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Effective theory for B decays

O © - g 0

@ Mw, Mz, m, mg > my: integrate out heavy gauge bosons, ¢-quark, Higgs

o EffeCtiVe Weak Hamiltonian: [Buras,Buchalla,Lautenbacher'96; Chetyrkin,Misiak,Miinz'98]

1Gr .
Hess = pzl;f" Q7+ a0 +;CkQ" +he. @ Size of Wilson coeffcients

_ i _ i C1=-0.25 Cr = —0.30
Q7 = (dey*T*pr)(PryuTbr) Q1 = (dey"T°b1) Y (47 T"q)
QF = (dey"pr) (Prube) Qs = (dz7"7""b1) 2, (@07 709) ¢> =101 Cs =015
Qs = (JLv“bL) >, (@a) Qs = (Jm“v”v"T“bL) > @y Tq) |Cs,5.6] < 0.01 Co = 4.06
Qr = 167r2 my 51, 0 F" bR Qs = 16 Tz M SL 0, G" bR Cy = —0.08 Cio = —4.29
Qo = (517"b1) (Byut) Q1o = (5r7*br) (Lyv50) Ap = VipViu
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Inclusive B decays, generalities

@ Main tool for inclusive decays: Heavy Quark Expansion
[Khoze,Shifman, Voloshin,Bigi,Uraltsev, Vainshtein,Blok,Chay,Georgi,Grinstein,Luke,. . .’80s and '90s]

1 .
P(By = X) =5 — > / (2m)*6“ (01, — )| (X|Heys | Ba)l*
9 x JPS

1

@ Use optical theorem By — X) = 5
Bq

(B,|TB,) with T —Imi / 0T [Fleg (1) P s (0)]

@ Expand non-local double insertion of effective Hamiltonian in local operators

<OD 5) (Op=6)

I' = To(Op=3)+T2 +I's + ...
; mj
+167% |T's (Op=s) +T, (Op=r) +Ts (Op=s) +]
mj my my
2
@ Each term can be expanded in a perturbative series: r,=r"4> o Lap® (4 ) r® ...
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HQE expansion parameters

@ T'y: Decay of a free quark, known to O(a?)
@ T';: Vanishes due to Heavy Quark Symmetry
@ TwotermsinTs
o Kinetic energy pir: 2Mp 2 = —(B(v)|by(iD)?by| B(v))
o Chromomagnetic moment pug: 2Mgpi = —i(B(v)|byo, (iD*)(iD")b,| B(v))
@ Two more terms in I's
o Darwin term pp: 2Mpp} = —(B(v)|by(iD,) (7w D) (iD*)b,| B(v))

o Spin-orbit term prs: 2Mpp} g = —i(B(v)|byou (iD*)(ivD)(iD¥ )by | B(v))

@ At higher orders: proliferation of number of matrix elements

o Reparametrization invariance (RPI) allows to reduce number of independent terms
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Inclusive b — cfv to order 1/m;}

[Mannel,Milutin,Vos'23]

@ Investigate HQE parameters in b — cfv at O(1/mj3)

@ Identify 10 RPI parameters at O(1/m}) @ To estimate size of O(1/mj) and IC HQE
parameters, use LLSA

2mp Xt = (b, |(ivD), [(ivD), (iD,)] | [(ivD), (iD*)]b., .
[( ), [(wD), (iD )]] (D), (:D")lbe) @ For ¢*> moments, genuine 1/m; terms and IC

terms similar in size but of opposite sign
@ Concentrate on ¢*>-moments (also RPI) PP 9

2 2 22 ~3 ”
o= %(ogzm - 0.57% - 14@ —55P0 4 16L 5. 7T—G — 1. 7S—E
3

) wof.___ 1
M3 my my mj, w e

4 4 s g T |
+0.097°5 — 0.064°% — 24l&Pb 9X, +18& - 15X PR < 3
my my myHs my my ) ) ol

+6.5 X3 +091§—70&+80§+52ﬁ—44@+0047 XIC) "m;z—%

Total === g —— i i L Lo LEN |

@ Also include “intrinsic charm” terms
O(log(me/mp)/m3) and O(1/(mim?2)) (also RPI)
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Alternative Treatment of the Quark Mass in the HQE

[Boushmelev,Mannel,Vos'23]

@ Treatment of heavy quark mass crucial for

precision in heavy-hadron inclusive decays _ _ L
M(ma) =Y CP(m)(0), P ~ —

@ Various short-distance mass schemes on the — 5 Q
market
1/9 1/@2n) oo\ Y20
o Need to be extracted from other, me =g (Z Q) (E)

independent observables

@ Idea: Replace heavy quark mass and matrix @ Investigate for inclusive B — X, (v
elements by observables

. Gr|Vu Qmsoe
o E.g. inverse moments M,, of the cross (B = X.p) = %

ion for ~ — hadron 2
section for e"e™ — hadrons y <1+%bl+(ﬁ)2[b2+ﬂ0bl1n<%)]+...)
™ s mQ
M, = / 51 R
s s"
@ Hope: Later onset of asymptotic behaviour of
perturbative expansion

@ Have by = —2.4,b, = —21.3 and b2 /b, = 8.8
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Alternative Treatment of the Quark Mass in the HQE

[Boushmelev,Mannel,Vos'23]

@ Trade pole mass for inverse moments of R-ratio

c© 5/(2n)
T(B = Xulv) ~ (J\/nI )

2 2
x <1 T O (“—) [d;’” +dBoIn (%)] + >
s s mQ

n

1 2 3 4 5 6 7
d'P 1024 729 585 494 429 380 3.41
a? 7041 4945 39.69 3370 2952 2640 23.93

d?/dP | 687 679 678 681 689 695 7.03

@ In this case, convergence of the pertrurbative series not strongly improved
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Semileptonic B decays at NNLO in QCD

[Egner,Fael,Schénwald,Steinhauser'23]

@ NNLO corrections to semileptonic decay rate of B
mesons for arbitrary values of the final-state quark mass

@ Flow of the calculation

o Generate diagrams with qgraf o “

o Process further with tapir, exp and FORM to RoF | wod | e
(d) (e) ()

obtain scalar integrals

o UseKira, FireFly and ImproveMasters.m W—— W W

for reduction to 129 master integrals

o Check cancellation of gauge parameter &
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Semileptonic B decays at NNLO in QCD

[Egner,Fael,Schénwald,Steinhauser'23]

@ Solve master integrals with method of DE in p = m./my

@ For contributions with one massive quark
use DE in canonical form. Alphabet reads

_o1=? R U S C A
P Tyer T+ 0 1-01+2 1444

o Boundary condition from asymptotic expansions and
method of regions

o Analytic expressions in terms of iterated integrals

@ For three massive quarks in the final state
apply semi-analytic method

] EXpand DE about Sevel‘a| pOIntS in p S [0, 1] [see Steinhauser’s talk]

@ Results agree with available expansions for b — /v and
b — uly
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Semileptonic B decays at NNLO in QCD

[Egner,Fael,Schénwald,Steinhauser'23]

35
3.04
N . . 2.54
@ Results, e.g. charm-quark contribution in b — wfv
2.04
1.54
2 A2 1.0
(B — Xutp) = To|l+ (a—) CrTrX$ +...|+0O [ 2R
™ my 0.5
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
P
10t
;| X
- X
-y 1004
10°
0+ 102
< 1 S 104
10" 10
1024 T T T 10°®
0.0 0.2 0.4 0.6 0.8 1.0 103 102 101
» P
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Inclusive radiative decays




Inclusive B — X,y

@ One of the standard candles in the
search for NP in the quark flavour sector 'Yg

@ Flavour-changing neutral current process -
@ Dominant contribution is loop-induced N
o Indirectly sensitive to new particles

@ Plays a prominent role in global fits

@ Current CP- and isospin-averaged SM prediction vs.
measurement (for £, > 1.6 GeV)

BE.I;/[ == (340 :l: 017) X 10_4 [Misiak,Rehman,Steinhauser'20]

ByP =(3.49+£0.19) x 10°* [HFLAV,PDG23]
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Inclusive B — X,y

@ One of the standard candles in the
search for NP in the quark flavour sector 'Yg

@ Flavour-changing neutral current process -
@ Dominant contribution is loop-induced N
o Indirectly sensitive to new particles

@ Plays a prominent role in global fits

@ Current CP- and isospin-averaged SM prediction vs.

@ Error budget of SM prediction
measurement (for £, > 1.6 GeV)

o Interpolation in m.: +3%
BE.I;/[ = (340 + 017) X 10_4 [Misiak,Rehman, Steinhauser'20] o Unknown higher-order effects: +3%

BEP = (3.49 £ 0.19) x 10°* [HFLAV/PDG'23] o Input params. + non-pert. unc.: £2.5%
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Inclusive B — X

[Czaja,Czakon,Huber,Misiak,Niggetiedt,Rehman,Schénwald,Steinhauser'23]

@ Unrenormalized Q1 2 — Q~ interference contributions at O(a?) for physical value of m..

T XP _ G%‘aemmg,pole ViV 2 - C; C, Q..
(b= XIy) = i ViVe) __Zl i(10) G (o) G
,]=
2
v a0 4 % e (%) g 3
Gy = G+ 6Y+ (1) 67 +o@d)
A(2)bare A(2)2P ~(2)3P A(2)4P
G§7) = Gé7) +G§7) +Gg7)
R = AnGET ¢ AnGE
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Inclusive B — X

[Czaja,Czakon,Huber,Misiak,Niggetiedt,Rehman,Schénwald,Steinhauser'23]

@ Unrenormalized Q1 2 — Q~ interference contributions at O(a?) for physical value of m..

T XP _ G%‘aemmg,pole ViV 2 - C; C, Q..
(b= XIy) = i ViVe) __Zl i(10) G (o) G
,]=
2
v a0 4 % e (%) g 3
Gy = G+ 6Y+ (1) 67 +o@d)
A(2)bare A(2)2P ~(2)3P A(2)4P
G§7) = Gé7) +G§7) +Gg7)
R = AnGET ¢ AnGE
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Inclusive B — X,v

[Czaja,Czakon,Huber,Misiak,Niggetiedt,Rehman,Schénwald,Steinhauser’'23]

@ Calculation of AzoGS2*” and Ay G2*F
o Use cut-propagator approach and reverse unitarity

1 _ 1
p? —m2+ie  p?—m?—ic

—2mid(p® —m?) =

Generate ~ 200 four-loop propagator diagrams with QGRAF, FeynArts and in-house codes
o Perform Dirac algebra with FORM to obtain scalar integrals
o Reduce scalar integrals with Kira to 447 master integrals

o Solve master integrals using AMF1ow
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Inclusive B — X,

[Czaja,Czakon,Huber,Misiak,Niggetiedt,Rehman,Schénwald,Steinhauser’'23]

@ Results at z = m?2/m? = 0.04

NG (2 = 0.04)

0.181070  6.063805  34.087329
€

~ = > — 127.624515
€ €
(0.48;853 4.09:;615 - 10.98400 4) .
. (0.485853 4.1855427 1919 4053) .
(0.485853 . 4.1365795 196 47238> .
2P, o 368 736 — 324fy(z)
MG = Spa T T e
11472 92 5 8fo(2) +4f1(2)
P < 243 T 729" 3 +p(2)
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Inclusive B — X,v

[Czaja,Czakon,Huber,Misiak,Niggetiedt, Rehman,Schénwald,Steinhauser’'23]

@ Results at z = m?2/m? = 0.04

@ NLO functions fy(z) and f1(z) from

NG (= 0.04) ~ 0412070 3 6.0(2805 B 34.0867329 97624515

A(1)2P 92 2

(0.482853 | 4093615 10'984004) . Gr = —E+fo(2)+ef1(z)+(’)(e )
€ €
0.482853  4.185427
(752 — 1 19-194053) e o Known analytically
[Fael,Lange,Schonwald, Steinhauser'23]

(0.485853 N 4.1365795 N 19.647238> .

@ Numerical values at z = 0.04

AnCEP () = 3683 736 — 3242 fo(z)
243¢ 243¢ fo(z=0.04) ~ —6.371045
112 92 5 8fu(x) +4A(2)
p < 513 T 7397 3 +p(z) fi(z=0.04) ~ —18.545805
p(z=0.04) =~ 144.959811
o Agreement W|th pal'a||e| Ca|CU|ati0nS Whel'e app“cable [Greub,Asatrian,Saturnino,Wiegand'23; Fael,Lange,Schénwald,Steinhauser’23]
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Inclusive B — X,

[Fael,Lange,Schénwald,Steinhauser’23]

1
@ Three-loop b — sy vertex with current-current operators N A @ e
@ Focus on two-particle cuts with no loop on Q- side X jgv
4G m2 . b . b @ s
A = \/F§ bV Vi Mte, )
M" = us(ps)Pi tﬂ+ti+t“u()
s\Ps)CR 1 me Zmb 37 b(Po
GA2P’Q;ree — _Re @ +(3— 204 e"E¢ T(1—e¢)
i N 2 3 8 T'(2-—2)

T. Huber Inclusive semileptonic, radiative and rare B decays



Inclusive B — X,y

[Fael,Lange,Schonwald,Steinhauser'23]

@ Computation is performed in a well-etablished setup
o Generate diagrams with ggraf

o Process further with tapir, exp and FORM to obtain
scalar integrals (10 (181) families and 2 (3) loops)

o Use Kira, Fermat and ImproveMasters.m

for reduction to 14 (479) master integrals

@ Check cancellation of gauge parameter ¢ in final result

@ Analytic computation of two-loop master integrals using DE
o Use variables

_ _ _ 1= 1—4z2
T =me/my,y=1/zand w = LH—@

to rationalize all roots in the alphabet — HPLs
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Inclusive B — X,y

@ Computation is performed in a well-etablished setup

[Fael,Lange,Schonwald,Steinhauser'23]

o Generate diagrams with ggraf @ Computation of three-loop master integrals

o Process further with tapir, exp and FORM to obtain °
scalar integrals (10 (181) families and 2 (3) loops)

o Use Kira, Fermat and ImproveMasters.m °
for reduction to 14 (479) master integrals
(]
@ Check cancellation of gauge parameter £ in final result
@ Analytic computation of two-loop master integrals using DE °
o Use variables
o

_ _ _ 1= 1—4z2
T =me/my,y=1/zand w = LH—@

to rationalize all roots in the alphabet — HPLs

Use DE to construct deep series
expansions about several values of z

Plug ansatz of Taylor or power-log
expansion in z — zo in DE

Obtain/solve linear system of
equations for expansion coefficients

Here, using zo =0 and zo = 1/5is
sufficient

Use AMF1ow for boundary conditions
and numerical check at z = 1/10

[see Steinhauser’s talk]
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Inclusive B — X,

@ Results

o Two-loop results are completely analytic

e Three-loop results semi-analytic as
expansion in x

o All checks work, e.g.

@ Analytic expansion for z — 0
@ Comparison w/ parallel calculations
@ Ward identity

[Fael,Lange,Schonwald,Steinhauser'23]

Re(ty) = m{ - % - “1# —27.9137 +a* [% (2,10713 +3.1604912 — 27.82631,

- 11.7523) — 7.374491% + 3511663 + 25.85661% — 201.5431, — 247.57} }

+ n,{ _ 0643804 631123 o7 )57 +a” [3 (2.10712 + 3.1604912 — 24.6658L..
3 €

- 9.61098) — 7.374491% + 12.993113 + 54.301112 — 224.1551, — 335.398} }

+ nb{ - L613801 625199 1) o841 42 [1 (210722 + 31000922 - 27.82631,
E . .

- 11.7523) — 5.267491} + 23.749713 — 104.437l, — 132.539} }

2.0192
- +

8.17904
e *

+256.363 + ——

s7.i997 . (w — 1497.261, + 669.332)

+2* [}2 (4.2139912 +6.3200917 — 55.65251, — 23.5046‘) + %( — 13.69550;
— 36.872413 — 209.66912 + 1407451, + 233.132) +27.812317 + 142.2220}

+402.20603 — 2492.0303 + 7662.751, + 8375.85]
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B — X /t¢~ with a hadronic mass cut

[Huber,Hurth,Lunghi,Jenkins'23]

@ ¢? spectrum of inclusive B — X (¢~

4
d*B 3 o d*Hr d*Ha o dPHL
=—[(1 2 2(1—
dsdudz 8 (t+ )clsdu+ stdqu ( z )dsdu +0()
3r -

2 N2 = ' ]
s= L, uo o9 Ll . ]
my my é 1
e [ YN i
. _ X 94t -
2= cosg = U P —Per) & 1N :
(v-9?—¢ o - !
, ‘ ‘ ‘ ‘ |

0 5 10 15 20

¢* [Gev?][Ghinculov,Hurth, Isidori,Yao]

B dPHL | dPHr
dsdu ~ dsdu ' dsdu

@ Low-¢® region: 1 GeV? < ¢® < 6 GeV?
@ High-¢® region: ¢* > 14.4 GeV?
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B — X,(+¢~ with a hadronic mass cut

[Huber,Hurth,Lunghi,Jenkins’23]

@ The suppression of background from
b — ¢ (— sfv) v requires a cut on Mx,
@ Have Mx, < 1.8 (2.0) GeV at BaBar (Belle)

@ Also analyses at Belle 1l will require a cut

@ Investigate hadronic mass spectrum at NLO in
the heavy quark expansion

@ High-¢? region hardly affected by the cut
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B — X /t¢~ with a hadronic mass cut

[Huber,Hurth,Lunghi,Jenkins'23]

s . . . ]
AN
~
., . 52 (1-v3)? . 2B < 1o}
st v = [ Cas [0 auoous < a8 & =
o o s du =
s2 (1-v3)? 2 Ex O ]
d°B =
Blgi. g3l = [ d du —— [
= [ ) s du = — 0(a) — Ola\)
= 08t ay Ay ]
< /
/ i . Missing O(a,\s)
07k = e=(25,100 Gev SmP™® = 60 MeV
20 2?2 2?4 216 ZTB 3.0

M [GeV)
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B — X /t¢~ with a hadronic mass cut

[Huber,Hurth,Lunghi,Jenkins’23]

wk v v v 3
\
1—/3)2 =
cuty _ (-v3) cut =
Blgi, g5, M) = d5 duf(Mx _MX)deu 5
<
(1—f) 2 2 1
d°B =
2 2y )
Bla?. 2] = / O 2
1 =) 1) ]
9
_— _(or Missing O(aA2)
07k = e=(25,100 Gev SmP™® = 60 MeV
20 22 24 26 28 30
M [GeV)
(1-v3)? 2p( B +p— 1010 b
/ zis/ duO(MS — MX)W \
Rlai, a3, MR = (1—v3)? PB(B - X,0"v) = ]
cut — Xul"v =3 -
/ ds/ du (MY Mx)idsdu < o i i
gx
/ ds /(1 7 EBEB = Xt = -
e & 0995F ]
Rl a2 = dsdu g / —— O(ay) — O(a\)
1,42] — ~ 7
(1-v5)? &
ds 2B(B — Xul"v) 0.990f/ o . . Missing O(asA\2) 1
dsdu IO p=[2.5,10] GeV Smp = 60 MoV
0'9852.0 22 24 2?6 26 3.0
M [GeV]
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Master integrals for massless four-loop form factors

@ The four-loop form factors for v* — ¢g, gg — H and H — bb have recently become available

[Lee,Manteuffel, Schabinger,Smirnov,Smirnov,Steinhauser'22; Chakraborty,Huber,Lee,Manteuffel, Schabinger,Smirnov,Smirnov,Steinhauser’'22]
@ All results are analytic in terms of transcendental constants up to weight eight (e.g. 7, 72¢3, (3¢5, (5.3)

@ Recently, master integrals have been presented separately

[Lee,Manteuffel,Schabinger,Smirnov,Smirnov,Steinhauser'23]
@ Kinematics: g¢=p1+p> withp =p3 =0, ¢*>#0
@ Two main integration strategies

o Take one more leg off-shell,
apply/solve DE in z = p3/¢?,
take limitz — 0

@ Direct integration over Feynman parameters

o Transform masters to e-finite basis

Use HyperInt for integration, FIESTA for checks
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Anomaly contribution to massive three-loop form factors

@ Contribution of massive and massless singlet
contributions to three loops

@ Use Larin scheme for 5
@ Computational techniques similar to other projects

@ Perform Chiral-Ward-identity and other checks

[Fael,Lange,Schonwald,Steinhauser'23]

0000

0000
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Conclusion

@ Many new results on inclusive B-decays have recently become available in the CRC, addressing

o higher orders in the HQE
o higher orders in perturbation theory

o phenomenology

@ Expect many more interesting results in FP2
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