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Motivation ﬂ("

a Heavy Quark Expansion (HQE): Decay width of B — X.q.gs and
B — X,9-03 as sum of decay width of b — g;1g-q3 and corrections
suppressed by the mass my:

F(B):F3+F5<:5> +F6<ron7§>+...+167r2 <r6€2>+r7<@7> +>

2 4
b b b mp

a [; <> decay of free b-quark.

I(B7)
M
a Our goal: Hadronic decay channels b — ¢yq.q3 at O (ai) e
with all charm mass effects. ?{i(;l
a Input for the calculation of B-meson lifetimes in HQE. joﬂfmn

w Knowing the O (a?) contributions will reduce the uncertainty

induced by the renormalization scale variation. Figure: Uncertainty contributions on

B-meson lifetimes [Albrecht, Bernlochner,
Lenz, Rusov (2024)]
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Decay channels at NNLO

Four decay channels with charm quarks in the final state at O(a2):

m b— cud (x Vg )
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What is known?

Previous calculations including finite charm quark mass for I'3: Hadronic decay channel:
m b—cud: O (a;) [Bagan, Ball, Braun, Gosdzinsky (1994)]
mb—ccs: O (a;) [Bagan, Ball, Fiol, Gosdzinsky (1995)],[Krinner, Lenz, Rauh (2013)]

a O (Oég)i first steps in [Czarnecki, Slusarczyk, Tkachov (2006)]

What we did:

a® NNLO calculation of semileptonic decay channel b — clv to set up and check calculation
procedure [Egner, Fael, Schonwald,Steinhauser (2023)]

® NNLO calculation of nonleptonic decay channels b — g1 G293 [Egner, Fael, Schénwald,Steinhauser (2024)]
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Calculation setup

a Optical theorem:

r— miblm M(b - b)]

a Integrate out W-boson

1 1
%

(M, —p?) " 3,

u At O (a?) calculate imaginary part of
4-loop diagrams
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Effective operators ﬂ("

4G
F Z Z Vq1b s (C1(M )OQ1QZQS+C (ub)oquqa> +hee.

d1,3=U,C Q2=

with physical operators

0:11(72% — (a?fy“PLbﬁ)(a§7uPLq§1)7
quﬂk — (Eﬁ‘f}/”PLba)(azﬁ'YuPng)

a Consider all possible combinations of operators:

{O1XO1,O1XOQ,OQ><O1,...} b
a What to do with v5 in P.?
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Treatment of 5

@ At NLO and NNLO traces with one ~s matrix
appears

Tr ['VS'YV'Yu'Yp'YU]

in d = 4 — 2¢ dimensions

a Use anticommuting s to be consistent with calculation of matching coefficients and anomalous
dimensions [Buras, Weisz (1990)], [Gorbahn, Haisch (2005)]

m Solution: Fierz identities [Bagan, Ball, Braun, Gosdzinsky (1994)].

—a — ay Fierz e o
O = (G~ PLb”) (@1, Pas) — (@57" Pb”) (@71, PLas)
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Treatment of 5 ﬂ("‘

m Fierzed operators correspond to unfierzed operators with switched color indices

Fierz

OF =% = (G Pub”)(@; 7, PLas) = (87" PLb”)(@ 7 Puas) = OF 7

ql ql
b b b b
- a - ” - a -
9, 9,

a Applying Fierz identities to one vertex leads to one instead of two spin lines:

a We can use anticommuting vs!
m But: Fierz identities are valid in d = 4 dimensions!
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Evanescent operators ﬂ("‘

a Fierz symmetry can be restored order by order in perturbation theory by choosing the correct
evanescent operators [Buras, Weisz (1990)], [Herrlich, Nierste (1994)]

E1(1)7Q1172QS L1 2 43 PLbﬁ)(qz Yois prasis PLq:g ) (16 —de + A1 62)0:71612(73,

(@
= (af'y WZMPLba)(% 'Y/n/tzusPqu) — (16 — 4e + A Ez)og1q2q3»

BN (G bt Py ) (G s PLOS) — (256 — 224 + B,)OF
52(2)70I1qzq:3 (QyryHitetatiatis PLba)(% Yt p2 s prapis Pqu ) — (256 — 224¢ + BZGZ)OQQMM3

E2(1)~,Q1 Q203

m Evanescent operators and physical operators mix under renormalization:

Op Or s
= Z ’
(o)-=(2)

— Evanescent operators contribute to physical result at higher orders.
a O(e) piece <> Fierz symmetries at NLO
w O(e?) piece < Fierz symmetries at NNLO
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Evanescent operators ﬂ("‘

a Fix {Ay, By, B>} by imposing a symmetric anomalous dimension matrix - [Buras, Weisz (1990)]

dé; § = ( Y11 Y12

- — 07 , W|‘th = R =
Mdu Vi G Yor 722) Y11 = Y22, Y12 = Yot

m This condition yields

45936 115056
A2:747 B1:*77 > = —
125 115
0% (@00 L)@ s PLAE ) — (16 — de—42)01 %,
BN = (@ P (@ s PLG) — (16 — de4e)OF
_ _ 45936
E1(2),(71 % = (q?fYMMZHSIMMS PLbB)(q§7#1IL2HaM4#5 PLq?) - (256 — 224e— 125 62)0?1 qzqs,
2) _ ) 115056
Ez( ):G1G205 — (q?v,ymuzusmus PLba)(qZ/B’ymuzuslmm PLqéJ’) _ (256 — 224 e 62)Og1 Qs
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Evanescent operators ﬂ("‘

b b b b b b
{015027 ( ) 951)7E 2)} {01,02,E1(1),E2(1)} {01,02} X {01,02}
x{0y,0, EM ESV E® EP) x {0y, 00, EM EMN}
T e
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Calculation setup

a Generate diagrams with QGRAF [Nogueira
(1993)]

a Mapping on integral families with TAPIR
[Gerlach, Herren, Lang (2022)] and EXP [Harlander,
Seidensticker, Steinhauser (1998-1999)]

a Reduction to master integrals with Kira
[Klappert, Lange, Maierhéfer, Usovitsch (2021)]

a Choose good basis of master integrals,
where € and p = m¢/my factorize, with
ImproveMasters.m
[Smirnov, Smirnov (2020)]
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Master integrals: Expand and Match AT

[Fael, Lange, Schonwald, Steinhauser (2021)]

@ Set up differential equation for master integrals using IBP relations [Chetyrkin, Tkachov (1981)]

d- .
ZT=A ./
O (€. p)

@ Make general expansion ansatz in p = m,/m, around certain point p, for integral

€max JH|€minl Nmax

(o) = Z S clii.mnlé (p— po)"?log™ (p — po)

j=€min M=0 N=nNyin

@ |Insert ansatz in DEQ — linear equations for c[i, j, m, n] for every power in p
@ Determine remaining coefficients by matching to numerical results obtained with AMFlow [Liu, Ma
(2022)]

@ Expansions around several expansion points, match in between
— cover p € [0,1].
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Master integrals: Expand and Match ﬂ(“‘

Which expansion for which expansion point?

m Depends on singular points of the A (e, p): 17: Ale,p)-T
» b—s ctd & b — uts: {0,1/3,1} dp B .
® b— ccs: {0,1/4,1/2,1} Ale,p)- 1 A'(ep)-1
a b— utid: {0,1/2,1} = p—1/3 b—1

€max Jt|€minl Mmax

Hpp)= > > 3" clij.mnlé(p—po)"?log™ (p— po)

jzenli]l m:() n:nmll’l
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Master integrals: Expand and Match ﬂ(“‘

Which expansion for which expansion point?

m Depends on singular points of the A (e, p): iT: Ale,p)-T
» b— cUd & b — ucs: {0,1/3,1} dp . .
® b— ccs: {0,1/4,1/2,1} _Alep)- ! A”(e,p)-/+
m b— uud: {0,1/2,1} - p—1/3 p—1
€max JH|€minl Nmax
(o) = D> > > clismnléd(p—po)"*log™ (p— po)
j=€min M=0 N=nNyin
m Expansion around {2, 4 }-particle threshold
€max JT|€min| Nmax
= hppo)= . Z Z clij,m,nl€ (p— po)"* log™ (p — po)
J=€min  M=0 N=Nmin
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Master integrals: Expand and Match ﬂ(“‘

Which expansion for which expansion point?

m Depends on singular points of the A (e, p): iT: A(e, p) - 7
» b— ctd & b — ucs: {0,1/3,1} dp . .
® b— ccs: {0,1/4,1/2,1} Ale,p)- 1 A'(ep)-1
a b— uud: {0,1/2,1} = p—1/3 b—1

€max j+|€min ‘ Nmax

ppo)= D> > Y clismnld(p—po)"*log™ (p— po)

jzeini]l m:0 n:nmll’l

a Expansion around py € {0, 1} or 3-particle threshold

€max Jt|€min| Mmax

= i (p; po) Z Z ZC[’/vm”]é(P p0)"1og™ (p — po)

j=€min mM=0 n=0
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Master integrals: Expand and Match

Which expansion for which expansion point?
m Depends on singular points of the A (e, p):
@ b— cud & b— ucs: {0,1/3,1}
m b— ccs: {0,1/4,1/2,1}
® b— uud: {0,1/2,1}

€max J+|€min  Mmax

d- -
—I=A -
dp (eﬂp)

B Ae,p)-T A'(ep)-T
- p—1/3 p—1

Hppo)= Y > > cliimnlé(p—po)"*10g™ (p — po)

j=€min M=0 N=Nmin

a Expansion around regular point

€max Mmax

— Ii(Pva): Z Zc[i,j,o,n]ej(pfpo)"

j=€min N=0
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Master integrals: Example

@ Taylor expansion around pg = 0.5

@ Obtain numerical values of integrals at p = 0.5
with AMFlow
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Master integrals: Example

@ Taylor expansion around py = 0.5 400
@ Obtain numerical values of integrals at p = 0.5 [ ]
with AMFlow 300 ]
@ Determine expansion coefficients by matching [ — po=V2 ]
. . 200 1
expansion of step 1 to numerical results of [ 1
step 2 100 ]
; [ [\
-100! /
0.0 0.2 0.4 0.6 0.8
P
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Master integrals: Example

@ Taylor expansion around py = 0.5 400
@ Obtain numerical values of integrals at p = 0.5 [ ]
with AMFlow 300} ]
@ Determine expansion coefficients by matching [ — po=V2 ]
. . 200 |
expansion of step 1 to numerical results of [ 1
step 2 ool ]
@ Threshold expansion around po = 1/3 t [\
o
-100! /
0.0 0.2 0.4 0.6 0.8
P
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Master integrals: Example

Taylor expansion around py = 0.5

Obtain numerical values of integrals at p = 0.5
with AMFlow

@ Determine expansion coefficients by matching
expansion of step 1 to numerical results of
step 2

@ Threshold expansion around po = 1/3
@ Evaluate expansions of step 1 at p = 0.4
@ Determine expansion coefficients of expansion
of step 4 by matching to numerical results of
step 5
Introduction Calculation
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Master integrals: Example

Taylor expansion around py = 0.5

Obtain numerical values of integrals at p = 0.5
with AMFlow

@ Determine expansion coefficients by matching
expansion of step 1 to numerical results of
step 2

Threshold expansion around pp = 1/3
Evaluate expansions of step 1 at p = 0.4

Determine expansion coefficients of expansion
of step 4 by matching to numerical results of
step 5

@ Repeat procedure for next expansion point
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Master integrals: Example N("'

@ Taylor expansion around py = 0.5 400
@ Obtain numerical values of integrals at p = 0.5 ! ]
with AMFlow 300} — po=1/2 ]
@ Determine expansion coefficients by matching f po=1i3
. . 200+ po=1/4 1
expansion of step 1 to numerical results of [ 1
step 2 100 ]
@ Threshold expansion around po = 1/3 [ [\
@ Evaluate expansions of step 1 at p = 0.4 of e
@ Determine expansion coefficients of expansion ool /
of step 4 by matching to numerical results of ) 0.0 02 0.4 06 0.8
step 5 P
@ Repeat procedure for next expansion point
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Master integrals: Example

@ Taylor expansion around py = 0.5 400

@ Optain numerical values of integrals at p = 0.5 : — =112
with AMFlow 300:* 00=1/3

@ Determine expansion coefficients by matching [ po=1/4
expansion of step 1 to numerical results of or — po=0
step 2 ool ]

@ Threshold expansion around po = 1/3 [

@ Evaluate expansions of step 1 at p = 0.4 of I

@ Determine expansion coefficients of expansion moi /
of step 4 by matching to numerical results of ) 0.0 02 0.4 06 0.8
step 5 P

@ Repeat procedure for next expansion point
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Results

GfmZ|Vbc\2

F(b— cd) = =2

with

A0 Qs (1) | (Qs)2 L(2)
@7%+?@_%?>%.

[C3(1)Gr1 + Ci(1) Co(1) Grz + CE(1) Gz

decay channel LO NLO NNLO
(n) . . b — cud yes yes yes

a All G,j as functions of the mass ratio p = m¢/my b — uld yes  yes yes
expanded around value py and colour factors. b - UBs yes  yes yes

a n, =3, n. =1, n, = 1 number of light, charm and b — ccs yes yes yes
bottom quarks.

a Both G,(l-”) and C;(u) are depending on the choice of
evanescent operators and the 5 scheme.
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Results: b — cud

G%mg“/bo‘z

r 1] —
(b — cud) 1923
40
a Fierz identites: 20
(@7 PLb?)(35 7, PLas) L0

™

Fierz

= (@ PLb?) (B0, PLGS) O 20

mab—cud gi=c,q=u -40
a Inthelimitp - 0: g1 =g =u -60
-80

2 2

- G$1) = ng)
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[CE(1)Gir1 + C1 (1) Ca) Grz + C3 (1) Gee

2
L - G(u) ]
2
a G
g Gy
0.0 0.2 0.4 0.6 0.8
p
[Egner, Fael, Schénwald, Steinhauser
(2024)]
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Results b — cud

a Scheme dependence drops out in the
final result for I

@ Renormalization scale dependece
reduced by =~ 50%

G?mg | Vbcl2

(b— cud) =
( ud) 19273
g
— T, |1.89907 + 1.77538 (—
Introduction Calculation
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: — LO
2.4 8
I NLO
_22) \ NNLO -
S I ]
-~ L
L‘ L
2.0r 1
I mPS = 4.7 GeV ]
L8 md® =1.3 GeV 1
0 2 4 6 8

Ho

[C3(1)Gi1 + Ci (1) Co(1) Gz + C5 (1) Gao]

) + 14.1081 (07‘:)2]

[Egner, Fael, Schonwald, Steinhauser]
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Outlook

a Phenomenological analysis: different mass
schemes
— In collaboration with Alexander Lenz, Maria
Laura Piscopo and Aleksey Rusov (University
of Siegen).

a b — ccs: Penguin-like topologies with
insertions of O; and O, at NLO and NNLO.
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preliminary!
0. T
b— cud
o038 T(3GeV) = 0.980 GeV — Lo
sk mit = 4.573 GeV NLO 1
NNLO
0.341, 1
= 032 n
030 -
028 -
026 1
. . , , |
2 4 6 8 10
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Thank you for your attention!
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