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(S
,
A) Are fundamental buildy blocks in QFT

o - SAPIAR
Exonyle 99 + gg

County
Covariant

voe Eas -
An...

Qu

⑭ = EE A
urgs

Eau
-

_

Joe T
externa states on ON-SHELL poloisitions vectors

Crecemory to quarantes gorge "neutralize"

inveience ofsmatt that loveth indice

only physical degrees of
& leave on object
that is LittleGroup

freedom are allowed to -

Corrient
propagate S - 1



In these techies we will focus on Arge
2no time unfiturately fr On-sHEL methods ! ]
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2, gluons physical Erp = Ez . P2 = o

only port that unvives is

Aplus a = E3 Para Papa + Fo Grape

3. Gorge Invoice = Ward Identities
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So using Lorentz Invenience & gorge inveience

we find

A phen =]F(grp-E
F is alled a scolor fane factor ,

its

explicit from depends on loops etc

F(mm, Eregulator

of quarks have mosses

this gound from is volid & any number of loops !
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#RStatham
on the other hand

, FeynmanDiyaus & L-loops

provide explicit representation fr Athena : elop
DIM REG
↓

↓As I R-mUrWem]
androiler expression from--

not immediately obvious how these can be put in

form (* )
,

It reques performingolgebra, integration

etc
,

non trivia for more complicated processes
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Form of (# ) provides seed to gener solution

= Defne a Projector Operator that projects out
Courtz indices :

PMM2 = c [gruma -2 che

&prm(-qn][-Gun] Am
= F

↑
am over pol => RETRIC in

the rector space of
"Tensors"
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(-2) = = =t
so the projector reads

PMM2 (gMunz LPYa
y

necessary to use dimensional regularisation

By Applying this projector on

DIM REG

a IUmWe)
all indicesore contracted

,

and we are left

with "scolor integrals"
Numerator is a

- polynomich in

Jet.
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Genera Formalism :

A = [Fi Tic tennes
i

Tfrm Foetes

Ti should be thought of as elements of a rechos space

we can defue "dual rectors" T (fnex build out of E

e "scolor product" in this rector space

Using [MgrV
* Depending an conditions

we used to defie TiFigimpliesa Crestrict reche space !
theer

Pi :[c when
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DOCIBLESCALAR PRODUCTS :

Of 1 loop ,

all scolor products can always be zewritten

in tems of the propagators of the problem

EXAMPLEABOVE :

S
Dr = =m2

[· ---

Dz=R +pel-m2 e
D3 =

(h+p+pal -m2
K . P2

=> k . k = De +M2

R - p = z(D2 - D1 - P]

k . 4 = & [53 - De - Pz2 -
2pip2]

so substituting these ,

all scolor into become of the

type=I ,a
diet
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This construction can be govern be any proces

=> Scotting Amplitude always decomposed into

lensors&Factors

OopCase IS Special :

enloop
,

a points I

! E
n "propagola's Dr .

- Du

=
Dn = (k +pp) -mi

"

Dn =
k2-Mr

n-scole productshi

scolor intepals will always be of the type
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CARFEYNMAN INTEGRALS & L-loops

& (loops ,
122

,

not all scolor products

you be expered in terms of Di , we need to

generals the notation :

2MBINATORIC EXERCISE SHOWS THAT ↳ loops,
N points

# SCALPRODS 8 iS :

3 = ((+ - z) = L =1
#flegs , notwoea & 1 LoopN

I can you prove it ? )

EXAMPLE : Two loop glmon propagator

neUz+P

eum,n2= f = 2(2+ 1 -2) = 5

#
kn 3 propoglos ; 5

scol products
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,
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,
Kn . pe ,

Kz . py
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a possible choice fogiven propopters(k Ips Rpe

Kn Rn = Dr = Ki

& Ke . Rz : Dz = Rih

(1 . Kz =D3-2p-2RP-D-D-p
there on my two ISPs

FAMILYOf INTEGRALS : Eoobject of study
!

Sad =

=I(an
,
92

,
93 ; -ba)

humerators
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GanNomenclatio :

[19
, ...,
95
;

- be .., -bu)=S
-

negative indices

munumerators !

[11
,...,
1; 0. -

,
0) = defies the TOP SECTOR

-

Or Top-ToPOLOGY
,

, e
-

the groph we are considering

EXAMPLE : a 2-lop double box for ggzygi

#d,
zI

↑

we draw groph associated to scolor integral, we
mean

- No Feynman Riley =
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Rambutesto these
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So Integrals we one interested in will be

Ilh, ...,
47 ; no ,
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,
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0
,

0) as Top Sector
-

topology

· we call all its obtained removing one or more

propagate in all possible ways SUBSECTORS

or SUB TOPOLOGIES

=> they give subtopologye

For example [10
,
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,
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,
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,
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,
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,
2
,
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, %)

=
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= 10,
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,
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,
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,
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,
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,

1
,
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-HERE

In these cases we often say that subsectors on

obtained by PHING Propagators of topsector

INTEGRAL FAMILY & SUBTOPOLOGY THREE
- -

WH

H

201 ↳
&
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Now, as you car inogue , if we start unting
down dFerroudigrams for e gree problem,

performe projections to compute scolor form factors,

and fally colleall scole intipols, we will

in gre finduse ofopocentlydffect

Intyols = & 1 loop O(100) ints

# gg+ gg & Cloops 0(10000) ints

(a) I & sloops2) ints !
simple combinatorics-clearly hopelen to
compuls all of them one by one-

Luckily, not all these intepols are independent !
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EGRATIONBY PARTS & MASTER INTEGRALS

We work in Lim Regularization to regular-ze
ou & IR singularities -

The axiom of dim zeg -uply
that wow

performa genertransformeror loop momenta

Inenitesimally +Go p)
Y

complete set
=> f(, ) + flu,) +25fina of momenta

plus :

di + (1 + 2D)di= k

inveioue of integral icuples the

J deke Orjfe- I
used

where Dij = Disj
11. Die
j2i jacobian ! 16



Oij generate a Lie Algebra-

Let's wid these identifies in a human friendly
form - gree a FAMILY Of INTEGRALS :

SS] =

↑
it's nothing but generalisation of 1-dimensional

J fix = 0 if Face
- X

=> Unally referred toos INTEGRATION BY PARTS

Identities (OBPs)

[Chetyrkin ,
Thachov 181]
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· by inspection ,
it is clear that by differentiating

we generate interols in the someAMILY

to we expect that IBPs relate oppocently

different integrals in some family

· Using Lie Group property ,

one can prove

finally that all intepals can be expressed in

thms ofare NumberOFMASTER INTS

=> theyore a BASIS of all integrals

[A.
V

.
Smirnov

,
A .
U

.

Petukhov 2010]

Proof above isNotSTRUCTIVE-

Let's see how this works in practice :
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IAPPOLE
In Ledizes
Iwill workD = Stis Iin Elideou
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-
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=migh
- Intent
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which ineplies

(D-2n) [(n) + 2n mr[(n+1) = 0

In +1) = - [In) In s

[(2) = -P

[(3) = - (2)=
↑

we
soy that toople family has

masterintegrat ,

coube chosen as F(1)

In this cose
, easy to solve IBP for generic "n"

in gered the will not be possible -> we

yar instead "generate" and "Solve" IBPs for

specific choices of indices as
, ...,

An
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· ONE Loop BUBBE CEuclidean Signature (

⑫ : Jami(Ch+p(2+ma)

= I(g
,
b) family

I con deive2now :

② Jan

②I[] = 0

Denve them for specific values of (a,b = ((0 ,
1)% /

Prove that

#G
,
2) =F(2

,
1) =- 22
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=> this problem has 2 moster interpols
[1

,
0) = the ToolpoleIF(1

,
1) = the one loop bubble I

Consider the morler thoughaI
D D D

with Pe= Pc= 0 ; gElpetpul= S

thre IBPs

SJan P
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ERCISE Prove

S[(1
,
1

,
2) + (D -4) [(1

,
1
,
1) = 0

S[(1
,
1

,
2) + [ (1

,
0

,
2) +1(2

,
0
,
7) = 0I

S[(e
,

1
,
1) + [ (1

,
0

, 2) +[ (2
,
0

,
1) = 0

NOTICE

->

not all IBPs one independent!3

- solving 1)

[(
,
2

, 2)=_ (1
,
1
,
1)

potting of into 2)

(D-4)[(, 1
, 1) = [ (1

,
0

,
2) +=(2

,
0
,

1)

tiongle gets "reduced" to bubbles !
= 26



noticing F(1,
0

,
2) = #(2

,
0
,
7) we find

[(
,
1

,

1) = gE [(2 ,

0
,
1)

*=-

H jeducing
do bubble

Integral with > integral with
IR divergences ↓

WV diregences

two plemixed up" by IBPs
-

Im genera ,
we solve IBPs in this way :

genhote all of
them starting from "seed" intepole

take big her system,
solve it

=> [APORTA ALGORITHM '00] 25


