light currents in full QCD. Here we are mainly interested in the
magnitude of the SU(3)fl symmetry violation. A comparison of separate contributions to the
sum rules for ��1

Bs
and �

�1

B shows that a ⇠ 15% decrease in the perturbative part is accompanied
by an up to ⇠ 30% increase in the condensate part. However, the accuracy of the latter estimate
su↵ers from the large uncertainty of the ratio of strange and nonstrange condensates. We treat
the di↵erence between the condensate contributions obtained with the two models of nonlocal
condensate as an approximate measure of the accuracy of the nonperturbative contributions.
Adding this di↵erence to the parametrical uncertainty in quadrature, we obtain the following
intervals for the inverse moments:

�Bs = 438± 150 MeV , �B = 383± 153 MeV . (47)

The previous result [19] �B = 460 ± 110 MeV is in agreement with our estimate. Note that
we estimate the uncertainties di↵erently and in a more conservative way. The ratio of the two
inverse moments that we predict:

�Bs

�B
= 1.19± 0.14 , (48)
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In the numerical analysis below, we will use the sum rule (12) and its counterpart for B-
meson to estimate the value of the continuum thresholds !0 and !0s. To this end, each sum rule
is di↵erentiated with respect to �1/⌧ and then divided by itself. In the resulting relations, the
dependence on the decay constants FB and FBs drops out, allowing us to fix !0 and !0s at a
certain adopted value of ⇤̄, whereas ⇤̄s is given by the relation (16).

Having revealed the scale of SU(3)fl symmetry violation in the decay constants of heavy-light
mesons, we anticipate the e↵ects to be in the same ballpark in more involved hadronic matrix
elements, such as the DAs of Bs-meson.

2.2 Sum rule for the inverse moment of Bs DA

The Bs-meson light-cone DA is defined as the hadronic matrix element of the bilocal operator
built of an e↵ective heavy-quark field hv with velocity v and a strange antiquark field s̄ located
at a lightlike separation:

h0|s̄(tn)i�5 6n[tn, 0]hv(0)|B̄s(v)i = FBs(µ)

1Z

0

dk e
�ikt

�
Bs
+
(k, µ) , (17)

with the lightlike gauge link

[tn, 0] ⌘ P exp

2

4ig
1Z

0

du nµA
µ(utn)

3

5 . (18)

Here nµ is the lightlike vector, n2 = 0, such that n · v = 1, and t is an arbitrary real valued
parameter. In Eq. (17) we used the general definition [1, 3] of the two-particle heavy-meson
DA (see e.g. eq. (17) in [8]) and projected it onto the leading, twist-2 DA component �Bs

+ (!),
multiplying both sides of this definition by (i�5 6 n) and taking the trace. Note that |B̄s(v)i is
the HQET state defined in Eq. (14). The variable k in (17) can be interpreted as the light-
cone projection of the light s-quark momentum. Due to non-vanishing ms, it is natural to
expect that for Bs this variable is limited from below by k = ms, hence in a realistic model,
�
Bs
+ (k, µ) ⇠ ✓(k � ms). However, here we will not dwell on reproducing the shape of the Bs-

meson DA. Instead, we concentrate on our main task, that is, to obtain a sum rule estimate for
the inverse moment defined as:

�
�1

B(s)
(µ) =

1Z

0

dk

k
�
B(s)

+ (k, µ) . (19)

To achieve the goal, we largely follow the method used for the B-meson in [1] and upgraded
in [19] to include the gluon radiative corrections (see also the review [23]). At the same time,
we modify this method and obtain the sum rule directly for the inverse moment (19).

To this end, we introduce the following correlation function in HQET:

Ps(!, t) = i

Z
d
4
xe

�i! v·x
h0|T

�
s̄(tn)i�5 6n[tn, 0]hv(0)h̄v(x)i�5s(x)

 
|0i . (20)

6

(d)(c)

(b)(a)

(e)

x

0

tn

x

b

s

Figure 1: The diagrams contributing to the correlation function (20): (a) LO loop; (b) one of
the gluon radiative corrections; (c) quark condensate contribution in LO; (d) one of the gluon
radiative corrections to quark condensate; (e) quark-gluon condensate contributions. The double
line describes the heavy (b-quark) e↵ective field, the point at x corresponds to the pseudoscalar
interpolating current, the dashed interval connecting the points 0 and tn on the light-cone
indicates the bilocal operator interpolating the meson DA. All possible diagrams at O(↵s) can
be found in [19].

of the radiative gluon corrections to this term of OPE is shown in Fig. 1 (d). In addition, both
diagrams in Figs 1 (c,e) contribute to the quark-gluon condensate term. Similar to the sum rule
(12), the SU(3)fl violation reveals itself by the ms 6= 0 and hs̄si 6= hūui e↵ects, respectively, in
the perturbative and condensate parts of the OPE (25).

The perturbative part is represented in a form of a dispersion integral in the variable !
0:

P
(pert)

s (!, t) =
1

⇡

1Z

ms

d!
0 ImP

(pert)

s (!, t)

!0 � !
. (26)

Note that the lower limit of the integration is equal to the threshold of the quark loop with
ms 6= 0 in HQET (cf. the LO term in Eq. (12)). Using the relation (26) in Eq. (25) and
performing Borel transformation, we equate the result to Eq. (24):

1

2

⇥
FBs(µ)]

2
e
�⇤̄s/⌧

1Z

0

dk e
�ikt

�
Bs
+
(k, µ) + · · · =

1

⇡

1Z

ms

d!
0
e
�!0/⌧ ImP

(pert)

s (!0
, t) + P

(cond)

s (⌧, t) . (27)

Applying the quark-hadron duality approximation, we equate the sum of contributions on l.h.s.
located above the Bs pole to the part of the integral on r.h.s. above the threshold !0s which is
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we modify this method and obtain the sum rule directly for the inverse moment (19).

To this end, we introduce the following correlation function in HQET:

Ps(!, t) = i

Z
d
4
xe

�i! v·x
h0|T

�
s̄(tn)i�5 6n[tn, 0]hv(0)h̄v(x)i�5s(x)

 
|0i . (20)
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Project C2b: Exclusive non-leptonic and rare   b-decays

Channel

CP asymmetries

Channel

CP asymmetries
in percent in percent

Experimental Theoretical Experimental Theoretical

B
� ! ⇡

0
⇡
� 3± 4 5.45+22.02

�20.60 B
� ! ⌘⇡

� �14± 7 �11.37+14.49
�26.90

B
� ! K

0
K

� 4± 14 18.82+36.93
�30.83 B

� ! ⌘
0
⇡
� 6± 16 4.71+59.79

�57.97

B̄
0 ! ⇡

+
⇡
� 32± 4 35.01+3.19

�22.29 B̄s ! ⌘K
0

< 0.1 0.10+0.00
�100.07

B̄
0 ! ⇡

0
⇡
0 33± 22 �10.58+40.69

�89.40 B̄s ! ⌘
0
K

0 Not available �0.58+100.57
�79.58

B̄
0 ! K

0
K̄

0 �60± 70 �6.88+85.39
�81.37 B

� ! ⌘K
� �37± 8 �42.23+42.23

�16.00

B̄s ! ⇡
�
K

+ 22.1± 1.5 20.84+2.39
�2.57 B

� ! ⌘
0
K

� 0.4± 1.1 0.63+3.98
�4.30

B
� ! ⇡

0
K

� 3.7± 2.1 3.72+7.19
�4.35 B̄

0 ! ⌘K
0 Not available �0.01+40.07

�0.02

B
� ! ⇡

�
K

0 �1.7± 1.6 �1.08+1.76
�2.32 B̄

0 ! ⌘
0
K

0 �6± 4 0.03+4.82
�11.69

B̄
0 ! ⇡

+
K

� �8.3± 0.4 �8.38+8.38
�1.01 B̄

0 ! ⌘⇡
0 Not available �27.39+127.11

�72.58

B̄
0 ! ⇡

0
K̄

0 0± 13 �0.97+19.35
�3.20 B̄

0 ! ⌘
0
⇡
0 Not available �43.67+143.63

�56.33

B̄s ! K
+
K

� �14± 11 �10.58+10.58
�3.60 B̄s ! ⌘⇡

0 Not available 0.88+94.98
�98.70

B̄s ! ⇡
+
⇡
� Not available 17.56+11.84

�38.25 B̄s ! ⌘
0
⇡
0 Not available 1.57+77.56

�95.66

B̄s ! ⇡
0
⇡
0 Not available 17.56+11.84

�38.25 B̄
0 ! ⌘⌘ Not available 3.46+96.50

�103.45

B̄s ! K
0
K̄

0 Not available 0.31+5.07
�4.59 B̄s ! ⌘⌘ Not available 14.29+76.81

�113.09

B̄
0 ! K

+
K

� Not available �78.45+161.99
�20.78 B̄

0 ! ⌘
0
⌘
0 Not available 42.41+57.55

�142.41

B̄s ! ⇡
0
K

0 Not available 13.74+29.49
�113.73 B̄s ! ⌘

0
⌘
0 Not available �2.05+15.29

�13.44

B̄
0 ! ⌘

0
⌘ Not available �12.32+112.32

�87.67

B̄s ! ⌘
0
⌘ Not available 3.43+96.36

�103.22

Table 5: Experimental input and fit results for B ! PP CP asymmetries.
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Results of the fit to decay amplitudes under the assumption of 
SU(3)F symmetry.

Huber, Tetlalmatzi-Xolocotzi

Figure 1: Left: Tree-level exchange of a hard photon between the collinear and anti-collinear
leptons. Right: One-loop graph that contributes to the amplitude at the double-logarithmic
level (in Feynman gauge). We find it convenient to display this diagram with a twisted
electron line, such that all (anti-)collinear external momenta are on the (left) right side of
the diagram.

amplitude reads

M
(0) =

4⇡↵em

t

⇥
ū(e)(p̄)�⌫u(e)(p)

⇤ ⇥
ū(µ)(p)�⌫u

(µ)(p̄)
⇤
. (2.7)

In each Dirac string the matrix �⌫ is sandwiched between a collinear and an anti-collinear
spinor. At leading power in �, the equations of motion imply that only the perpendicular

component �µ
? = �µ

�
/n�
2 nµ

+ �
/n+

2 nµ
� contributes,

M
(0) =

4⇡↵em

�s

⇥
ū(e)

⇠̄
�⌫
?u

(e)
⇠

⇤ ⇥
ū(µ)
⇠ �?⌫u

(µ)

⇠̄

⇤
+O(�) , (2.8)

and the tree-level amplitude can be expressed in terms of a single Dirac structure. Here
u⇠ and u⇠̄ denote the large components of the respective on-shell spinors of collinear
and anti-collinear particles in the large-energy limit, which fulfill the equations of motion
/n�u⇠ = 0 = /n+u⇠̄. Performing a Fierz transformation, we can write

⇥
ū(e)
⇠̄
�⌫
?u

(e)
⇠

⇤ ⇥
ū(µ)
⇠ �?⌫u

(µ)

⇠̄

⇤
= �2

⇥
ū(e)

⇠̄

/n�
2
PR u(µ)

⇠̄

⇤ ⇥
ū(µ)
⇠

/n+

2
PR u(e)

⇠

⇤
+ (R $ L) , (2.9)

where PL,R = 1
2(1 ⌥ �5) are the usual chiral projection operators. This expression shows

that the chiralities of the leptons are conserved and decouple,

M
(0)(e�µ�

! e�µ�) = M
(0)(e�Rµ

�
R ! e�Rµ

�
R) +M

(0)(e�Lµ
�
L ! e�Lµ

�
L) +O(�) , (2.10)

as expected in the high-energy limit.
Radiative corrections generate a form factor that multiplies the tree-level amplitude

M
(0), but they also induce another helicity-flipping Dirac structure

fM =
4⇡↵em

�s

⇣⇥
ū(e)

⇠̄
u(e)
⇠

⇤ ⇥
ū(µ)
⇠ u(µ)

⇠̄

⇤
�
⇥
ū(e)

⇠̄
�5u

(e)
⇠

⇤ ⇥
ū(µ)
⇠ �5u

(µ)

⇠̄

⇤⌘

=
4⇡↵em

�s

⇣
2
⇥
ū(e)
⇠̄

/n�
2
PR u(µ)

⇠̄

⇤ ⇥
ū(µ)
⇠

/n+

2
PL u

(e)
⇠

⇤
+ (R $ L)

⌘
, (2.11)
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This corresponds to the situation in which the longitudinal components of the lepton mo-
menta are strongly ordered (see also [27, 28]),

m2

p
s
⇡ n+p̄ ⌧ n+k1 ⌧ . . . ⌧ n+kn ⌧ n+p ⇡

p
s ,

m2

p
s
⇡ n�p ⌧ n�kn ⌧ . . . ⌧ n�k1 ⌧ n�p̄ ⇡

p
s . (2.24)

Focusing again on the double-logarithmic contribution, one can simplify the numerator as
before to reduce the ladder diagram with n rungs to a simpler scalar integral,

F (n)
1 (�) ' (�16i⇡2)n(�s)

Z
ddk1
(2⇡)d

. . .
ddkn
(2⇡)d

1

k2
1 �m2

. . .
1

k2
n �m2

⇥
1

(p̄� k1)2
1

(k1 � k2)2
. . .

1

(kn�1 � kn)2
1

(kn � p)2
, (2.25)

which in fact also holds at tree level with F (0)
1 (�) = (�s)/(p� p̄)2 = 1+O(�). The double

logarithms of the backward-scattering amplitude are thus entirely contained in a simpler set
of scalar integrals, depicted in Fig. 2, which provides a well-defined template for studying
the problem of endpoint singularities in SCET by means of a method-of-regions analysis. In
fact, although in a di↵erent physical context, precisely these integrals were studied before
in [26].

Due to the eikonal structure (2.23) of the photon propagators, the integrals over the
perpendicular components can again be performed trivially, which yields a contribution
associated with the discontinuity of each lepton propagator. In terms of the dimensionless
variables xi = n+ki/

p
s and yi = n�ki/

p
s, the resulting factors ✓

�
(n+ki)(n�ki) � m2

�

furthermore combine with the phase-space constraints from (2.24) to the following repre-
sentation

F (n)
1 (�) '

Z
dx1

x1

Z
dy1
y1

. . .

Z
dxn

xn

Z
dyn
yn

✓(x1y1 � �2) . . . ✓(xnyn � �2)

⇥ ✓(1� y1) ✓(y1 � y2) . . . ✓(yn � �2) ✓(1� xn) ✓(xn � xn�1) . . . ✓(x1 � �2)

=

Z 1

�2

dx1

x1

Z 1

x1

dx2

x2
. . .

Z 1

xn�1

dxn

xn

Z 1

�2/x1

dy1
y1

Z y1

�2/x2

dy2
y2

. . .

Z yn�1

�2/xn

dyn
yn

. (2.26)

For any given n, these integrals can be performed explicitly, which yields the simple result

F (n)
1 (�) '

1

n!(n+ 1)!
ln2n �2 . (2.27)

Therefore we obtain for the resummed expression

F1(�) =
1X

n=0

⇣↵em

2⇡

⌘n

F (n)
1 (�) '

1X

n=0

�
↵em
2⇡ ln2 �2

�n

n!(n+ 1)!
=

I1
⇣
2
q

↵em
2⇡ ln2 �2

⌘

q
↵em
2⇡ ln2 �2

, (2.28)
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Figure 5: Refactorization of the endpoint contribution to the collinear functions at O(↵em).

contribution to the collinear functions is entirely captured in Feynman gauge by the last
diagram in Fig. 4. In the endpoint region with x = O(�), this diagram can be refactorized
in the form illustrated in Fig. 5. The goal of the present section consists in deriving the
precise form of this refactorization condition, and in proving that the same jet and soft
functions that were defined in Sec. 3.2 arise in this context. To this end, we proceed in
close analogy to the discussion of the soft contribution to the factorization theorem from
the previous section. Specifically, we reconsider the collinear matrix element in the limit
x ! 0 in SCET-1, where the endpoint configuration is produced via subleading Lagrangian
insertions, similar to the mechanism shown in Fig. 3,

Z
d⌧ e�ix⌧n+p

⌦
µ�(p)

�� �̄(µ)
c (⌧n+)

/n+

2
PR �

(e)
c (0)

��e�(p)
↵ x!0

��!

Z
d⌧ e�ix⌧n+p (4.1)

⌦
µ�(p)

��T
⇢⇥
 ̄(µ)
s S̄n+

⇤
(⌧n+)

/n+

2
PR

⇥
S†
n+
 (e)
s

⇤
(0), i

Z
ddx1 L

(1/2)
q⇠ (x1), i

Z
ddx2 L

(1/2)
⇠q (x2)

���e�(p)
↵
.

By following exactly the same steps that were used in the previous section, one finds that
the endpoint contribution to the collinear functions can be refactorized in the form6

fc(x ! 0) =

Z
dx0

x0

Z
d⇢

⇢
Jhc

�
⇢x0(n+p)

� h
fc(x

0)S
�
⇢, x(n+p)

�
+ efc(x0) eS

�
⇢, x(n+p)

�i
,

efc(x ! 0) =

Z
dx0

x0

Z
d⇢

⇢
Jhc

�
⇢x0(n+p)

� h efc(x0)S
�
⇢, x(n+p)

�
+ fc(x

0) eS
�
⇢, x(n+p)

�i
,

(4.2)

which holds for the bare functions, up to contributions which vanish at least linearly in
the limit x ! 0. We recall that a Fierz transformation was applied in the derivations in
Sec. 3.2, and the refactorization conditions are therefore in general modified by evanescent
operators, which we do not include in this work. Analogous expressions can be derived for
the anti-collinear functions fc̄(y) and efc̄(y) in the limit y ! 0.

The above refactorization conditions, which are a key result of our paper, have an
interesting structure. First of all, they can be diagonalized by switching from the helicity

6
There is a subtle point hidden in our notation, namely the soft functions inherit the rapidity regulator

that has been expanded for n+k � n�k in the collinear region, and it therefore does not correspond to the

one that is implied by the definition of the soft functions in (3.18) and (3.19). But apart from this point,

one obtains exactly the same functions and we decided not to introduce a new notation for these objects.
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�2 =
s

m2
µ
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Project C3a: New sources of flavour violation at high transverse momentum

Acaroglu, Blanke
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Figure 3.3: Constraints on the final states tt̄ + /ET , tt + /ET and t̄t̄ + /ET obtained from [35].
The area under the curve is excluded.

interest jj + /ET and tops+ /ET are directly addressed in that analysis, and cross section limits
are provided in tabular form. Note that the results of [35] are not distinctive with respect to
the charge of the final state top quarks.

In order to recast the experimental limits we calculate the leading order (LO) signal cross
section using MadGraph 5 [36]. The simplified model is implemented in FeynRules [37] using
the Lagrangian in eq. (2.2). Note that for simplicity we assume a degenerate mass spectrum
for the DM triplet � and neglect the small mass splitting that was discussed in Section 2.3.
This approximation is justified as the mass splitting would only lead to additional soft decay
products that are di�cult to detect and therefore do not qualitatively influence the results
of this analysis [17]. As we are primarily interested in the constraints that the LHC searches
impose on the mass parameters m� and m�, we set the mixing angles and phases in the
coupling matrix � to zero. Non-zero mixing angles tend to reduce the branching ratio of a
given flavour-conserving final state in comparison to the case with vanishing mixing angles,
and therefore lead to a smaller signal cross section. We also assume D1 = D2 for simplicity.

In Figure 3.3 we show the exclusion contours resulting from the final state tops + /ET in the
m� � m� plane, obtained by recasting the cross section limits of [35]. The value of D3 is fixed
whereas D1 = D2 is varied. In Figure 3.3a the excluded region shrinks with growing couplings
D1 = D2. This is due to the fact that increasing the couplings to up and charm quarks reduces
the branching ratio of the mediator � decaying into final states with top flavour.

At the same time a growing coupling D1 enhances the t-channel production process. In
Figure 3.3b one can see that due to this reason for couplings D1 > 0.5 the excluded area
grows for increasing values of D1 = D2. Note that in this case contributions of the t-channel
production of � proportional to �2 grow larger than the QCD contributions to the overall
cross section. In particular, a large coupling D1 also enhances the production of the same
sign final state tt + /ET , enhanced by the PDFs of two up quarks in the initial state. This
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dimension-seven and dimension-eight operators given above and is thus highly suppressed by
the new physics scale m�. Only in the resonance region with a mass splitting of at most 10%
between m� and m� the limits become relevant and force the couplings to lie in the range
�̃i3  2.0.

We conclude that the direct detection constraints are less stringent than the ones considered
in the previous sections and can even be completely evaded over large parts of the parame-
ter space. Due to the Majorana nature of � they are mostly dominated by spin-dependent
scattering.

7 Combined Analysis

In this section we combine our previous results by analysing the validity of our model within
the context of all constraints imposed simultaneously. The remaining allowed regions will then
yield a global picture of the viable parameter space. We further use this section to analyse the
flavour of the DM particle.

7.1 Combined Constraints

The results of the combined application of all constraints are shown in Figure 7.1 and Figure
7.2. Note that the LHC constraints are considered in form of the choices for the masses m�

and m�. In both freeze-out scenarios the allowed parameter space is mainly determined by the
flavour and relic density constraints. The structure of the coupling matrix � is also restricted
by the choice of the freeze-out scenario, as the hierarchy in � drives the mass splittings between
the dark flavours �i.

(a) |�̃t3| � |�̃u3| plane (b) |�̃c3| � |�̃u3| plane

Figure 7.1: Viable couplings |�̃i3| for m� = 350GeV and varying m� within the context of
all constraints in the SFF scenario.
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Direct LHC constraints LHC, cosmological, flavour constraints lead 
to significantly reduce the parameter space of 
possible couplings’ values. 

Principal investigator:  Blanke, Krämer, Mühlleitner*
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In this addendum to Ref. [1], we update our results to include the recent measurement of R(D)
and R(D⇤) by the Belle Collaboration [2]: R(D)Belle = 0.307 ± 0.037 ± 0.016 and R(D⇤)Belle =
0.283±0.018±0.014, resulting in the new HFLAV fit result R(D) = 0.340± 0.027± 0.013, R(D⇤) =
0.295± 0.011± 0.008, exhibiting a 3.1� tension with the Standard Model. We present the new
fit results and update all figures, including the relevant new collider constraints. The updated
prediction for R(⇤c) from our sum rule reads R(⇤c) = RSM(⇤c) (1.15± 0.04) = 0.38± 0.01± 0.01.
We also comment on theoretical predictions for the fragmentation function fc of b ! Bc and their
implication on the constraint from Bu/c ! ⌧⌫ data.

In this Addendum, we present an update of our ar-
ticle [1] in which we studied the impact of polarization
observables and the bound on BR(Bc ! ⌧⌫) on new
physics explanations of the b ! c⌧⌫ anomaly.

Our updated results incorporate the new experimen-
tal results for R(D) and R(D⇤) measured by the Belle
Collaboration [2]:

R(D)Belle = 0.307 ± 0.037 ± 0.016 ,

R(D⇤)Belle = 0.283 ± 0.018 ± 0.014 .
(1)

The first quoted error is statistical and the second one is
systematic. The new measurement is consistent with the
Standard Model (SM) predictions [3]

RSM(D) = 0.299 ± 0.003 ,

RSM(D⇤) = 0.258 ± 0.005
(2)

at the 0.2 � and 1.1 � level, respectively.
Combining this with the previous measurements pre-

sented by the BaBar, Belle, and LHCb collaborations
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FIG. 1. The green ellipse shows the result of the new mea-
surement by the Belle Collaboration [2], while the red ellipse
shows the new world average. The SM predictions are repre-
sented by the black bars. Figure taken from Ref. [3].

in Refs. [4–12], the HFLAV Collaboration [3] has deter-
mined the averages

R(D) = 0.340 ± 0.027 ± 0.013 ,

R(D⇤) = 0.295 ± 0.011 ± 0.008 ,
(3)

with an R(D)–R(D⇤) correlation of �0.38. The new
world averages deviate from the SM at 1.4 � [R(D)], 2.5 �
[R(D⇤)], and 3.1 � [R(D)–R(D⇤) combination] [3]. This
situation is shown in Fig. 1.
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Including all four observables R(D), R(D⇤), P⌧ (D⇤)
and FL(D⇤),#1 we find the new p-value of the two-sided
test for the SM

p-valueSM ⇠ 0.1 %, (4)

which corresponds to a 3.3 � tension, where we neglect
the SM uncertainty. Note that our choice of the form fac-
tors was explained in Ref. [1], and we obtain the following
central values of the SM predictions:

RSM(D) = 0.301 , RSM(D⇤) = 0.254 ,

P⌧,SM(D) = 0.32 , P⌧,SM(D⇤) = �0.49 ,

FL,SM(D⇤) = 0.46 , RSM(⇤c) = 0.33 .

(5)

All our fit results are based on these numbers.#2

The authors of Ref. [15] deduced the stringent con-
straint BR(Bc ! ⌧⌫) < 10% from data on a mixed sam-
ple of B�

c ! ⌧⌫⌧ and B� ! ⌧⌫ candidate events taken
at the Z peak in the LEP experiment. To this end, the
fragmentation function fc of b ! B�

c has been extracted
from data accumulated at hadron colliders. For asymp-
totically large values of the transverse b momentum pT ,
fragmentation functions are numbers which are indepen-
dent of the kinematical variables and the b production
mechanism. In Ref. [1], we pointed out that hadron col-
lider data exhibit a sizable pT dependence and pointed to
production mechanisms beyond fragmentation (see also
Ref. [16]). In Fig. 1 of Ref. [15], fc/fu was extracted
from CMS and LHCb data. Using the world average of
the b ! B� fragmentation function fu = 0.404(6) [17],
we find that the result of Ref. [15] implies

2.1 ⇥ 10�3 . fc . 4.4 ⇥ 10�3 . (6)

If one instead uses a calculation of B�
c production on

the Z peak at e+e� colliders employing nonrelativistic
quantum chromodynamics (NRQCD) at next-to-leading
order [18, 19] (see also Ref. [20]), one finds

fc ⇠ 3 ⇥ 10�4 , (7)

with essentially the same estimate for b ! B⇤
c
� fragmen-

tation. If one further assumes that B⇤
c
� decays into final

states with B�
c with a branching ratio of 1,#3 then fc

e↵ectively changes to

fc ⇠ 6 ⇥ 10�4 . (8)

Therefore by comparing Eqs. (6) and (8), we conclude
that the constraint on BR(Bc ! ⌧⌫) derived in Ref. [15]

#1
The impact of the FL(D⇤

) measurement on new physics in b !
c⌧⌫ was previously considered in [13, 14].

#2
On the other hand, based on the SM predictions in Eq. (2),

we obtain p-valueSM ⇠ 0.2% corresponding to a 3.1� tension

instead of Eq. (4).
#3

While Bc(2S)� and B⇤
c (2S)

�
have been observed through a

transition of B
(⇤)
c (2S)� ! B

(⇤)
c

�⇡+⇡�
[21–23], no B⇤

c
�

has

been detected yet.

is too stringent by a factor of 3 to 4. Taking into account
the intrinsic uncertainties of the NRQCD calculation, the
Z peak data cannot rule out our most conservative sce-
nario which permits BR(Bc ! ⌧⌫) to be as large as 60%.

Tables I and II update the respective tables in Ref. [1],
showing the numerical results of the fit in the various
one- (1D) and two-dimensional (2D) scenarios for the
Wilson coe�cients. The corresponding plots are shown
in Figs. 2 and 3. In all cases, the best-fit points moved
closer to the SM, with the biggest change being in the
one-dimensional scalar scenarios. In the CR

S scenario,
the best-fit point is hence no longer in tension with the
aggressive BR(Bc ! ⌧⌫) < 10% bound.

The most general and powerful collider constraint on
the b ! c⌧⌫ operators comes from high-pT tails in mono-
⌧ searches. Reference [24] investigated the constraints on
the e↵ective field theory (EFT) operators mediating b !
c⌧⌫. This EFT analysis is valid for certain leptoquark
models if the leptoquarks are su�ciently heavy.#4 The
resulting 2 � upper bounds from the current collider data
are [24]

��CL
V

�� < 0.32 ,
���CL(R)

S

��� < 0.57 , |CT | < 0.16 , (9)

at the scale µ = mb. In Fig. 3, we apply these collider
bounds to the four two-dimensional scenarios, where we
assume that interference between two di↵erent operators
is suppressed. Note that in contrast to our findings in
Ref. [1], the best-fit points in the complex CL

S = 4CT

scenario are no longer in tension with the collider con-
straints. Scenarios with color-singlet s-channel media-
tors, like a charged scalar, require model-dependent stud-
ies beyond the EFT framework, see e. g. Ref. [27, 28].
Hence, for the (CR

S , CL
S ) scenario originating from the

exchange of a charged Higgs boson, the collider bound
is valid only in the heavy-mass limit, and we therefore
indicate it by a dashed line.

Figure 4 shows the prediction for R(⇤c) in the four
two-dimensional scenarios, as functions of R(D) and
R(D⇤), respectively. In Ref. [1], we obtained a sum rule

R(⇤c)

RSM(⇤c)
' 0.262

R(D)

RSM(D)
+ 0.738

R(D⇤)

RSM(D⇤)
. (10)

The decrease in R(D(⇤)) implied by the new Belle mea-
surement leads to a decreased prediction for R(⇤c)
through our sum rule [1]

R(⇤c) = RSM(⇤c) (1.15 ± 0.04)

= 0.38 ± 0.01 ± 0.01 ,
(11)

where the first error arises from the experimental un-
certainty of R(D(⇤)), while the second error comes from

#4
Direct searches for leptoquarks coupled to third-generation

quarks constrain their masses to roughly mLQ > 1TeV [25, 26].

These direct collider bounds significantly depend on the branch-

ing fractions of the leptoquarks.

2

Including all four observables R(D), R(D⇤), P⌧ (D⇤)
and FL(D⇤),#1 we find the new p-value of the two-sided
test for the SM

p-valueSM ⇠ 0.1 %, (4)

which corresponds to a 3.3 � tension, where we neglect
the SM uncertainty. Note that our choice of the form fac-
tors was explained in Ref. [1], and we obtain the following
central values of the SM predictions:

RSM(D) = 0.301 , RSM(D⇤) = 0.254 ,

P⌧,SM(D) = 0.32 , P⌧,SM(D⇤) = �0.49 ,

FL,SM(D⇤) = 0.46 , RSM(⇤c) = 0.33 .

(5)

All our fit results are based on these numbers.#2

The authors of Ref. [15] deduced the stringent con-
straint BR(Bc ! ⌧⌫) < 10% from data on a mixed sam-
ple of B�

c ! ⌧⌫⌧ and B� ! ⌧⌫ candidate events taken
at the Z peak in the LEP experiment. To this end, the
fragmentation function fc of b ! B�

c has been extracted
from data accumulated at hadron colliders. For asymp-
totically large values of the transverse b momentum pT ,
fragmentation functions are numbers which are indepen-
dent of the kinematical variables and the b production
mechanism. In Ref. [1], we pointed out that hadron col-
lider data exhibit a sizable pT dependence and pointed to
production mechanisms beyond fragmentation (see also
Ref. [16]). In Fig. 1 of Ref. [15], fc/fu was extracted
from CMS and LHCb data. Using the world average of
the b ! B� fragmentation function fu = 0.404(6) [17],
we find that the result of Ref. [15] implies

2.1 ⇥ 10�3 . fc . 4.4 ⇥ 10�3 . (6)

If one instead uses a calculation of B�
c production on

the Z peak at e+e� colliders employing nonrelativistic
quantum chromodynamics (NRQCD) at next-to-leading
order [18, 19] (see also Ref. [20]), one finds

fc ⇠ 3 ⇥ 10�4 , (7)

with essentially the same estimate for b ! B⇤
c
� fragmen-

tation. If one further assumes that B⇤
c
� decays into final

states with B�
c with a branching ratio of 1,#3 then fc

e↵ectively changes to

fc ⇠ 6 ⇥ 10�4 . (8)

Therefore by comparing Eqs. (6) and (8), we conclude
that the constraint on BR(Bc ! ⌧⌫) derived in Ref. [15]

#1
The impact of the FL(D⇤

) measurement on new physics in b !
c⌧⌫ was previously considered in [13, 14].

#2
On the other hand, based on the SM predictions in Eq. (2),

we obtain p-valueSM ⇠ 0.2% corresponding to a 3.1� tension

instead of Eq. (4).
#3

While Bc(2S)� and B⇤
c (2S)

�
have been observed through a

transition of B
(⇤)
c (2S)� ! B

(⇤)
c

�⇡+⇡�
[21–23], no B⇤

c
�

has

been detected yet.

is too stringent by a factor of 3 to 4. Taking into account
the intrinsic uncertainties of the NRQCD calculation, the
Z peak data cannot rule out our most conservative sce-
nario which permits BR(Bc ! ⌧⌫) to be as large as 60%.

Tables I and II update the respective tables in Ref. [1],
showing the numerical results of the fit in the various
one- (1D) and two-dimensional (2D) scenarios for the
Wilson coe�cients. The corresponding plots are shown
in Figs. 2 and 3. In all cases, the best-fit points moved
closer to the SM, with the biggest change being in the
one-dimensional scalar scenarios. In the CR

S scenario,
the best-fit point is hence no longer in tension with the
aggressive BR(Bc ! ⌧⌫) < 10% bound.

The most general and powerful collider constraint on
the b ! c⌧⌫ operators comes from high-pT tails in mono-
⌧ searches. Reference [24] investigated the constraints on
the e↵ective field theory (EFT) operators mediating b !
c⌧⌫. This EFT analysis is valid for certain leptoquark
models if the leptoquarks are su�ciently heavy.#4 The
resulting 2 � upper bounds from the current collider data
are [24]

��CL
V

�� < 0.32 ,
���CL(R)

S

��� < 0.57 , |CT | < 0.16 , (9)

at the scale µ = mb. In Fig. 3, we apply these collider
bounds to the four two-dimensional scenarios, where we
assume that interference between two di↵erent operators
is suppressed. Note that in contrast to our findings in
Ref. [1], the best-fit points in the complex CL

S = 4CT

scenario are no longer in tension with the collider con-
straints. Scenarios with color-singlet s-channel media-
tors, like a charged scalar, require model-dependent stud-
ies beyond the EFT framework, see e. g. Ref. [27, 28].
Hence, for the (CR

S , CL
S ) scenario originating from the

exchange of a charged Higgs boson, the collider bound
is valid only in the heavy-mass limit, and we therefore
indicate it by a dashed line.

Figure 4 shows the prediction for R(⇤c) in the four
two-dimensional scenarios, as functions of R(D) and
R(D⇤), respectively. In Ref. [1], we obtained a sum rule

R(⇤c)

RSM(⇤c)
' 0.262

R(D)

RSM(D)
+ 0.738

R(D⇤)

RSM(D⇤)
. (10)

The decrease in R(D(⇤)) implied by the new Belle mea-
surement leads to a decreased prediction for R(⇤c)
through our sum rule [1]

R(⇤c) = RSM(⇤c) (1.15 ± 0.04)

= 0.38 ± 0.01 ± 0.01 ,
(11)

where the first error arises from the experimental un-
certainty of R(D(⇤)), while the second error comes from
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quarks constrain their masses to roughly mLQ > 1TeV [25, 26].

These direct collider bounds significantly depend on the branch-

ing fractions of the leptoquarks.

R(⇤c)exp = 0.24± 0.08
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FIG. 1. Contours of �0
b (red, solid) and �0

tb (black, dashed)
in the t� � s⇠ plane. We also indicate regions with di↵erent
values of mmax

H1
, which is the maximal mass for the tree-level

value of the lightest Higgs H1 allowed by NLO perturbativity.

the absence of new mass scales and perturbative unitar-
ity, cf. Eqs. (5)-(7), which allows to confirm or rule out
the model in the near future. In the following we discuss
indirect searches via precision measurements and direct
searches for the new additional Higgs states.

The SM-like measurements of Higgs coupling
strengths [16, 17] imply small values of s13 and s12,
i.e. a Higgs sector close to the alignment limit. Also
constraints from precision observables like neutral
meson mixing [18–20], B ! Xs� [21], and electric dipole
moments (EDMs) [22, 23] have considerable impact
on the parameter space, but do not exclude all of it.
Indeed in certain, non-trivial parameter ranges all heavy
Higgs couplings to fermions can be simultaneously
suppressed to a level that all observables are SM-like.
Still many precision observables can be close to their
current experimental limits, for example electron and
neutron EDMs can be as large as |de| = 10�29e cm and
|dn| = 3 · 10�26e cm, respectively. These regions will
be explored by several near-future experiments, like
nEDM [24, 25], n2EDM [26] and the eEDM experi-
ment by the ACME collaboration [23]. Thus precision
measurements will continue to probe the parameter
space from below, pushing up the limits on heavy Higgs
masses towards the unitarity limits in Eqs. (5) and (6).

Also present experimental data from direct Higgs
searches constrain significant portions of the parameter
space, but do not allow to exclude the entire scenario.
Actually it is quite easy to evade standard searches while
predicting sizable production cross sections for signatures
that have not been looked for so far, in particular those
that result from the dominance of flavor-violating Higgs
couplings. Indeed it follows from the bound in Eq. (19)
that the charged Higgs is guaranteed to have sizable cou-
plings to bottom and up-, charm- or top-quarks. As

charged Higgs couplings to gauge bosons are suppressed
in the alignment limit, while couplings to leptons are
bounded by the smallness of t� , the quark couplings typ-
ically dominate both production and decay. In the fol-
lowing we briefly discuss the resulting charged Higgs phe-
nomenology at the LHC, using the benchmark points in
Table I as an illustration. A much more detailed analy-
sis of the collider phenomenology will be presented else-
where. Because of the upper limit in Eq. (5), we are only
interested in the light mass range below 440 GeV, which
is typically more di�cult to probe at hadron colliders due
to large SM backgrounds.
The case of tb associated production and decay to tb,

pp ! tbH±(! tb), belongs to the standard charged
Higgs searches by CMS and ATLAS, cf. Refs. [27, 28]
and [29, 30] for 8 TeV and 13 TeV data, respectively.
These searches exclude signal strengths of O(1 pb) in
the relevant mass range. An exemplary benchmark point
close to exclusion is provided by BP1 in Table I. Charged
Higgs couplings to tb can be suppressed if couplings to
cb or/and ub are enhanced, which corresponds to fairly
unexplored signatures. The phenomenology of the case
of cb-dominance is extensively discussed in Ref. [31] (see
also Ref. [32]). Apart from larger production cross sec-
tions and possible charm tagging in charged Higgs de-
cays, the case of ub is quite similar to the one of cb, so
we will focus on these cases in the remaining discussion,
largely following Ref. [31]. A benchmark point with large
ub coupling is provided in Table I by BP2.

Starting with pp ! cbH±(! cb), this process can be
probed at the LHC by inclusive searches for low-mass
dijet resonances like Ref. [33], which however are not
yet sensitive to charged Higgs masses below 450 GeV.
Our scenario hopefully motivates further e↵orts to op-
timize future searches for resonances in multi-jet final
states going towards lower masses. For example, we find
benchmarks with (inclusive) production cross sections of
pp ! b(c)H± as large as O(nb), which are not excluded
by present data, see BP3.

The next possibility is pp ! cbH±(! tb), which is
represented by BP4. Despite the large production cross
sections of O(10 pb) (for the case of untagged charm
jets), experimental searches are hampered by the fact
that the jets from the associated b- and c-quarks typically
fall outside the trigger range for rapidity and transverse
momentum#2. Thus only searches for tb resonances can
be used, which at present focus on the heavy mass range
above 1 TeV (see e.g. Ref. [35]), and it is unclear whether
further data and optimization will probe masses as low
as 300 GeV.

Occasionally pp ! tbH±(! cb) can be the main pro-
duction and decay for charged Higgs masses that are close

#2
See however Ref. [34] for a recent study of the discovery potential

using associated b-jets.

pp ! tbH
+
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pp ! cbH
+
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2HDM with spontaneous CP-violation generically predicts 
large  couplings of a charged Higgs and  quarks.  Possible to 
test this mechanism of CP-violation by studying associated 
production of the charged Higgs bosons at the LHC:
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The first four years of the CRC !27

• Scientifically, the first funding period of the CRC was a sounding success. We produced many interesting, 
diverse results that had and continue to have  an impact on particle physics phenomenology. 

• Pandemic was a serious obstacle but, by and large,  we managed to minimize its impact.

• The focus of the CRC research program will remain the same. However new elements will be added to the 
research program — machine learning,  non-perturbative physics, lattice. 

• We hope that these changes  will make the research program of the CRC even more  diverse and interesting  
in the long run. 

Conclusions


