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Introduction

B Substantional progress in providing precise predictions of cross sections at NNLO
QCD level in the last few years, especially in handling IR divergences.

B Slicing Schemes : Using a suitable variable to split the phase space.

— qr Subtraction [ Catani, Grazzini ‘07 ]
— N-jettiness subtraction [ Gaunt et al.’15 ] [ Boughezal et al.’15 ]

B Subtraction Schemes : Contructing integrable counterterms to cancel divergences.

— Numerous established subtraction schemes

e.g. LGehrmann etal.’05 ] [Somogyi et al."05] [ Czakon et al.’11 ] [ Cacciariet al.’15 ]
[Melnikov et al.’17] [Magnea et al.’18]
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N-jettiness Subtraction

2p;.px 2P Px

B N-jettiness variable: T = Z min( 5 p ) [ Stewart, Tackmann, Waalewijn ‘10 ]
k i J

( a complicated function )

B 7 can be used to slice the phase space in the following way:

B Tod dG | d dg
= O TdT | T TE — 7, :Imposed cuton 7

o

¥ The SCET factorization theorem makes the above slicing a convenient choice:

. N — Hard Function H._
o O
J dr— = JBT ®B. QS QH Hfi,f + 0(z,) — Beam function B, , Jet function J,

o dr
— Soft Function §,
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Soft factorization and Eikonal functions

B In color space, we have the soft factorization theorem:

n
2 ] 2
‘Mg,al,,,,,an(mapla 9pn)‘ X as Z Sl](m) ‘ Mg;]),an(p]a 9pn)‘
ii=1

NLO :: Single real emission : pi-D,

Di - PmP; - P i

NNLO ::

B Uncorrelated contribution: Iterated NLO soft eikonal

B Correlated contribution — Gluon emission : Slf.g(m, n)

— Quark emission : Sgc"(m, n) i
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Soft Function Calculation
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m The Soft function at NNLO was previously available for O-, 1- and 2-jettiness,
[Boughezal et al.’15 ] [ Campbell et al.’17 ] [ Jin, Liu '19]

and only recently available for generic N-jettiness. [Bell et al.’23 | | Agarwal et al.’24 |

B It has also been recently calculated at N3LO for O-jettiness. [Baranowski et al.’24 |

B Upto N3LO, most of the previous calculations were done by mapping the phase
space of soft-gluon emissions to hemispheres using theta functions and integrate
numerically within each of them.

N
D.0,=>8c—q,.p,—4,-0)||94n-pi — 4,-p) | | 04 P — 4, - 1)

r,s=1 k#r [#£s
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m The Soft function at NNLO was previously available for O-, 1- and 2-jettiness,
[Boughezal et al.’15 ] [ Campbell et al.’17 ] [ Jin, Liu '19]

and only recently available for generic N-jettiness. [Bell et al.’23 | | Agarwal et al.’24 |

B It has also been recently calculated at N3LO for O-jettiness. [Baranowski et al.’24 |

B  Upto N3LO, most of the previous calculations were done by mapping the phase
space of soft-gluon emissions to hemispheres using theta functions and integrate
numerically within each of them.

N
D.0,=>8c-q,.p,—4,-0)||940-P — 4.-2) | | 04-P1 — 4, - 1)

r,s=1 k#r [#£s

Another way: Handle the N-jettiness functions analytically using subtractions which helps
in generalizations.

Introduction NLO Soft function NNLO Soft function Results Conclusion
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Soft Function Calculation
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Introduction
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Motivation:;

B Recent developments in understanding the NNLO subtraction schemes for a
generic N-jet problem.

B Exploiting the connection between modern slicing schemes and established
subtraction schemes.

We use established NNLO subtraction methods and show the analytic cancellation
of divergences present in the N-jettiness soft function against the renormalization
matrix, treating N as a generic parameter.

NLO Soft function NNLO Soft function Results
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Renormalization
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B Infrared divergences manifest themselves through e poles. It is useful to renormalize
in Laplace space: 00

S(u) = | dr S(zv)e ™" .

0

B Then the renormalization matrix Z in color space is multiplicative: § = ZS’Z+

B We expand S,Z and Z" in powers of a :

~/

1
S2 — ESISI ~+ SZ,I’ Sl — Sl — Zl — Z1+

Jse: 1 ' S 155 1Z 7+ : S.Z.—Z¥+S, -7, -7t
— = + —| 24, +— S, 24 — + — —
Z2 — Elel 4+ Z2,r 2 y 1“1 2[ 1> ] 9 [ 1> 4“1 1 ] 2.r 2.r 2.r
Introduction NLO Soft function NNLO Soft function Results Conclusion
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NLO Soft Function

B Unresolved gluon { m}, P,=2E ; We have: t(m)=FE v, ¥, = min(p,, Py ---) and

p; =1 —n;.n; such that p; =0 when i]||;j

B NLO soft function:

. dE_ 1 Pi
Sl(T) — Z Ti . T] [aS] [dQ’(/g 1)] e 5(1' — Eme) Sl](m) where Sl] — [ > I;
(l]) m m mmr-jm

— Integrate over the energy and use Laplace transform. We then use limy;,, = p,,, :

m||i

p P
Trick: Wt ——— = - (1 i 2€gl§.,2’31) 1—2l]e 1—2¢
pimpjm Pim ,ij
Introduction NLO Soft function NNLO Soft function Results Conclusion
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NLO Soft Function
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®  We can now integrate over m (i, = p;;/2),

1-2¢ € €
Pii 2105 T(1 + €)? 2n;;
i 2P € e T'(1+2¢)

B Using the matrices Z and Z*, we get the renormalized soft function:

2

~ ) T l//mpl pi'

S = a, ) T,-T; |20 + Lix(1 = ) + — + ( In / d + O(¢)
(if) 12 PimP jm PimP jm -

(A simple representation )

Introduction NLO Soft function NNLO Soft function Results Conclusion
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NNLO Soft Function
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Po

B The bare NNLO soft function is given as: S, =S, g + S, gy — @, —S$;
€

® Qur calculation is organized as follows :

SZ — S2,u60rr + SZ,COrr + S2,tcc

- | . 1
— - — Q — + +
SZ,uncorr — SZ,RR,T4 — N SISI S2,tcc — SRV,tcc + 5 [ZI’ Zl ] T 5 [Sl’ Zl Zl ]
N a,p
_ + si~0
S2,c0rr — S2,RR,T2 + SRV,T2 o ZZ,r o Zz,r . Sl
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Uncorrelated Emissions

1
SRRV = 5 2 AT T T T Iy
(i) (k)
0
[O{s]2 n dEm dEn P 4] Pk
where IT4“kl= 5(T—El// —EW)
v 2 ) El+2e El+2¢ Y pnPim PiknPin
mn

— Integrate over both the energies , , , o
Helps us identify the iterated NLO contribution

— Apply Laplace transform

y)
2 2€
a I'(l1 —2 Pii 1
52 RRT+ = o Z {T,- T, T, - T} =29 ) Y —— e == 919
4 (if), (kD) 2e PimPjim - PinPin ) 2
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Renormalization
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B Infrared divergences manifest themselves through e poles. It is useful to renormalize
in Laplace space: s
S(u) = | dr S(v)e ™" .

0

B Then the renormalization matrix Z in color space is multiplicative: § = ZS‘Z+

% We expand S,Z and Z* in powers of «, :

~/

1
S2 — ESISI ~+ SZ,I’ Sl — Sl — Zl — Z1+

-5e; 1 ' Q—1§§+1[Z Z 4~ [S1.2,— ZH] + Sy, — Z D
Z2ZEZIZI+Z2J 2 = SRR T S LAL S T 9 4 T 4 2r — L2r— Ln,
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Triple Color Correlated Terms

- | 1
S2,tcc — SRV,tcc + 5 [Zl’Zl-l_] + 5 [SI’ZI o Zl_l_]

B The triple color terms only contribute when the

process has two or higher number of jets. Due to color conservation

B The commutator terms having the triple color structure can be calculated as shown in [Devoto et al.’23]

1 wa; . 1 a’m Pr; §
_ k 2 k
E[Zl’zr] T2 Z’lkj In; £ 515121 - Z'] &« — —22 Kg \ W —— ) FY
(kij) (kif) PrmPim -
0 €
a. 10 Pk Pkj -
SRV,tcc X 2_62 Z Kkj <Wm€ | < | ) > FY
(ki) PrkmPim PkmP jm
m
where F¥ = abCT,le.bY}C and Kii = Aii — Aim — Aim 4; = 11if i and j are incoming/outgoing otherwise zero.
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Triple Color Correlated Terms

B Using the same trick as in the NLO case:

1 azjz' pkl.—2€
s z : ; .
E[SI,ZI ~ 4l €2 S (1 T 2€g1512,1)n) 12 ) b a
(kij) Pim™ Pim -

2 1—de €
a.t pki pk] kii
Spv e X —— Y K (1 + 4eg® ) F™

(ki)

B Combining the contributions, the divergent terms containing the N-jettiness function cancel.

2
_261571'sz. Pik g(g) _g(fl) Fki  — @(60)
i € "\ PimPr o

(kif) e m

We obtain a finite remainder containing the N-jettiness function.

Introduction NLO Soft function NNLO Soft function Results Conclusion
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Triple Color Correlated Terms

B Remaining poles : Extracted using the idea

N i ¥ Pkj
P Ign; 4610 l%”n_4€ PimP Jm -

Introduction NLO Soft function NNLO Soft function Results Conclusion
OOOO0O O O OCOO0O0COO0O0 OO0 O

13/21 27.09.2024 Prem Agarwal : N-jettiness soft function at NNLO YSM 2024



AT

Karlsruhe Institute of Technology

Triple Color Correlated Terms

B Remaining poles : Extracted using the idea

N P e Pkj o Pri Pkj Calculated in
p]%n;4€pl%n—4€ pkmpjm PlmPim pkmpjm [ Devoto et al' 23 ]

=> 0"

B All poles cancel and we get a finite remainder:

q _ 2 kij triple
SZ,Z‘CC = U ﬂ'z F Kij

kij
(kij)
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Correlated Emissions

C — +
S2,60rr — SZ,RR,T2 + SRV,T2 o ZZ,r o Zz,r Sl

Real-Virtual Contribution :

1+e€
2
Pij .
S ry.12 X Ll C T.-T. ( yw’ ! Use the same NLO trick
’ ’ 63 A l J] m p p
(l]) mmr- jm -

Double Real Contribution @ Double emission eikonals Sl;o?g(m, n) and Sl;?‘_l(m, n)

C g -
Sy RRT2: = — 7A 2 T, T, ) J [dp,,Ildp,] & (t— E,w,, — Ew,) SE8(m. n)
(i) I;(m, n)
Challenging! Many Soft and Collinear divergences. = Nested Subtractions
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Correlated Emissions: Nested Subtractions

Sa)Iij
[.. +
lj
Sa)Iij
(§ =1-58)
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Correlated Emissions: Nested Subtractions
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A m O, Strongly ordered operator
W T .
(double soft limit with energy ordering o)
[.. +
I s The poles present in S,/ are extracted
S, 7 analytically using subtractions.
w1
n The extracted N-jettiness poles cancel
(S,=1-3S5,) with the ones obtained from the S, py 72 .
( Contains collinear
divergences only )
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Correlated Emissions: Nested Subtractions

Sa)Iij |
C [Idc] Double Collinear
I. . n Contribution
U
oy o _|_
- Partitions
Sa)lij
S—, yic Triple Collinear
_ a)[ ij Contribution
(S, =1-S5,)

Introduction NLO Soft function NNLO Soft function Results
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Correlated Emissions: Nested Subtractions
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Sa)Ilj
C [7dc Double Collinear
[I ] o
I. . n Contribution
[
0oy o _|_
— Partitions
Sa)lij
S [Itc Triple Collinear
. Contribution
(S,=1-S,)
N, ( d
§ rdep - Nu[_de R b § [a)2§8,8 e ] Poles independent of
“ry e | wl+2e ( ). j e 1) - = N-jettiness function
0
B  The divergent poles of this contribution can then be extracted from [ Delto et al. 18 |
Introduction NLO Soft function NNLO Soft function Results
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Correlated Emissions: Nested Subtractions

Triple Collinear Contribution:

1
_ N, [ dw . L .
S, = <w,f,ti, ot i) 3, (7355 m, m) >

€ | CUl+2€
0

mn

B Contains m||n, m||n||iand m||n||; singularities.

Strategy : — Introduce sectors to handle the m||n singularity. [ Devoto et al.’23 ]

— Use the triple collinear limits of the integral as subtraction
terms and calculate the poles analytically.

— lIdentify the terms corresponding to calculations without the N-
jettiness constraint to avoid complex calculations.

Introduction NLO Soft function NNLO Soft function Results Conclusion
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Correlated Emissions: Nested Subtractions
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Sa)Iij C [Idc]
[.. +
I +
~ Partitions
Sa)Iij S [Itc
(5 =1-13,) — Sectors
_ Cmn ’ C Xmn
N ( d
1 W b+d = , X
7 a)1+2€ <(1 — 0 " Cmn) [dgmn] men whHE mnSa) [ S(lgjg(m, n)] >
xe{i,j} E) mn
Fully subtracted term
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Final Renormalized Soft function
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& We obtain a compact finite representation of the renormalized soft function at NNLO:

~/

1 . ) |

[
S == S1+a7Cy YT TGy +alnp T ) Ty T; O+ afm ) FY i Grive.
(1)) (1)) (kij)

& G;,Q; and G;;?'Ple are finite functions containing: — Analytic functions of ;i

— Alow number of numerical integrations

over one- and two-particle phase space
in 4 dimensions.

2
~ T YinPij Pij
S = YT, T 202+ L1 —y) + = + <ln< ] ) ] > + 0(e)
Z J J Y 12 PimPjim PimPjim -

Introduction NLO Soft function NNLO Soft function Results Conclusion
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Numerical Checks
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B We compare our results for the renormalized N-jettiness soft function with those
presented in previous calculations, and find excellent agreement for N =1, 2 and 3.

[ Boughezal et al.’15 ] [ Campbell et al.’17 ] [ Bell et al.’23 ]
m We present the comparison of our results for the 3-jettiness case with the benchmark
result provided in [ Bell et al.’23 | . For N jets, we will have (N; 2) dipoles.

For the back to back configuration, we need 5 angles to parametrize the phase
space. Consider the phase space point :

p RY/A 9 67 p Orx y RY/1 p 67
13~ 5 Y14—7T4 Yis—=T54 Pa— o 5T T
10 10 10 5 5 1 2
5
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Numerical Checks

Dipole Configurations for N=3

Dipoles et o e Tripole Configurations
Gi; [ Bell et. al.’23 | B [ Bell et. al.’23 |
12 [116.20 + 0.01 | 116.20 & 0.16 [ -36.249 & 0.001 | -36.244 % 0.009 || | A SRRt
13 38.13 + 0.03 37.63 + 0.03 || -21.717 = 0.007 | -21.732 + 0.005 3%155 -683.25 = 0.01 | -683.23 & 0.04
14 63.63 + 0.01 63.66 + 0.06 || -25.189 + 0.003 | -25.192 + 0.006 Ciripoles | ~2203.3 = 0.2 | -2203.5 = 0.1
15 | 107.17 = 0.01 | 106.99 & 0.12 || -35.268 & 0.001 | -35.256 & 0.009 || || Cormors | -6-324 =+ 0.004 | -6.325 + 0.04
23 07.11 + 0.01 | 96.97 + 0.10 || -32.875 + 0.002 | -32.872 & 0.008 || || Corioons | -0-837 % 0.008 | -0.830 + 0.039
24 67.36 + 0.02 67.51 & 0.08 || -26.821 + 0.003 | -26.815 + 0.007 Fhese are the 4 independent trinole
25 30.87 + 0.03 30.73 & 0.04 || -21.561 =+ 0.009 | -21.561 =+ 0.005 configurations mentioned in [ Bell et
34 69.43 + 0.01 69.24 + 0.07 || -25.854 + 0.002 | -25.861 + 0.006 231
35 | 106.13 + 0.02 | 105.97 + 0.13 || -34.799 + 0.002 | -34.796 + 0.008
45 74.45 + 0.02 74.36 + 0.09 || -28.247 + 0.004 | -28.251 =+ 0.007
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Conclusions

m We derive a compact finite result for the N-jettiness soft function ( for a
generic N ), which allows for faster numerical implementations especially for
higher number of jets.

B We demonstrate the analytic cancellation of divergences against the
renormalization matrix.

m We successfully show the benefits of using subtraction based methods to
derive representations for building blocks of modern slicing methods.

B We find excellent agreement while comparing our results for N=1,2 and 3

with previous calculations. [ Campbell et al. 17 ][ Bell et al. 23 ] [ Boughezal et al. 15 ]
Introduction NLO Soft function NNLO Soft function Results Conclusion
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Conclusions

m We derive a compact finite result for the N-jettiness soft function ( for a
generic N ), which allows for faster numerical implementations especially for
higher number of jets.

B We demonstrate the analytic cancellation of divergences against the
renormalization matrix.

m We successfully show the benefits of using subtraction based methods to
derive representations for building blocks of modern slicing methods.

B We find excellent agreement while comparing our results for N=1,2 and 3
with previous calculations. [ Campbell et al. 17 ][ Bell et al. 23 ] [ Boughezal et al. 15 ]

Thank you for listening!

Introduction NLO Soft function NNLO Soft function Results Conclusion
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Backup : Renormalization

B Expanding in a, and puttingin  § = 7ZS7

S=1+S1+Sz S_S Z Z_|_
1 — X1 4+~1
L=lrats ) §,=8,—Z,— ZF + 2,2, + ZXZF — 2,8, — S, 2 + Z,Z}
Z+=1+ZT+Z; 2 2 1“1 11 1“1 141
1
Sz — ESISI ~+ Sz,’, Sl Sl Z+
Use: I N N
Zz=%ZlZl+ Z,. S2= 25181+ 5 [Zl, [Sl,z1 ZH+S,,-2,,- 75,

Backup
@OOO
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Backup: Sectors and TC contributions
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1
N, dw
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xe(ij}
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(C)

<(1 - 0"*C,,)[dQ,,,| Conm™

<(1 _ 6)b+dcmn) [dgmn] men LR

mn-= w

[Wzg‘fjg (m, n)] >

[wzgfjg (m, n)] >

mn-=
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2 m 2
ot .
‘t“ m ““t“
. *
! l
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S, 111 = —j — <Cmn d2,,,] 07 wieyrteS,, | wSEs(m, )| >

mn
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Backup : Renormalized function ();;

2
Pij (2 2 2 s 26 2Pim t Pjm)
" (Ll.‘.”m> - Ll.'z”m( “In[ —— ) -=—+ : )
PimPim \ 3 N 7 MENS O\ Mimllim )9 3pij .

( ( \
. 2 2 Hij 23 11 1 Hij 13 2
+{ A 2L +ZIn|—— | -=|) +(B™|-LY ——In[ —— |+—=|) +=Listn
e . 3 3 nimr]jm 36 ) S \3 S 3 nimr]jm 36 ) 3

m

| 2In(n;) 7 ) 2 4 4 20 4z’ 4
+Lir(1 — ;) 3 7 4In2 | +In“2 —3 + 3 In(n;;) | +1n2 — In“(;;) — Y In(;;) + Y + 5
%) 10 11(1 2 + 100 7> 335 L4 122 47n2+4c,(25)+ 1 §i,(26)
—In — ——In(l — 7n.. niz».. — — l o l o
i 3 i "\9 TS )T o TR 108 3 Y T Btan(sy) S Y
1
_ ~ dw . . -
J = 07C,,) AR ] Cop W Iy, [02S2(m, n)]> — [— <(wlmd" + w0 Inys,, [@S%(m, n)]> :
0), mn
xe{i,j} 0 S 0

Backup
OCO@®O
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