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Useful references

»(0709.2092 by Nason, Frixione, Oleari: comprehensive review of NLO
calculations (sec. 2,5,6)

»(0902.0293 lecure notes on the 2006 “Work- shop on Monte Carlo’s, Physics and
Simulations at the LHC”, especially Sec. 2 on Parton Showers by P. Nason

»1101.2599 General-purpose event generators for LHC physics by Buckley et al.,
especially for matching and merging (Sec. 5), and non-perturbative physics in
MC (Secs. 6-7)

»0407286 by Banfi, Salam, Zanderighi: comprehensive review of NLL
resummation in direct QCD (summarised in Sec. 2 of 1412.2126 by Banfi,
McAslan, Monni and Zanderighi)

»1410.1892 by Becher, Broggio and Ferroglia, introduction to SCET

(*) quickly covered in these lectures, (*) not covered but good for your education


https://arxiv.org/pdf/
https://arxiv.org/pdf/0902.0293
https://arxiv.org/pdf/1101.2599
http://hep-ph/0407286
https://arxiv.org/abs/
https://arxiv.org/abs/1410.1892

The Standard Model of Particle Physics

» The STANDARD MODEL LAGRANGIAN encapsulates our understanding of the fundamental
interactions between elementary particles

[ lFquW +(iDy, — my + ... = L(m,a,...) Masses, coupling constants are
4 k} free parameters, that we need

to extract from data

» We need to calculate quantities that depends on m, a, that the experimentalists can measure:
Cross sections

O — —
CXP Number of colisions per unit of area per unit of time
p p

Squared
amplitude’?gz{ ‘2 l?se space
Op = | ——dD O(D)

2s
f A%ptance cuts

Flux factor

Number of events per unit of time



Example: e "¢~ — u "

...................................................................................................................................................................................................

Let’s calculate the cross-section for the production

~y of a uy"u~ pair in e"e” collisions, we need:
> Amplitude &/

» Two-body phase space d®,



Amplitude for e Te™ — uTu"
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e (p2) 1 (pa)

— G
(p1 + p2)?

o2 2 Square and sum over
I.Al2 — ( ) "[‘,'(7)17#1»27”)"[}(?37”1’4%) ——  polarisations

A = [te(p1)(—iev")ve(p2)] X [Uu(p3)(—ieY")uu(ps)] X

2p1 * P2
Average initial-state
polarisations

(p1 - p3)? + (p1 - pa)?

— 2¢*
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Two-body phase space

...................................................................................................................................................................................................

d°p;
(27T)32EZ

d'p;
(H[dpz) (2m)*6W (p1 +p2a —ps —pa)  with  [dpi] = 2 :) 0,.(p} —m?) =

» [Lorentz invariant —can be computed in any frame, in the center-of-mass frame
S
P1 :§ {].,0,0, ].} P2 :% {170709_1}

— in this frame p; + p, = 0 : we use the x, y, z components of the § to integrate over p,

d’ps |7 |2d|ps|dD )
dd, = 2m)25(v/s — 2|p: __ P3| @|P3 2 5 9 2
2 ((27)32|p5])? 2(27) &167& P5? \/—5\ Pal) = 3212
Spherical coordinates; d€2, = d cos Od¢ P3| = P4l = %

NG

P3 =5 {1, sin @ sin ¢, sin @ cos ¢, cos 0}

Dy =§ {1, — sin fsin ¢, — sin @ cos ¢, — cos 6}



Example: e "¢~ — u "

...................................................................................................................................................................................................

+ - , : :
e (p1) w (ps) Let’s calculate the cross-section for the production
y of a u*u~ pair in e™e™ collisions, we need:

» Amplitude &/

e (p2) i (pa) » Two-body phase space d®,

P1 =§ {170707 1} p2 :? {17070?_1}
~ dcos0dg

Vs e o =2 (P1 - p2)*
> {1, sin @ sin ¢, sin # cos ¢, cos 0} 4 12

pP3 =

Dy =§ {1, — sin @ sin ¢, — sin @ cos ¢, — cos O}

(1 + cos6%) d cos ) —— ap
28 7

2

E aemWJ (1+ cos6*)dcos@ [O 2—?; — 40;;;171'
1
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If instead of muons we want to produce quarks... .
P 1 Number of active quarks

) d § @
5 _ =
| .4 Ue‘*’e —qq e"‘e —u—put
: ; RS X 1=1
Y 3 SR L M Sy Quark
3| Number of colours charges
| (NC — 3)
2]
1
3
1
1 2 5 10 20

Collision Energy (GeV)

This is the LEADING ORDER prediction,

Fig. by Matt Strassler can we do better?



NLO virtual corrections

The QCD coupling constant is quite sizeable a, ~ 0.118: let’s include O(a,) corrections!

> At this order we have the interference between the tree level (=LO) amplitude, and the
one containing a virtual gluon

ﬂ J d*t J d*t
o ~ — oA
‘. v Lﬂz(f -+ p3)2(f — p4)2 Y SOft £

Infrared divergenge in 4 dimensions! Use
dimensional regularisation: D = 4 — 2¢

(1 = e)['(1 +¢€)
(1 = 2e)

Cr = (4n)°

YRe( oA % o 2\'[ 2 3
do, = LIV 4y — a5 o0 [ H 8 + 12
2s 2 S €2 ¢

This regularisation introduces a Infrared poles
non-phyisical scale..

Silvia Ferrario Ravasio



NLO corrections

The QCD coupling constant is quite sizeable a, ~ 0.118: let’s include O(a,) corrections!

YRe(A ol o 2\'T 2 3

2 S €2 €

For € — 0, 6, = — oo: the result is meaningless, why? Because we cannot ask for the cross section
for producing exactly two quarks! We cannot distinguish the case where there is also a soft (=low

energy) or collinear (parallel to g or g) gluon.
Kinoshita, Lee, Naumeberg theorem: we need to sum over degenerate states to get a
physical cross section!




NLO real corrections

d®;  dxdx, e L= x)( = x)(xy +x, — D]
D1 = (4r)‘s
(I)z 1671'2 F(l — 6)

_ 2D; * Prot 2E,

X >
Piot Eio

l

oA |’ 28°C
X - = S5 -F [x12+x22—€(2—x1 —x2)2]
A g (1 = xp)(1 —xp)s

Divergence for x; , = 0 Gluon’s

phase space
0 €
ay H
Or = GBz_ﬂ_CFCF (T>

Cancels exactly the virtual divergence (KLN)!

2 3 19
—+ I I T
€2 € )
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Collinear

10



Higer order corrections and uncertainties

> In general, virtual corrections exibit ultraviolet (although not for e"¢™ — j,j,) and infrared
singularities: the former are reabsorbed introducing renormalised coupling constant (and masses), the
latter cancel summing over degenerate states (KLN). The renormalisation procedure introduces a

as(/’tR) )

JT

dependence on an unphysical scale
—_— |
Ge+e——>jets = 0L0 14

» When hadron colliders are involved, it is necessary to “renormalise” also the parton distributions,

leading to another unphysical scale, dubber factorisation scale py

E LO = NLO ® NNLO ® NNNLO % o :
‘ | 1 > (//iR, //tF) variations by 1 f actor 2 u p an d d OWNn convention al
way to assess uncertainties from missing h.o.

> LO = gross features of an obs

NLO = 0(10 — 30%) accuracy
NNLO = necessary for percent-level precision

N°LO = available for pp — H,V

alpb




Automating NLO calculations

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Can we simplify the calculation of real corrections, so to tackle complex processes?

YES

. . . . . 1 1
» Singular regions are associated with soft or collinear =

CTTiSSIONS (p + k)? 2E Ei (1 — cos 0,;)

» In these limits, the amplitudes takes a simple factorised form

oA? Pi-Pj
o= - x XE D
e i (p; - k)(pj - k)

Colour charges of
the born partons




Automating NLO calculations

...................................................................................................................................................................................................

Can we simplify the calculation of real corrections, so to tackle complex processes?

YES

. . . . . 1 1
» Singular regions are associated with soft or collinear =

CTTiSSIONS (p + k)? 2E Ei (1 — cos 0,;)

» In these limits, the amplitudes takes a simple factorised form

oA? Pi-Pj
o= - x XE D
e i (p; - k)(pj - k)

Colour charges of
the born partons

A 2 1 -2 |

< P,,(z;€) >=2C, |- - 4 - +2z(1—2
Ak Il p) 4%%/46 - U=a ’ )3
&Z[% p - k < qu('?"? f) >= Cp 11t2 5(1 — 2)
Altarelli-Parisi splitting functions . T 2z(1 — z):

< P (z;€) >=Tg |1




Automating NLO calculations

Can we simplify the calculation of real corrections, so to tackle complex processes?

YES

» In this limit, we know how to build an approximation of do, which captures the singular behaviour

do(®, ) ~ dGB(d)n) C(fDn, O c) We need a mapping
between ®,,, < O,

> C(D,, D) is usually simple enough to be integrated analytically over the radiated parton phase space

(I)radinD:4_2€ _
(DbQ €)

rad rad’

C(D,;¢) = Jd@<D:4‘2€)C(®

D=4 The limit € — O is finite Can be integrated in D=4



Automating NLO calculations

V(D,,e) _ -
ONLO = qu’n B((Dn)(l (D, 6)) qu)n+1 R(@, ) — C(@,,)B(D,)]

B(®,,¢)

Can we do more than inclusive cross sections?

YES

» We can calculate infrared (soft and collinear) safe observables:

O(pl, s Py k) = é(pl, s D) if k 1s soft
é(pl, s Dy k) — é(pl, s P, + k) if k is collinear to p,

V(D , €)
B(®,,€)

do
— = JdCDnB(CDn)(l |

0 FC(D,, 6)) o(0(®@,) — 0)

+ Jd¢n+1 :R((Dn+1)5(é(q)n+l) o 0)_C((Dn+1)B(d)n)5(é(&)n) — 0):




Approximate calculations for infrared-safe observables

> Let’s calculate the cumulative cross section for an infrared safe observable at NLO for eTe™ — jets

do _ x dop A doy .
2n1o(0) = JdCD%@(O(CD) <0)= Jdcbn 1 OO0D,. ) <o)+ Jd(Dn O0D,) < 0)

Ink/Q __ . 0
> The leading contribution to o; comes from emissions y = —Intan 5
simultaneusly soft and collinear Hard
2Cra, dk, = dd emissions
doy, = oy dy—0O(|y| <InQ/k,)
r kT 2n
Collinea ND PLANE

» The virtual correction must cancel the divergencies

in op: doy = — doy, Soft-Collinear

Soft

——dv==0(1y| <1nQ/k)|O(0=05(p1, p2, 1)) = ©(0=0x(Py, p2)
t | |

2C,a, [ dk,  dg
S o0) & —— J

T
real virtual



The two jet rate

» An infrared-safe observable is the two-jet rate.

A simple jet definition is the Durham k. for every pair of partons we calculate the distance
— in(E2 2
d;; = min(E7, EJ )(1 —cos6,)

And the pair with the smallest distance is clustered. We repeat untill mind;; < kfcut.

,]
> AtLO: py = Q/2{1,0,0,1}, p, = 0/2{1,0,0, — 1}, and Ty (k, o) = 05

» At NLO, if we apply the soft-collinear approximation we have

k = k,{coshy, cos ¢, sin ¢, sinh y} P1~Dis Dy~ Do

oK) 2Cra, (dk,  d
NLOWrcut) 2Cp J_fdy_¢®(\y\ < In Q/k))|©(k; cy—k)—1]
oy P k. =~ 2nm
2Cra, (dk, = de
_dy_®( ‘y\ < In Q/kt)@(kt - kt,cut)
k. =~ 2«

2C.x k. .. 2Cx
a Slogz( - t>= dhach g
T O T

JU




The two jet rate

...................................................................................................................................................................................................

» An infrared-safe observable is the two-jet rate.
A simple jet definition is the Durham k. for every pair of partons we calculate the distance

di = min(E;, Ejz)(l — cos 6,)

And the pair with the smallest distance is clustered. We repeat untill mind;; < k2.
i.j ’

> AtLO: py = Q/2{1,0,0,1}, p, = 0/2{1,0,0, — 1}, and Ty (k, o) = 05

» At NLO, if we apply the soft-collinear approximation we have

k = k,{coshy, cos ¢, sin ¢, sinh y} P1~ P> P2~ D | | ,

| orders invalidate the FO

Yncokiew)  2Crag [dk,  d
NLOVTrcut FaSJ'—tdy—qb@(\Y\ <1HQ/kt)[®(kt,
or T k. =~ 2nm

2Cra, [dk, = d¢
—dy—0(|y| < InQ/k)O(k; — k, .,,)
k., = 2n

2Ca K, o 2Ca
d Slogz( - t>= dhacly 3

expansion! Better to resum |

_kt)_ 1] , _
| all the double logs at once! |

cut

JU

2Ca
Zdouble log — Op €XP ( T SL2>

T O T



Realistic collider event

...................................................................................................................................................................................................

"." ¢ i . - P

j We might be close to the

, a, < |
| Perturbation theory]

Hard process IRl NY e’ ¢

| ZLO

aeNLot -

100 GeV

| all-orders
| resummation of
- logarithmically

| enhanced terms |
| atall-orders |

Energy

i § partons, in direct QCD or

degradation ;
9  § with EFT approaches; 3 legs

10 GeV:

a, > 1
{ Non-perturbative }
A= 1 GeV on-perturbativ :

nkKnpp..... KnnKnrm | B _ s



Realistic collider event

...................................................................................................................................................................................................

Hard process

Energy

degradation

Q=1 TeV

100 GeV

10 GeV:

A=1 GeV

KnnKnn |

a, < 1 «

| Perturbation theory!

| ZL0T%2Not -

L=InQ/AZ 1/ay}
| all-orders |
| resummation of
- logarithmically |
| enhanced terms |
 atall-orders |

a, > 1

{ Non-perturbative j
_QCb ]

Can be matched
with (N)NLO
calculations

PARTON SHOWERS
(less accurate then

analytic resum, but
way more flexible)

Embedded in general
purpouse event
generators, which also
comprise NP models




Parton Showers in a nutshell

Dipole showers [Gustafson, ; - ;
Pettersson, ’88] are the most Start with gg state produced at a hard scale v,

Throw a random number to determine down to
what scale state persists unchanged

used shower paradigm

q
Vo

A(vg,v) =exp| —| dP (D)

O

VO



Parton Showers in a nutshell

Dipole showers [Gustafson, ; - ;
Pettersson, ’88] are the most Start with gg state produced at a hard scale v,

used shower P aradlgm Throw a random number to determine down to
_ g what scale state persists unchanged

At some point, state splits (2—3, i.e. emits

gluon) at a scale v; < v,. The kinematic (rapidity
and azimuth) of the gluon is chosen according to

<. dP (D(v))) O = {V’ Ys 50}

\40) V]



Parton Showers in a nutshell

Dipole showers [Gustafson, ; - ;
Pettersson, ’88] are the most Start with gg state produced at a hard scale v,

Throw a random number to determine down to
0 what scale state persists unchanged

used shower paradigm

At some point, state splits (2—3, i.e. emits
gluon) at a scale v; < .

Z
The gluon is part of two dipoles (gg), (gg).
S
5 [terate the above procedure for both dipoles

independently, using v, as starting scale.

VO V1



VO

V3

V4

V5

V6

self-similar
evolution
continues until it
reaches a non-
perturbative
scale



Dissecting the parton shower emission probability

Pj
dv?  dg
d‘q);feijk ~ V_dy 2_71_ Pf,f—>i,j k(V9 Y, @)

' Evolution variable: emissions are ordered |
W Q > e > vz

> A typlcally V= k |



Dissecting the parton shower emission probability

dv?  dg
d& —ijk ™ vdy 2_7z P f,f—)i,j,k(va Y, Q)

Matrix element for emitting a parton k from a parton i (or ;)
D D o
=ik ™ P it (1 — ki/mze y) O(y)+

Vo

(1= ketmge ) 0=y |



Dissecting the parton shower emission probability

/ | Kinematic mapping: how to |
— Pk ' reshuffle the momenta of / and
N ' j after the emission takes place |
dv? 7,
d“@;j—ﬂ]k ™~ 12 dy o PZ,f—)i,j k(V, Y §”)
Y o g 4k
‘ . . pk=_6p1= € p] 1
| simplest is fully local m m
| recoil, .w1th emitter my — ke e ~ |
. absorbing the k, pi = Pt Pk
4 m ij m zj(m i € )
. component, e.g. y > () ! 2
[ l ~
! my mE(my — keY) /



Dissecting the parton shower emission probability

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

| Kinematic mapping: how to

' reshuffle the momenta of i and

e oy - NPT PN - A

: This shower retains
t “leading logarithmic”
¥ accuracy, going }
{ beyond that is a very S Nee - WO

' acéve area of resear};h i y2 b 21 Pijmijudv:3: @)

' J after the emission takes place |

dv?  dg

§ since the pas

LG

LA

simplest is fully local s s

,' recoil, with emitter e — ko) Q2
. absorbing the k pi = Pit
' component, e.g. y > 0




Matching parton showers with NLO calculations

» Fixed order calculations are our most accurate way to describe inclusive quantities
(e.g. total cross sections), and the production of very hard jets

» Parton showers are our most flexible tools to describe exclusive quantities, sensitive
to soft and collinear QCD radiation

Can we combine both approaches in GPMC?

YES! At NLO it is a solved problem(*), at NNLO is possible for few classes of
processes, and a very active area of research since the past 10 years! (5 more then
core “logarithmic” parton shower devolopments)

(*) for the old generation of showers... more in the next coming years ;)



MC@NLO — Frixione & Webher

We want to retain the O(a,) term from the NLO
calculation, and the higher order corrections from

Zps = Zro(l + aKpg | + A Kpg oy + -..) the shower

ZnLo = 2ol + oKy o)

MC@NLO: subtract to the NLO calculation the O(a,) expansion of the shower, then shower!

V(D , €)
B(®,,€)

Oni O = Jd(bn B(d)n)(l | )@(d)n) + Jd@nHR(can,e)@(@nH)

IR regulators

Opg = Jd@n B(®D,) [@(Cl)n) + Jd@radP(CDrad)G)(v—vmin)(@(Cbn 1) — @(CI)n))

Born Real Virtual



MC@NLO — Frixione & Webher

We want to retain the O(a,) term from the NLO
calculation, and the higher order corrections from

Zps = Zro(l + aKpg | + A Kpg oy + -..) the shower

ZnLo = 2ol + oKy o)

MC@NLO: subtract to the NLO calculation the O(a,) expansion of the shower, then shower!

V(D,, €)
B(®,,€)

Oni O = Jd(bn B(d)n)(l | )@(Cbn) + Jd@nHR(can,e)@(@nH)

Opg = Jd@n B(®,) [@((Dn) + Jd¢radp (q)rad)@(v_vmin)(@(q)rHl) - 0(?,) )]

V(D ,e€)
B(®,, €)

oo = J@(@)d@n B(®,) [1 = = jdcbmdP@md)@(v - vmm)]

" J@<q>n+1>dq>n+1 R(®,,; €) — B®,)P(®,,)O(— V)]



MC@NLO — Frixione & Webher

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

We want to retain the O(a,) term from the NLO
calculation, and the higher order corrections from

Zps = Zro(l + aKpg | + A Kpg oy + -..) the shower

ZnLo = 2ol + oKy o)

MC@NLO: subtract to the NLO calculation the O(a,) expansion of the shower, then shower!

V) i &-events: they are

OMC@NLO :[®(q)n)dq)n B(®,) [1 B o) [dq)radp (@) O — Vmin)] showered starting with

\
0
13

+...

Sending the IR regulators to O is a bit tricky... usually handled adding and subtracting standard
NLO counterterms

[ V(D ,¢€)

B o) FC(D,; €) + [dCDmd(P(cDmd) — C(®,, d))]



MC@NLO — Frixione & Webher

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

We want to retain the O(a,) term from the NLO
calculation, and the higher order corrections from

Zps = Zro(l + aKpg | + A Kpg oy + -..) the shower

ZnLo = 2ol + oKy o)

MC@NLO: subtract to the NLO calculation the O(a,) expansion of the shower, then shower!

V(D,, €)
B(®,,¢€)

OMC@NLO — [®(q)n)dq)n B(D,) [1 [d(DradP (P0)O0 — Vipin)

7 -events: they are
showered starting with
an additional parton

J'®((Dn+1)dq)n+l [R((Dn+1; €) o B((i)n)P((Drad)@(v_me)]

both IR regulator are sent to 0, as the integrand should be finite!
The PS must reproduce all the singular limits, which is often not the case for multi-leg processes.
This term is source of negative weights: a lot of focus in how to reduce them



MC@NLO — Frixione & Webher

We want to retain the O(a,) term from the NLO
calculation, and the higher order corrections from

Zps = Zro(l + aKpg | + A Kpg oy + -..) the shower

ZnLo = 2ol + oKy o)

MC@NLO: subtract to the NLO calculation the O(a,) expansion of the shower, then shower!

Actually, after adding the shower one sees

Vmin

[dcbradp ((Drad) @(V o Vmin)

| OMc@NLO+Ps = OnLo T O
'; Vmax
;5 7 -events: they are

’,' J®(¢n+l)d¢n+l R(D, ;) — B(®,)P(P,)O(v—vy,)) showered starting with
| SO —— an additional parton
both IR regulator are sent to 0, as the integrand should be finite!

The PS must reproduce all the singular limits, which is often not the case for multi-leg processes.

This term is source of negative weights: a lot of focus in how to reduce them



POWHEG - Nason

Parton shower evolution operator

dGPS — B((D )dCI) X CS) ( Vimax> O ) CS) ( Vimax> O ) — A( Vimax> rnin) T+ Jerad®(V o mln)A( max? V)P((Drad) X °§)n+1(vv (Dn+1)

max ,
Vmax Ymin

o -
. I

POWHEG: NLO inclusive cross section (instead of LO one), and the real ME for the first emission

Vmax R N

dGPWG — (B ((Dn) T V((Dn) T JeradR(®n+1)) dd)n (prg( Vmax> Ymin) T dq)rad B ( ® ) pwg( max? V) X CS)n+1(‘;\’ (Dn+1))
n+1

-—;:s-rmrroo—mmm——————m—mm>
R(p,41) Replace the first shower evolutive step

“B(®,, )

Viin

Vi
prg(vl, V2) — [ dq)

2



...................................................................................................................................................................................................

Energy
degradation

100 GeV

10 GeV:

KnnKnn?

a, < 1 «

| Perturbation theory|

tagZnot -

| all-orders

- logarithmically
I enhanced terms

a, > 1

| Non-perturbative |
_QCh ]

]

{ resummation of }

¢ at all-orders :

We need to provide

all these ingredients!
GPMC only tool with all
of them, but analytic
calculations for the single
ingredients are more
accurate then GPMC
(except maybe for the
hadronisation)!

Lot of effort both in
improving the accuracy of
the single pieces (more
loops, more logs, more
legs) and also their
inclusion in GPMCs



