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Quantum mechanics of B mesons ﬂ(“.

Time evolution of Bs mesons

Relation between self-energy and scattering matrix elements
1

—i(2m)*6 (pi — )Ty = 2Mg

(BilS|Bj) (1)

provides a way of calculating the mixing as described by the Schrédinger equation (Nierste 2009;
Weisskopf and Wigner 1930; Lee, Oehme, and Yang 1957):

i () == (126) @
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Quantum mechanics of B mesons AT
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Time evolution of B, mesons

Relation between self-energy and scattering matrix elements
1

—i(2m)*6 (pi — )Ty = 2Mg

(BilS|Bj) (1)

provides a way of calculating the mixing as described by the Schrédinger equation (Nierste 2009;
Weisskopf and Wigner 1930; Lee, Oehme, and Yang 1957):

i () == (126) 2

Mass vs flavour eigenstates

m Diagonalising ¥ — eigenstates B; and By
a AM = My — M; and AT =T, — 'y related to off-diagonal elements
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Introduction to B meson observables AT
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Lifetime difference

a Off-diagonal matrix element — width difference

AFEFL—FH

F12|? ) (3)

= _2|r12| COS(¢F - ¢M) + (@ (|M12|2

m Absorptive part of self-energy — off-diagonal matrix element

Mo Xp—133

Motivation Calculation Current numerical status Technical challenges References
ooe 000 00000 00000000000

Pascal Reeck — Technical aspects of B meson mixing at NNLO Karlsruhe, 27th September 2024 4/26



Karlsruhe Institute of Technology

Calculation

Y
‘3 ouly belueen,

@ mix oy Peng uins
\ C

ks eddhonal ey
:)_[\L, :H‘LJ \ku

Motivation Calculation Current numerical status Technical challenges References
[e]e]e) @00 00000 00000000000

Pascal Reeck — Technical aspects of B meson mixing at NNLO Karlsruhe, 27th September 2024 5/26



Operator product expansion ﬂ(".

a Basic idea:

01(x)02(0) = Y C{a(x)0(0) (5)
a B mixing to leading order:

W b Q172 s
b—— NN N—— 5

|

Q1/2 b
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Matching condition for ',

u Calculating X1, in the |[AB| =1 theory:

Yo =

Motivation Calculation
000 ocoe
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Matching condition for [, AT
u Calculating X1, in the |[AB| =1 theory:

T = s Bl (5 [ 0 TR 0HE5 ) B) )
u Equating the absorptive part with the |[AB| = 2 transition operator:
1 _
Mo = ~2Abs(X10) = (B ( Abs i /d4x THABl(x)HABl(0)> |B) (7)
B
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Matching condition for [, AT
u Calculating X1, in the |[AB| =1 theory:

T = s Bl (5 [ 0 TR 0HE5 ) B) )
u Equating the absorptive part with the |[AB| = 2 transition operator:
1 ' _
[ = —2Ab5(212) Mg <B‘ ( AbSI/d4X T,HABl(X)HABI(O)> |B> (7)
b Q1/2 s b s
Q
3 loops ufe ufe  —— 2 loops
~ 5 b
s Q12 b
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Matching condition for I}, IT
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u Calculating X1, in the |[AB| =1 theory:

T <B|< / d4xT”HAB_1(x)HAB_1(O)> B) (6)
a Equating the absorptive part with the |AB| = 2 transition operator:
1 - —
Mo = —2Abs(X15) = (B\ AbS/ d4x T HAB= (x )%A31(0)> |B) (7)
Q12
3 loops zi >< 2 loops
Q12

Factorisation of scales in 15

o GEm? o = ~a ~ - A
M2=—Y Aasl§y = — Z,\ e e Mb [H ﬂ<B|Q|B>+HSﬂ<B|Qs|B>} +0<§—i’3) (8)
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Current numerical status

A
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Contributions to [ {5

Contribution  Previous results

(Gerlach, Nierste, Shtabovenko,
Steinhauser 2022)

Pio»x Ps_g 2 loops, z-exact, ng-part only!
Py x Pg 2 loops, z-exact, n¢-part only!
Ps_g x Ps_g 1 loop, z-exact, full?

P3_¢ x Pg 1 loop, z-exact, n¢-part only?
Pg x Pg 1 loop, z-exact, n¢-part only*
Piox Pis 3 loops, O(+/z), n¢-part only!

2 loops, O(z), full
2 loops, O(z), full
2 loops, O(z), full
2 loops, O(z), full
2 loops, O(z), full
3 loops, O(z), full

I(Asatrian et al. 2020)
2(Beneke, Buchalla, and Dunietz 1996)
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Numerical results AT
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AT to NNLO

AT
S — +0.53 +0.09 . ) =3
AL AT I LSt 2=y, =5 0Ty, = 0.05.nput) x 1073, (9)
Ars 0.23 0.09 -3
T = (433782 i P08 i1/, £ 01253 + 0.781/m, & 0.050mpu ) X 1073, (10)
s IMS
AT _
| = (420788, 1898, s, F 0125, £ 0781/, £ 0.05m) X 107 (11)
s lps
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Numerical results AT
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AT to NNLO

AT
+0.53 +0.09 . i =3
| = (37978 881/ m, + 01155, 0781/, 0.05imput ) x 1072, (9)
pole
AT +0.23 +0.09 -3
L= (4 33400 e 0B cate 1/m, T 01258, £0.781/m, + o.osinput) x107%,  (10)
s IMS
AT _3
2= (4204838 F8R s 0125, £ 0.781 £ 0050 ) x 1070 (11)
Overall result:
AT = (0.076 + 0.017) ps (12)
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Numerical results
Al to NNLO
+0.1155, % 0.781/m, + 0.05mput) X 1072,

AT,
+0.53 +0.09
AM; poIe 3.79 —0.58scale —0.19scale,1/my
Ars 0.23 0.09 -3
W= (4 33 1 hecate 0 30scale.1/my T 0-1268, £ 0.781/m, £ 0.05mput) x 1073, (10)
s IMS
AT _
2= (4204838 F8R s 0125, £ 0.781 £ 0050 ) x 1070 (11)
Overall result:
AT = (0.076 + 0.017) ps (12)

Comparison to experiment
Results from ((HFLAV) 2020; Aad et al. 2021; Sirunyan et al. 2021)

exp
(AT)®® = (0.085 = 0.005) ps (13)
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Renormalisation scale dependence of result AT

8 x10-3
MS LO
-=- MSNLO
7 —— MSNNLO |
s PSLO
= —=- PSNLO
§6< PSNNLO |
=}
£ Pole NNLO
E] e dmmmmm T T T T
§“5- P S r
P e ——
<2 _-—‘———_
;:“ 7,0 = =
< ’/ Vi -
/
44 7 L
H
U
3 T T T T T T T
2 3 4 5 6 7 8 9 10

# =ty = H [GeV]

a Need to improve convergence by including contributions involving penguins at 3-loop
a Need to improve accuracy of charm mass dependence
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Diagrams needed to complete the NNLO calculation &‘(lT

Contribution ~ Number of 3-loop diagrams Maximum number of gamma
matrices on each spin line

P172 X P172 ~ 187000 7

P12 x P3_g = 200,000 9

P3,6 X P3,6 ~ 400,000 11
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Diagrams needed to complete the NNLO calculation ﬂ(“'

Contribution  Number of 3-loop diagrams Maximum number of gamma
matrices on each spin line

Piox Pio = 18,000 7
P12 x P3_g =~ 200,000 9
Ps_¢ x P3_g ~ 400,000 11

w Resulting spinor space structures are made up of up to 11 gamma matrices (cf. up to 7 with
only current-current)

a Inclusion of more evanescent operators at LO and NLO
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Key challenge: Projector methodology AT

Karlsruhe Institute of Technology

m Need to resolve many permutations of tensor structures in amplitude like

= — H1 Hn ® p P H1 (14)
= pl...pm’y Ly mat P Vi Y
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Key challenge: Projector methodology ﬂ(“.

m Need to resolve many permutations of tensor structures in amplitude like

=P P ARP P YV (14)

a Apply projectors, in general:
P,'(ek) = Z ij ej, ek ZAUGJk = 5:1(; (15)
J

where the Gram matrix is G; = (e;, )
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Key challenge: Projector methodology ﬂ(“.

m Need to resolve many permutations of tensor structures in amplitude like

=P P ARP P YV (14)

a Apply projectors, in general:
P,'(ek) :Z ij ej,ek Z)\UGk —511(; (15)
J
where the Gram matrix is G; = (e;, )

u Projectors yield operator matrix elements times scalar integrals
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Key challenge: Projector methodology ﬂ( T

m Need to resolve many permutations of tensor structures in amplitude like

E:pl...pm’y“l...’)/““®pm+l...pkfy#"...'y“1 (14)

a Apply projectors, in general:

Pi(ek) = Z ij ej? ek ZA’JG ik — 51/(; (15)
J
where the Gram matrix is G; = (e;, €;)

u Projectors yield operator matrix elements times scalar integrals

Choosing the right scalar product

w Freedom of choice for scalar product in (15)

® Any bilinear map works if Gram matrix Gj invertible
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Key challenge: Projector methodology ﬂ(“.

Traditional scalar product

a Defined by a map acting on each length of gamma matrices separately,

pe - (C)" @ VK x (C)" @ VK 5 C

(X1 ®x2, y1 ® y2) > Tr [x{ryl} x Tr [ngz} (16)
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Key challenge: Projector methodology ﬂ(“.

Traditional scalar product

a Defined by a map acting on each length of gamma matrices separately,

pe - (C)" @ VK x (C)" @ VK 5 C

(X1 ®x2, y1 ® y2) > Tr [x{ryl} x Tr [ngz} (16)

m Explicitly for two tensor structures x, y of the same length:

+
(x,y) :Tr[(py"me’Y“l...’y“”) pl...pmy’y”l...'y”"y]x

T (17)
i |:(me+1 T ka Vo ""Yug(nx)) Pmy+1 o Pky 0 A I W} ,
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Key challenge: Projector methodology ﬂ(“.

Traditional scalar product

a Defined by a map acting on each length of gamma matrices separately,

pe - (C)" @ VK x (C)" @ VK 5 C

(X1 ®x2, y1 ® y2) > Tr [xfyl} x Tr [XgT}Q} (16)

m Explicitly for two tensor structures x, y of the same length:

(x,y) :Tr{ (pl P yHL L “"X> Py Pmy L .’yy"y] X
: (17)
B |:(me+1 P Vo ""V#a(nx)) Prny1 - Pi, Y L w)} ’

m Limitations in FORM: traces of 22 gamma matrices with open indices take ~ 4 weeks

= Require naively O(10°) such traces
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Key challenge: Projector methodology ﬂ(“.

Improved scalar product

a Depart from traditional approach and choose instead

s+ (C™ @ VW x (C)™ @ V9 = C

(18)
(x1 ®@ x2, y1 ® y2) = Tr [x1y1x2)2]
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Key challenge: Projector methodology ﬂ(“.

Improved scalar product

a Depart from traditional approach and choose instead

s+ (C™ @ VW x (C)™ @ V9 = C

(18)
(x1 ® x2, y1 ® y2) > Tr [x1y1x22]

a Explicitly for two tensor structures x, y of the same length:

<X7}/>=Tr Pl'”me’yul""Yunxpl”‘Pmy'yyl-~-'YV"YX
(19)

I/G/(

me+1 200 Pkﬂ“o(n 20 .'y%(nx)pmyﬂ e pky APl Ly
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Key challenge: Projector methodology A[{]]

Karlsruhe Institute of Technology

Improved scalar product

a Depart from traditional approach and choose instead

s+ (C™ @ VW x (C)™ @ V9 = C

(18)
(Xl X Xo, N ® }/2) — Tr [X1y1X2y2]
a Explicitly for two tensor structures x, y of the same length:
(x,y) =Tr Py "me o ...'y“"xpl -~-Pmy7V1 L%
(19)
VG/(,,y)

me+1 200 Pkﬂ#ou) 20 .'y%(nx)pmyﬂ e pky APl Ly

m All Lorentz indices except for loop momenta are contracted = quicker computation and
parallelisation possible

a Single core calculation of the same number of gamma matrices takes only =~ 1 week, but
parallelisation reduces this significantly
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Key challenge: Projector methodology AT

Karlsruhe Istitute of Technology

Optimised projector algorithm

@ Split off slashed momenta on both spin lines = reduce number of different structures

eg Py p VAR p (20)
& P Pn VB Pryr e Pr Vo - Vit
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Key challenge: Projector methodology A[{]]

Karlsruhe Institute of Technology

Optimised projector algorithm

@ Split off slashed momenta on both spin lines = reduce number of different structures
eg P, p V. A ® B B Vo - Vot (20)

@ Contract Lorentz indices on the same spin line = reduce number of gamma matrices
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Key challenge: Projector methodology AT

Karlsruhe Institute of Technology

Optimised projector algorithm

@ Split off slashed momenta on both spin lines = reduce number of different structures
eg p...p 1. A" ® Prs Pr Voo -+ » Vitotn (20)

@ Contract Lorentz indices on the same spin line = reduce number of gamma matrices

@ Canonically order gamma matrices using a lookup table = reduce number of different
structures; pre-computed table reduces runtime

1 Hn
eg P p VN ANRP Py V- (21)
& P m7 v m+1 k Tin == T
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Key challenge: Projector methodology AT

Karlsruhe Institute of Technology

Optimised projector algorithm

@ Split off slashed momenta on both spin lines = reduce number of different structures
eg p...p 1. A" ® Prs Pr Voo -+ » Vitotn (20)

@ Contract Lorentz indices on the same spin line = reduce number of gamma matrices

@ Canonically order gamma matrices using a lookup table = reduce number of different
structures; pre-computed table reduces runtime

g Py PV VTP B Vi Vin (21)

@ Choose projector based on number of gamma matrices and slashed momenta
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Key challenge: Projector methodology AT

Karlsruhe Institute of Technology

Optimised projector algorithm

@ Split off slashed momenta on both spin lines = reduce number of different structures
eg p...p 1. A" ® Prs Pr Voo -+ » Vitotn (20)

@ Contract Lorentz indices on the same spin line = reduce number of gamma matrices

@ Canonically order gamma matrices using a lookup table = reduce number of different
structures; pre-computed table reduces runtime

g Py PV VTP B Vi Vin (21)

@ Choose projector based on number of gamma matrices and slashed momenta

@ Apply projectors using a lookup table
e.g. E3(2) (22)
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Outlook AT

Karlsruhe Institute of Technology

Contribution  (Gerlach, Nierste, Shtabovenko, ~WIP (Nierste, Reeck,

Steinhauser 2022) Shtabovenko, Steinhauser)
Piax P3_g 2 loops, O(x?) 3 loops, semianalytic
Pi o, x Pg 2 loops, O(x?) 3 loops, semianalytic
P36 x P3_g 2 loops, O(x?) 3 loops, semianalytic
P3;_¢ x Pg 2 loops, O(x?) 3 loops, semianalytic
Pg x Pg 2 loops, O(x?) 3 loops, semianalytic
P12 x P15 3 loops, O(x?) 3 loops, semianalytic

Challenges

m Long gamma traces and projector optimisation
a High-rank tensor integrals
a 3-loop master integrals with 2 mass scales
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Thank you for your attention!

Motivation Calculation Current numerical status Technical challenges References
000 000 00000 00000080000

Pascal Reeck — Technical aspects of B meson mixing at NNLO Karlsruhe, 27th September 2024 19/26



References | ﬂ(“.

(HFLAV), H.F.A.G. (2020). PDG 2020 averages. URL:
https://hflav-eos.web.cern.ch/hflav-eos/osc/PDG_2020/#%5C%20DMS (visited on
09/06/2023).

Aad, Georges et al. (2021). “Measurement of the CP-violating phase ¢ in B — J/1¢ decays in
ATLAS at 13 TeV". In: Eur. Phys. J. C81.4, p. 342. DOI: 10.1140/epjc/s10052-021-09011-0.
arXiv: 2001.07115 [hep-ex].

Asatrian et al. (2020). “Penguin contribution to the width difference and CP asymmetry in Bq—Bq
mixing at order a2 N¢". In: Phys. Rev. D 102.3, p. 033007. DOI:
10.1103/PhysRevD.102.033007. arXiv: 2006.13227 [hep-ph].

Beneke, M., G. Buchalla, and I. Dunietz (1996). “Width Difference in the Bs; — B System”. In:
Phys. Rev. D 54. [Erratum: Phys.Rev.D 83, 119902 (2011)], pp. 4419-4431. poOTL:
10.1103/PhysRevD.54.4419. arXiv: hep-ph/9605259.

Fael, Matteo et al. (2021). “A semi-analytic method to compute Feynman integrals applied to
four-loop corrections to the MS-pole quark mass relation”. In: JHEP 09, p. 152. DOTI:
10.1007/JHEP09(2021) 152. arXiv: 2106.05296 [hep-ph].

Motivation Calculation Current numerical status Technical challenges References
000 000 00000 00000000000

Pascal Reeck — Technical aspects of B meson mixing at NNLO Karlsruhe, 27th September 2024 20/26


https://hflav-eos.web.cern.ch/hflav-eos/osc/PDG_2020/#%5C%20DMS
https://doi.org/10.1140/epjc/s10052-021-09011-0
https://arxiv.org/abs/2001.07115
https://doi.org/10.1103/PhysRevD.102.033007
https://arxiv.org/abs/2006.13227
https://doi.org/10.1103/PhysRevD.54.4419
https://arxiv.org/abs/hep-ph/9605259
https://doi.org/10.1007/JHEP09(2021)152
https://arxiv.org/abs/2106.05296

B
B

References I ﬂ(“.

— (2022). “Singlet and nonsinglet three-loop massive form factors”. In: Phys. Rev. D 106.3,
p. 034029. DOI: 10.1103/PhysRevD. 106.034029. arXiv: 2207.00027 [hep-ph].

Lee, T. D., R. Oehme, and Chen-Ning Yang (1957). “Remarks on Possible Noninvariance Under
Time Reversal and Charge Conjugation”. In: Phys. Rev. 106, pp. 340-345. DOT:
10.1103/PhysRev. 106. 340.

Liu, Xiao and Yan-Qing Ma (2023). “AMFlow: A Mathematica package for Feynman integrals
computation via auxiliary mass flow". In: Comput. Phys. Commun. 283, p. 108565. DOTI:
10.1016/j.cpc.2022.108565. arXiv: 2201.11669 [hep-ph].

Nierste, Ulrich (Mar. 2009). “Three Lectures on Meson Mixing and CKM phenomenology”. In:
Helmholz International Summer School on Heavy Quark Physics, pp. 1-38. arXiv: 0904 .1869
[hep-ph].

Reeck, Pascal, Vladyslav Shtabovenko, and Matthias Steinhauser (2024). “B meson mixing at
NNLO: technical aspects”. In: JHEP 08, p. 002. DO1: 10.1007/JHEP08(2024)002. arXiv:
2405.14698 [hep-phl.

Shtabovenko, Vladyslav (2017). “FeynHelpers: Connecting FeynCalc to FIRE and Package-X". In:
Comput. Phys. Commun. 218, pp. 48—-65. DOI: 10.1016/j.cpc.2017.04.014. arXiv:
1611.06793 [physics.comp-ph].

Motivation Calculation Current numerical status Technical challenges References
000 000 00000 00000000000

Pascal Reeck — Technical aspects of B meson mixing at NNLO Karlsruhe, 27th September 2024 21/26


https://doi.org/10.1103/PhysRevD.106.034029
https://arxiv.org/abs/2207.00027
https://doi.org/10.1103/PhysRev.106.340
https://doi.org/10.1016/j.cpc.2022.108565
https://arxiv.org/abs/2201.11669
https://arxiv.org/abs/0904.1869
https://arxiv.org/abs/0904.1869
https://doi.org/10.1007/JHEP08(2024)002
https://arxiv.org/abs/2405.14698
https://doi.org/10.1016/j.cpc.2017.04.014
https://arxiv.org/abs/1611.06793

References Il ﬂ(“.

i Shtabovenko, Vladyslav, Rolf Mertig, and Frederik Orellana (Dec. 2023). “FeynCalc 10: Do
multiloop integrals dream of computer codes?” In: arXiv: 2312.14089 [hep-ph].

@ Sirunyan, Albert M et al. (2021). “Measurement of the CP-violating phase ¢ in the B? —
J/v $(1020) — ptp~KTK™ channel in proton-proton collisions at /s = 13 TeV". In: Phys. Lett.
B 816, p. 136188. DOI: 10.1016/j .physletb.2021.136188. arXiv: 2007.02434 [hep-ex].

@ Weisskopf, V. and Eugene P. Wigner (1930). “Calculation of the natural brightness of spectral lines
on the basis of Dirac’s theory”. In: Z. Phys. 63, pp. 54—73. DOI: 10.1007/BF01336768.

Motivation Calculation Current numerical status Technical challenges References
000 000 00000 00000000000

Pascal Reeck — Technical aspects of B meson mixing at NNLO Karlsruhe, 27th September 2024 22/26


https://arxiv.org/abs/2312.14089
https://doi.org/10.1016/j.physletb.2021.136188
https://arxiv.org/abs/2007.02434
https://doi.org/10.1007/BF01336768

	Motivation
	Calculation
	Current numerical status
	Technical challenges
	References

