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We have seen that we can defie a

Faurly of intepals

[19
, ...,
95
;
-b .., -bu)=S

And denve brea relations among
them

,
that

allow us to reduce than to MASTERINTEGRALS

cleanly , if we consider a sector
,

and deve IBPs

for it
,

we will naturally produce its

that might Concl some propagators , geweiding

integrals thatbelongsubsectors

So where we deve IBPs
,

we dood me gened with

theSUBTOPLOGY TREE



IMPORTANT

· of I loop every graph
can contribute

At Most our master intepal (canea
· of L-loops not true in gard ! i

QED electron

u self-energy
d ↓ -
Or --

No MI No MIs
1 MF

↓

oa- Gurise
# H

2 MIS 2 MIS

on top sector ! on top sector !
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How do we compute al

these Integrals ?
-



THE "SIMPEST" FEYNMAN INTEGRAL :

&

usem B14=Jetty

=m
= <m

* (4(= ↑(= )}
expand seie
In D
= 4Ne Go physical

zsuhts
- 3



Tadpole is the only intepol that can be

computed so early directly inloopmomentum

pararetization-

In gevend , one has to intepate over ongless among

loop and external momenta
, very

cumbersome

Cet last) Two SOLUTIONS

J 2

T Differentiel
-zumar Parameter Equalious method

expresentations
Direct integration "Induct" method

method Extremely pfl

↓
nice connection to

LeadingSingularties
and Special Functions
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DIFFERENTIAL EQUATIONS METHOD

·

it's a drect consequence of IBPs

·
It allows as to tridse angular integration-

deve diffe cort Kinematicalmariants
!

Let's build this in genera :

1) Feynman Integrals are homogeneous functions of
theextend invorients andmuthnomosses

fini
mi

T

Sy = (pi +Pj)=
MANDELSTAM

INVARIANTS
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by dimens and analys we here

81ij , Emp) = (sj , my
20 - has dimension homogeneous of degree + 2
of (m)

2) Feymou integrals fulfil Integration-by-ports identities

It s =-

3) Feynman Integrals fulfilTzIdentities

Feynman Ints are scolor functions , they should

beraientunderaorentz troust of external

momenta
-

S



besiden problem with external momento

Infinitesimally : pr ->pM + Jpm = ph+ Je pr

, Want

group

[lpitipi) = I(Pi) Coretz Scolor

Expanding

I(pi + Opi) = [(pi)+ 5Mu
which using Jpm = JEMPO & equating ICpi)

gree :

JEY [P +... +]I(Pi) = 0
↑
all extend moments
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now JEV has 6 components (oublymmeht-

there areto 6 LIS
,
in fact using outicymm

of Jar we car write explicitly

=>(p-pp
↓

can be projected to scolor identities
,
by contracting

it with all entiyume clinations of PirP

(PrmPar-Peper) etc

g



EXAMPLES

· 2-point integrals(--]
1 momentum pr , zen LIS

· 3-point fundious(]
2 momenta

,
p.PCM

,

1 LIS (pipe-pipe)
p

· Lepoint functions []
> momenta pr , pr,

r

; >Lis (PC Y

·point fun an
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so only stating of 5-point , we can Project

OUT ALL LIs
In practice , we

act with (* ) ontheNTEGRAND

and contract it with all combinations of Pri , Pjy
and in this way obtain new identities between

Feynman Integrals

-
one can plove that LIS anNOT

linear independent fromBPs

- they are nevertheles helpful to find all celations
Il

among integrals"moreeasily

-> they help to understand how to denne

differential equations fe Feyum . Integrals
In genrl
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4] Differential Equations

Scolor Feynman Ints only depend on Sig = Pr+Pj)

not on the momente themselves
= 2 pi .pj
monter cose !

CHAIN RULE

=in + Pym)ij

substituting this into general Corentz Id

↳
the LIS become terial identities !

But remember
,

non-trivial at the

GRAND Levin



the crucia point is that
,
if I want to

expen now = f)
there is

a redundancy hidden in Lorentz ids ! I

can always add a combination of LIS

to i ,
it will not change final cult, ,

once
any

LIs applied on Feynman Into give

zew !
-
-

EXAMPLES

· 2 point : pm ; papps > :

so prope = 25 == pr
zero (Is , no ambigenly !
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· 3 point : Ph
,
pr 2 momento

S·= 4 Combinations

Pri , j
= 11,

+oher

+2)Se

pin
13



= 2Pe ++

↑
ystem not investible fe ho,pi , ofel !

LI reads

(PMPr-Piper) [Per-Ppen + par- Pren)
=

=P Par Open-2Prp2 Pure Epip PartP

1



LI becomes

2pi per - Ips per opena

- [Pertper-pertper] To
see-p ,-pi when

applied on

a Feynu con (SALO!)
=

Interl

one of the Piptp can always be

removed in terms of the others !

and the system becomes investible
,
we can expen

orho, Y i tams of the p



In particular , I can choose to removeence

and keep only

Perpe 1 paropens (peropen Parfar)
which meas vring,

&
Papp

= (Snz-p-p2 + (Sep-pi

tip
pin
= (Se-pip)p

+ 15 +pi-pe)Se③

Print Prp) = 2( +P) +25

if Pe=0 , pr= o recover case of exercise
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·↳ Point
,
3 momenta

,
P
,
Pa =

P., P22, P32 ,
Sez

,
Ses

,
Say 6 variables in

total

Pir
ye

= a combinations

[Dapper)
thereone indeed 3 LIS

Empgr] etc

[PemPar]higherpoint

EVER SCALING RELATION

Since Feyn Ints are homogeneous functions ,

the

derivatives are not all independent

If bij, imj) = flt , sig , mj)
1)

12 [Isij
,
mp) homogeneity
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Differentiating wrt I we find :

& F(fsj , timj) = of 12 [lsij, mil)
=

&Se ,+M

= I/Sij , mj)

For t = 1 itgivesKING RELATION

# Sun Jun + [M]Is ,mi=i
,my

I
Dimensional

2 = LD + 25 - 2R scoling
T ↑ *

Not power*Loops powers
s prod of propagators
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this reflects the fact that we can always

put one scole=1 and only consider

dimensionles ratios !

= ↳ be example removes dependence
on one of thenes.

-

PLE 1 Loop bubble

Consider [le
,
b) =Sdeck-pitmal

two models [11
,
11 & [11,0)

- ·

rep
= e [pron]
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·.Ina
which means we can write

=)

oE
= z([(02)-IT
- [ [( , 2)

and using

-

Flo
,
2) = - ( [( ,

%
-

[S1
,

3) =-I , %-I
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o
&[ ,
1 = - I(1

,
2) - I(2

,
1) = -212,

=,)-
luc that we can easily very scoling relation

mm)F(,
1) = PE)[1, 1) So
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CONCLUSION

Gren a family of L-loop intepals

· Use IBPs (and Corentz Ids) to reduce them

to N master integrals Mi

· Differentiate wrt all independent sig and my

Xb = (Sij , Mj) all variables

= AM =AT
⑨

NXN matrix with

rational coefficients in X&

=> obvious because IBPs/oud LIs)

only produce rational coefficients !
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· Useful to recollect all equations in fem of

total differential (language of differential forms)

diy= M de -

matrix-valued

A = Arden
one from

to we can write

Tai=
A m) = (d -A) = 0
-

the system of differential Eqs mustentegable

-> the zenelt (M) must be a "proper function"

whichmeans M = o
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start from O = AiMOMA ,
#

-
-

=+A
w

Aii

·-(2) gives

(t-)M + LAiAj-AjAi)

-+ [A
,Aj]]

INTEGRABILITY CONDITION ON MATRICES !
24



Toe also be rewritten in language of DIFFERENTIAL
FORMS

DA
A one form A : Aidvi Ai =

i

then its total differential =Eiederative
-

dA= did aubsymustze :
-

obsymsc
=( _Ot) dojnd

Similarly
ANA = AiAj dXi1dXy
u

articymeurls
= (Ai

, Aj] dri 1 dxj

So in diff - foms language INTEGRABKITY

-An A= 0
25


