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Acoustic wave: Search (v, p) : Ω×D × [0,T ] → RD+1,

such that


ρ(ω)∂tv(ω)−∇p(ω) = f D × (0,T ]
∂tp(ω)− div (v(ω)) = g D × (0,T ]

v · n = 0 Γ × (0,T ]
v(0) = v0 D
p(0) = p0 D
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v · n = 0 Γ × (0,T ]
v(0) = v0 D
p(0) = p0 D

Determine: E[Q] :=
∫
Ω

Q(ω)dP ≈ M−1
M∑

m=1

Qℓ(y(m)) =: Q̂MC
ℓ,M
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Determine: E[Q] :=
∫
Ω

Q(ω)dP ≈ M−1
M∑

m=1

Qℓ(y(m)) =: Q̂MC
ℓ,M

Goal: Find combination of methods to minimize total error

errtotal = errinput + errdisc + errmodel + errsolve + errfloat + errbug + . . .
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v(0) = v0 D
p(0) = p0 D

Determine: E[Q] :=
∫
Ω

Q(ω)dP ≈ M−1
M∑

m=1

Qℓ(y(m)) =: Q̂MC
ℓ,M

Goal: Find combination of methods to minimize total error

errtotal = errinput + errdisc + errmodel + errsolve + errfloat + errbug + . . .

Constraint: Finite computational capacities (CPUs, time, memory)

⇒ Introduce budget for error minimization and utilize effective parallelization
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Assumptions: Let α, β, γ > 0 and

|E[Qℓ − Q]| ≲ hα
ℓ

V[Qℓ − Qℓ−1] ≲ hβ
ℓ

C
(
Qℓ(y(m))

)
≲ h−γℓ
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Idea: Telescoping sum with Y0 := Q0, Yℓ := Qℓ−Qℓ−1

E[QL] = E[Q0] +
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Multi-level Estimator:

Q̂MLMC
{Mℓ}L

ℓ=0
=

L∑
ℓ=0

ŶMC
ℓ,Mℓ

=
L∑
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ℓ
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{Mℓ}L

ℓ=0
=

L∑
ℓ=0

ŶMC
ℓ,Mℓ

=
L∑

ℓ=0

M−1
ℓ

Mℓ∑
m=1

Yℓ(y(m))

Epsilon-Cost Theorem: ∃ {Mℓ}L
ℓ=0, such that

errMSE =
L∑

ℓ=0

M−1
ℓ V[Yℓ] + (E[QL − Q])2 < ϵ2

and Tϵ := Cϵ ≲

{
ϵ−2 β > γ

ϵ−2−(γ−β)/α β < γ

M. Giles. Multilevel Monte Carlo path simulation. (2008)
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Goal: Replace accuracy ϵ by budget |P| · TB =: B > 0 measured in [B] = #CPU · hours
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Goal: Replace accuracy ϵ by budget |P| · TB =: B > 0 measured in [B] = #CPU · hours

Motivation:

Often no a priori knowledge about α, β and γ

P and TB have to be reserved for HPC

Empirical study of algorithms
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ℓ=0

M−1
ℓ V[Yℓ] + (E[QL − Q])2

such that
L∑

ℓ=0

Mℓ∑
m=1

Cℓ(y(m)) ≤ B

Conjecture: For a feasible and parallel execution, it is

ϵ ≲ (1 − λp) · T−δB︸ ︷︷ ︸
=:ϵs

+λp(|P| · TB)
−δ︸ ︷︷ ︸

=:ϵp

with δ ∈
{

1
2 ,

α
(2α+(γ−β))

}
and λp ∈ [0, 1].

Baumgarten et al. A Fully Parallelized and Budgeted MLMC Method. arXiv Preprint (2023)
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Dynamic Programming (DP):

Decomposition in overlapping subproblems

Solve subproblems with optimal strategy

Reutilization of preexisting results
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Dynamic Programming (DP):

Decomposition in overlapping subproblems

Solve subproblems with optimal strategy

Reutilization of preexisting results

⇒ Use DP for approximated knapsack problem
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data =
{
i 7→

{
erri, {Mi,ℓ}Li

ℓ=0, {Q̂i,ℓ}Li
ℓ=0, {Ĉi,ℓ}Li

ℓ=0, {Ŷi,ℓ}Li
ℓ=0, . . .

}}
function BMLMC(B0, {M init

0,ℓ}
L0
ℓ=0) :{

for ℓ = L0, . . . , 0 : ∆data0,ℓ ← MS-FEM(M init
0,ℓ,P)

data0 ← Welford(data−1,∆data0) return BMLMC(B0 −
∑L0

ℓ=0 Cℓ, η · err0)

function BMLMC(Bi, ϵi) :

if Bi ≈ 0 : return erri−1

if êrrdisc(datai−1) ≥
√

1− θϵi : Li ← Li + 1

if êrrinput(datai−1) ≥ θϵ2
i : M̂opt

i,ℓ ∼
⌈
(
√
θϵ)−2

√
s2
Yℓ
/Ĉℓ

⌉
for ℓ = Li, . . . , 0 : ∆Mi,ℓ ← max

{
M̂opt

i,ℓ − Mi−1,ℓ, 0
}

Ĉi ←
∑Li

ℓ=0 ∆Mi,ℓĈi−1,ℓ

if Ĉi = 0 : return BMLMC(Bi, η · ϵi)
if Ĉi > Bi : return BMLMC(Bi, 0.5 · (ϵi + ϵi−1))

for ℓ = Li, . . . , 0 : ∆datai,ℓ ← MS-FEM(∆Mi,ℓ,P)
datai ← Welford(datai−1,∆datai) return BMLMC(Bi −

∑Li
ℓ=0 Cℓ, ϵi)

M. Giles. Multilevel Monte Carlo methods. (2015)

Collier et al. A continuation multilevel Monte Carlo algorithm. (2015)
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ℓ=0, {Ĉi,ℓ}Li

ℓ=0, {Ŷi,ℓ}Li
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if êrrdisc(datai−1) ≥
√

1− θϵi : Li ← Li + 1
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if êrrdisc(datai−1) ≥
√

1− θϵi : Li ← Li + 1
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Problem: Approximate Mℓ-times a PDE on discretization level ℓ on a fixed set of CPUs P
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Problem: Approximate Mℓ-times a PDE on discretization level ℓ on a fixed set of CPUs P

1 < |P| ≤ Mℓ 1 < |P| & Mℓ = 1 1 < Mℓ < |P|

Minimize Communication: Search k ∈ N0, such that

2k ≤ |P|
Mℓ

< 2k+1 ⇒ P =

Mℓ⊔
m=1

P(m)
k with

∣∣∣P(m)
k

∣∣∣ = 2k
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1 < |P| ≤ Mℓ 1 < |P| & Mℓ = 1 1 < Mℓ < |P|

Minimize Communication: Search k ∈ N0, such that

2k ≤ |P|
Mℓ

< 2k+1 ⇒ P =

Mℓ⊔
m=1

P(m)
k with

∣∣∣P(m)
k

∣∣∣ = 2k

Define: Set of FE meshes

MP :=
{
M(m)
Pk

}Mℓ

m=1

MS-FEM: Search for representation of

(uℓ)
Mℓ
m=1 ∈

Mℓ∏
m=1

V (m)
ℓ

defined on MP
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Acoustic wave: Search (v, p) : Ω×D × [0,T ] → RD+1,

such that


ρ(ω)∂tv(ω)−∇p(ω) = f D × (0,T ]
∂tp(ω)− div (v(ω)) = g D × (0,T ]

v · n = 0 Γ × (0,T ]
v(0) = v0 D
p(0) = p0 D

Discontinuous Galerkin (dG): Search for (v, p)⊤ =: uℓ ∈ V dG
ℓ,p

Mℓ∂tuℓ + Aℓuℓ = bℓ and uℓ(0) = uℓ,0

Implicit midpoint-rule (IMPR): Solve for tn = nτℓ with τℓ = T/Nτ
ℓ(

Mℓ +
τℓ
2
Aℓ

)
uℓ(tn) =

(
Mℓ −

τℓ
2
Aℓ

)
uℓ(tn−1) + τℓbℓ(tn−1/2)

Circulant Embedding: Sample from log-normally distributed material density ρ
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Goal: Find combination of methods for minimal error

errtotal = errinput + errdisc + errmodel + errbug + . . .

under computational constraint
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Goal: Find combination of methods for minimal error

errtotal = errinput + errdisc + errmodel + errbug + . . .

under computational constraint

Default Budget: B = |P| · TB = 1024 · 6h
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Goal: Find combination of methods for minimal error

errtotal = errinput + errdisc + errmodel + errbug + . . .

under computational constraint

Default Budget: B = |P| · TB = 1024 · 6h

Automated High-Performance Computing:

Code verification

Model and method comparison

Data collection and postprocessing
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Covariance Function:

Cov(x1, x2) = σ2 exp

(
−
∥∥∥∥(x1 − x2

λ

)∥∥∥∥ν
2

)
with λ = 0.15, ν = 1.8 and σ ∈ {0.5, 0.75, 1.0}
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1st Experiment:

Solver parallelization vs. MS-FEM
with fixed B = 2048 · 6h

2nd Experiment:

Weak scaling measurement with
TB = 6h on |P| ∈ {128, 512, 2048}
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Conclusion:

Budgeted Multi-level Monte Carlo (BMLMC)
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Multi-Sample Finite Element Method (MS-FEM)

Acoustic Wave Simulations in Random Media
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Conclusion:

Budgeted Multi-level Monte Carlo (BMLMC)

Multi-Sample Finite Element Method (MS-FEM)

Acoustic Wave Simulations in Random Media

Further Work:

Other PDEs with various FE&UQ methods
N. Baumgarten. A Fully Parallelized and Budgeted Multi-level Monte Carlo Framework for Partial
Differential Equations: From Mathematical Theory to Automated Large-Scale Computations. (2023)

Baumgarten, Wieners. The parallel finite element system M++ with integrated multilevel
preconditioning and multilevel Monte Carlo methods. (2021)

FEM-Software M++ & Main Source of Talk
Wieners, Corallo, Schneiderhan, Stengel, Lindner, Rheinbay, Baumgarten. Mpp 3.3.0. (2023)

Baumgarten et al. A Fully Parallelized and Budgeted Multi-level Monte Carlo Method and the
Application to Acoustic Waves. arXiv Preprint (2023)
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In Progress / Outlook / Interests:

Interfaces: Umbridge & Ginkgo

(B)MLSC, (B)MLQMC, (B)MIMC

Implementation of ûL in Mpp 3.3.1

SGD/ADAM for Optimal Control

Bayesian Inverse UQ via SMC
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1st Experiment:

Polynomial degree p ∈ {1, 2, 3} of V dG
ℓ,p

2nd Experiment:

Diagonal implicit Runge-Kutta (DIRK)

Implicit midpoint-rule (IMPR)

Crank-Nicolson (CN)
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Weak Scaling Experiments:

Fixed time budget TB = 6h

Variable amount of processing units

|P| ∈
{

2−k |Pmax| : |Pmax| = 8192, k = 0, . . . , 7
}
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Fixed time budget TB = 6h

Variable amount of processing units

|P| ∈
{

2−k |Pmax| : |Pmax| = 8192, k = 0, . . . , 7
}

Reduction factor η ∈ {0.7, 0.8, 0.9} for ϵi := ηϵi−1
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Weak Scaling Experiments:

Fixed time budget TB = 6h

Variable amount of processing units

|P| ∈
{

2−k |Pmax| : |Pmax| = 8192, k = 0, . . . , 7
}

Reduction factor η ∈ {0.7, 0.8, 0.9} for ϵi := ηϵi−1

Assume λp is fixed for a fixed η, then

ϵ ≲ (1 − λp) · T−δB + λp(|P| · TB)
−δ

can be estimated with

êrrRMSE,k = êrrRMSE,s + êrrRMSE,p · 2k δ̂
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Welford’s Update Algorithm:
function Welford(dataA, dataB) :

MAB,ℓ ← MB,ℓ + MA,ℓ

δAB,ℓ ← Q̂B,ℓ − Q̂A,ℓ

Q̂AB,ℓ ← Q̂A,ℓ +
MB,ℓ

MAB,ℓ
δAB,ℓ

SQ2,AB,ℓ ← SQ2,A,ℓ + SQ2,B,ℓ +
MA,ℓMB,ℓ

MAB,ℓ
δ2

AB,ℓ

s2
QAB,ℓ

← (MAB,ℓ − 1)−1SQ2,AB,ℓ

return {MAB,ℓ, Q̂AB,ℓ, SQ2,AB,ℓ , . . . }
Li
ℓ=0
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MAB,ℓ ← MB,ℓ + MA,ℓ

δAB,ℓ ← Q̂B,ℓ − Q̂A,ℓ

Q̂AB,ℓ ← Q̂A,ℓ +
MB,ℓ

MAB,ℓ
δAB,ℓ

SQ2,AB,ℓ ← SQ2,A,ℓ + SQ2,B,ℓ +
MA,ℓMB,ℓ

MAB,ℓ
δ2

AB,ℓ

s2
QAB,ℓ

← (MAB,ℓ − 1)−1SQ2,AB,ℓ

return {MAB,ℓ, Q̂AB,ℓ, SQ2,AB,ℓ , . . . }
Li
ℓ=0

Reward Function: Compute with Welford’s Update Algorithm

∆errMSE : S ×A → R

with datai−1 ∈ S and {∆Mi,ℓ}Li

ℓ=0 ∈ A.
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Welford’s Update Algorithm:
function Welford(dataA, dataB) :

MAB,ℓ ← MB,ℓ + MA,ℓ

δAB,ℓ ← Q̂B,ℓ − Q̂A,ℓ

Q̂AB,ℓ ← Q̂A,ℓ +
MB,ℓ

MAB,ℓ
δAB,ℓ

SQ2,AB,ℓ ← SQ2,A,ℓ + SQ2,B,ℓ +
MA,ℓMB,ℓ

MAB,ℓ
δ2

AB,ℓ

s2
QAB,ℓ

← (MAB,ℓ − 1)−1SQ2,AB,ℓ

return {MAB,ℓ, Q̂AB,ℓ, SQ2,AB,ℓ , . . . }
Li
ℓ=0

Reward Function: Compute with Welford’s Update Algorithm

∆errMSE : S ×A → R

with datai−1 ∈ S and {∆Mi,ℓ}Li

ℓ=0 ∈ A.

Bellman Equation: Estimation of final MSE

êrrfinal
MSE = êrrinit

MSE − êrrMSE(Bi, ϵ0)

for η ∈ (0, 1) with

êrrMSE(Bi, ϵi) = max
{∆Mi,ℓ}Li

ℓ=0
s.t. Ĉi<Bi

{
∆errMSE(datai−1, {∆Mi,ℓ}Li

ℓ=0)

+ êrrMSE

(
Bi −

Li∑
ℓ=0

Ci,ℓ, η · ϵi
)}
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Recall: For a parallel BMLMC execution, it holds

ϵ ≲ (1 − λp) · T−δB︸ ︷︷ ︸
=:ϵs

+λp(|P| · TB)
−δ︸ ︷︷ ︸

=:ϵp

with δ ∈
{

1
2 ,

α
(2α+(γ−β))

}
and λp ∈ [0, 1].
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Recall: For a parallel BMLMC execution, it holds

ϵ ≲ (1 − λp) · T−δB︸ ︷︷ ︸
=:ϵs

+λp(|P| · TB)
−δ︸ ︷︷ ︸

=:ϵp

with δ ∈
{

1
2 ,

α
(2α+(γ−β))

}
and λp ∈ [0, 1].

Ansatz: Inverted ϵ-Cost for feasible execution

λp = 0 : ϵ ≲ T−δB = C−δϵ

λp = 1 : ϵ ≲ (|P| · TB)
−δ = C−δϵ
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Recall: For a parallel BMLMC execution, it holds

ϵ ≲ (1 − λp) · T−δB︸ ︷︷ ︸
=:ϵs

+λp(|P| · TB)
−δ︸ ︷︷ ︸

=:ϵp

with δ ∈
{

1
2 ,

α
(2α+(γ−β))

}
and λp ∈ [0, 1].

Ansatz: Inverted ϵ-Cost for feasible execution

λp = 0 : ϵ ≲ T−δB = C−δϵ

λp = 1 : ϵ ≲ (|P| · TB)
−δ = C−δϵ

Gustafson’s Law: Consider hypothetical speedup

S :=
Tϵ,s

Tϵ,p
=

λs + λp |P|−δ

λs + λp
= (1 − λp) + λp |P|−δ

Additional error reduction by utilizing |P| units

ϵ ≲ S · T−δB
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Recall: For a parallel BMLMC execution, it holds

ϵ ≲ (1 − λp) · T−δB︸ ︷︷ ︸
=:ϵs

+λp(|P| · TB)
−δ︸ ︷︷ ︸

=:ϵp

with δ ∈
{

1
2 ,

α
(2α+(γ−β))

}
and λp ∈ [0, 1].

Ansatz: Inverted ϵ-Cost for feasible execution

λp = 0 : ϵ ≲ T−δB = C−δϵ

λp = 1 : ϵ ≲ (|P| · TB)
−δ = C−δϵ

Gustafson’s Law: Consider hypothetical speedup

S :=
Tϵ,s

Tϵ,p
=

λs + λp |P|−δ

λs + λp
= (1 − λp) + λp |P|−δ

Additional error reduction by utilizing |P| units

ϵ ≲ S · T−δB

Algorithmic Requirements:

Large Li −→ FE parallelization

Large Mi,ℓ −→ Sample parallelization

Unknown Mi,ℓ −→ Dynamic load distribution

Usage of data −→ Distributed state machine
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