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Problem formulation

Interpolation and regression
e Given N function values y = {x", f(x") + £, })_,, we want to learn,
or approximate, the underlying function f: D — R, D C R%.

» Real data y usually comes with noise, e.g. ¢, ~ N(0,46?) i.i.d..

» Synthetic data y from computer runs is often noise-free, i.e. ¢, = 0.
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Problem formulation

Interpolation and regression

e Given N function values y = {x", f(x") + £, })_,, we want to learn,
or approximate, the underlying function f: D — R, D C R%.
» Real data y usually comes with noise, e.g. ¢, ~ N(0,46?) i.i.d..
» Synthetic data y from computer runs is often noise-free, i.e. ¢, = 0.
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e We want to find, or predict, f(x), for x € D\ {x"}Y_, i.e. we want
to perform regression or interpolation.
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Problem formulation

Motivation and applications
This abstract framework appears in numerous disciplines and applications:
Data fitting:

@ The function f linking input x to output ¥ is unknown.

@ Since f(x") is obtained from real-world observations, it contains
measurement errors and is hence noisy.

e.g. predicting water pollution levels in rivers, with spatial location x
and nitrogen concentration f(x)

WPL for DIN in 1970

WL for DIN in 2000

Figure taken from [Liu et al, Ecol. Indic., 2012]
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Problem formulation

Motivation and applications
This abstract framework appears in numerous disciplines and applications:

Surrogate models:

@ The function f linking input x to output y is known, but
computationally very expensive to evaluate.

@ Since f(x™) is obtained from running computer code, it is noise-free.
e.g. parametric partial differential equations
—V, - (a(z,x)Vau(z,x)) = g(z), zeD, (4 bound. cond.),
F) = Flu(,x),  ege Fx) = llu(, ) 20,

Figure taken from [Aarnes et al, Adv. Water Resour., 2005]
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Kernel methods

Interpolation set-up, see e.g. [Wendland "05]

For now, | will focus on noise-free data y = {x", f(x")})_; and

interpolation. | will later discuss the extension to noisy data and regression.
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Kernel methods

Interpolation set-up, see e.g. [Wendland '05]

For now, | will focus on noise-free data y = {x", f(x")})_; and
interpolation. | will later discuss the extension to noisy data and regression.

To approximate f : D — R from y using kernel interpolation:

@ we choose a kernel k: D x D — R, and 1
0.5
e we compute, with X := {x N ..
-0.5-
f(X)NSXN’ Zan x,x" al

] 2 4 6
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Kernel methods
Interpolation set-up, see e.g. [Wendland '05]

For now, | will focus on noise-free data y = {x", f(x")})_; and
interpolation. | will later discuss the extension to noisy data and regression.

To approximate f : D — R from y using kernel interpolation:

@ we choose a kernel k: D x D — R, and 1
0.5
e we compute, with X := {x N ..
-0.5-
f(X)NSXN’ Zan x,x" al

) 2 4 6

X
e The coefficients & = [y, ..., ayn]|T € RY are determined by the

interpolating conditions
f(x"):sg(N’k(x"), n=1,...,N.

A unique « exists provided k is symmetric positive-definite and the

interpolation points {x"})_, are distinct.
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Kernel methods
Interpolation set-up (ctd.), see e.g. [Wendland "05]

@ Writing the interpolating conditions in vector form, we have

f(xh Zgzl ank(x!, x™)
762 || S0 ank(a )

)] [0 k(Y xm)
= K(XN, XN) Q,

where K (X, Xy) € RV*N is the matrix with entries
kij = k(x',x7).

K is symmetric positive-definite provided k is symmetric
positive-definite and the interpolation points {x”’};}:] are distinct.
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Kernel methods

Choice of kernel function, see e.g. [Rasmussen, Williams '06]

@ The choice of kernel k is very important in 05
practice, especially in the small N regime. > 0

= Behaviour in-between interpolation points!
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Kernel methods

Choice of kernel function, see e.g. [Rasmussen, Williams '06]

@ The choice of kernel k is very important in
practice, especially in the small N regime.

= Behaviour in-between interpolation points!

@ A wide variety of kernels exists, aimed at being flexible or specialised
to capture specific behaviours.

@ Kernels can incorporate information about regularity, stationarity,
isotropy, periodicity, amplitudes, multiple scales, ...
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Kernel methods

Matérn kernel functions, see e.g. [Porcu, Bevilacqua, Schaback, Oates '24]

@ Kernels often used in applications include the Matérn kernels:

2 / v /
, o |Ix — x'||2 Ix — x'||2
= B, (==X
k‘,,’)\(x,x) F(U)QV_I ( A A

with regularity parameter v > 0, lengthscale A > 0, scaling o2 > 0

Hx*x'Hg)

; RS | 2 Ix—x"]l2 2
Special cases: v = 5 = o~ exp(— "5 —2) and v = 00 = 0~ exp(— 532
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Kernel methods

Matérn kernel functions, see e.g. [Porcu, Bevilacqua, Schaback, Oates '24]

@ Kernels often used in applications include the Matérn kernels:

2 / v /
, o |Ix — x'||2 Ix — x'||2
= B, (==X
kV’)‘(X’X) F(U)QV_I ( A A

with regularity parameter v > 0, lengthscale A > 0, scaling o2 > 0

; L, 1 2 lIx ="l 2 llx—x"|I3
Special cases: v = 5 = o~ exp(— "5 —2) and ¥ — 00 = 7~ exp(— 537 2)

@ The kernel function k, \(x,x") decays with distance r = ||x — x"||2.
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- -v=0.5, \=0.1!

0.8
—v=00, A=1
8-0_6 v=00, A=0.1 ||
X
x 0.4
0.2
o NS —l
-5 5

A. Teckentrup (Edinburgh) Introduction to GPs 27 August 2025 8/30



Kernel methods

Matérn kernel functions, see e.g. [Porcu, Bevilacqua, Schaback, Oates '24]

@ Kernels often used in applications include the Matérn kernels:

ky (%, x') =

with regularity parameter v > 0, lengthscale A > 0, scaling o2 > 0

; L, 1 2 lIx ="l 2 llx—x"|I3
Special cases: v = 5 = 0~ exp(—""5—2) and v = 00 = 0~ exp(— gz =

I'(v)2v—1 A

o’ (HX — X2

R

[x = x'[|
A Y

272

)

@ The kernel function k, \(x,x") decays with distance r = ||x — x"||2.
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Kernel methods

Matérn kernel functions (ctd.)

@ The choice of v and A
strongly influences the
f
shape of SX k-

e But s&N ;, does not

depend on o2, since it

only scales the kernel k
and the coefficients a.
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Kernel methods

Matérn kernel functions (ctd.)

A=1 A=0.1
—_ 1 1
[}
§
@ The choice of v and A S >0 .
. ©
strongly influences the ®
f 3
shape of SX k- 8 . p |
V] 2 4 6 0 2 4 6
f -
o But SX ik does not g 11— 11—
depend on o2, since it ¥
s
only scales the kernel k g>0 0
and the coefficients a. §_
A — S
4 T . e T 2 4 6
X x

The choice of k should reflect properties of f.
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Gaussian process regression

Motivation

@ A drawback of kernel interpolation is that it only provides an
approximation sf;(N i ~ [, and it does not provide a computable error
estimate.
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Gaussian process regression

Motivation

@ A drawback of kernel interpolation is that it only provides an
approximation sg(N i ~ [, and it does not provide a computable error

estimate.

@ Embedding the method into a Bayesian framework allows for

uncertainty quantification and hence (a form of) error estimation.
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Gaussian process regression

Bayesian framework, see e.g. [Rasmussen, Williams '06|

@ In a Bayesian statistical framework, we place a prior distribution on
the function f we want to recover.

» This is a probability measure on a space of functions, e.g. on the space
of continuous functions C°(D).

» The prior distribution incorporates any properties of f we know, e.g.
typical lengthscales, smoothness, periodicity, . ...
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Gaussian process regression

Bayesian framework, see e.g. [Rasmussen, Williams '06|

@ In a Bayesian statistical framework, we place a prior distribution on
the function f we want to recover.

» This is a probability measure on a space of functions, e.g. on the space
of continuous functions C°(D).

» The prior distribution incorporates any properties of f we know, e.g.
typical lengthscales, smoothness, periodicity, . ...

e We obtain a posterior distribution on f (or f|y) by conditioning the

prior distribution on the observations y = {x", f(x")})_;.

» The posterior distribution is more informative than the prior
distribution, i.e. more concentrated.

» The posterior distribution may or may not be available in closed form.
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Gaussian process regression

Set-up, see e.g. [Rasmussen, Williams '06]

o Gaussian process regression is an instance of the Bayesian framework.

@ We put a Gaussian process prior GP(0, k) on f, where we choose
zero mean for ease of presentation.
For {x;}™, C D, the random variables { f(x;)}, follow a joint Gaussian

distribution with E[f(x;)] = 0 and Cov[f(x;), f(x;)] = k(x;, %x;).

Sample paths Mean and standard deviation
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Gaussian process regression
Set-up (ctd.), see e.g. [Rasmussen, Williams '06]

@ The Gaussian process posterior GP(m&N,kXN) on fly is obtained by
conditioning the prior on the observed data y = {x", f(x")}

n=1-
mk (%) = k(x, Xn) K (Xn, Xn)H(Xn),
kXN (X7 X/) = k(X, X/) - k(Xa XN)TK(XNvXN)_lk(XlaXN)’

where k(x, Xn) = [k(x,x!), ..., k(xxV)]T e RN, K(Xy, Xy) € RNV
has ij*® entry k(x%,x7), and f(Xy) = [f(x}),..., f(xV)]T € RV,

3

(e

R o i 2 3

Sample paths Mean and standard deviation
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Gaussian process regression

Derivation of posterior, see e.g. [Rasmussen, Williams '06]

@ The form of the posterior distribution follows from the conditioning
formula for Gaussian random variables.

Proposition

Suppose the n-dimensional multivariate Gaussian vector Z is partitioned as

with Z; taking values in R™ and Zy taking values in R™2. Writing

pm| (211 212
Z~ N(X) =N , :
(b5, %) < [“2] [221 222} )

the conditioned random variable Z|z2 is multivariate Gaussian with
Zy|zo ~ N(pyj2, Z1p2)),
K2 = py + E1222721(22 — K2), 21|2 = X1 — 2122521221'

A. Teckentrup (Edinburgh) Introduction to GPs 27 August 2025 14 /30



Gaussian process regression

Derivation of posterior, see e.g. [Rasmussen, Williams '06]

@ Under the Gaussian process prior, we have by definition

f(xh)
f(;(N) N ([0] ’ [K(XN,XN) k(x, Xy) "

0 k(x, Xn) k(x,x) )
f(x)

@ Applying the conditioning formula from the previous slide gives the
Gaussianity, and the desired formulas for the mean and variance, of

FE(Xw):

mb,, (x) = k(x, Xn) K (Xn, Xn) '(Xn),
kxy (x,%x) = k(x,x') —k(x, Xn) " K(Xn, Xn) k(x', Xp).
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Gaussian process regression

Derivation of posterior, see e.g. [Rasmussen, Williams '06]

@ Under the Gaussian process prior, we have by definition

fixh

[f%c]g)] - f<>E<N> NN([gHKIEiNX)J(f)V) k(/j(’f;v))T

).
fx)

@ Applying the conditioning formula from the previous slide gives the
Gaussianity, and the desired formulas for the mean and variance, of

f)E(XN):
mb,, (x) = k(x, Xn) K (Xn, Xn) '(Xn),
fexy (x,x') = k(x,x") — k(x, Xn) " K (Xn, Xn) " 'k(x', Xy).

o Note that since K (X, Xn) is symmetric positive-definite, we have
kx,(x,x) < k(x,x), i.e. the posterior marginal variance is less than
or equal to the prior marginal variance.
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Gaussian process regression

Choice of prior distribution

@ The prior GP(0, k) should be chosen to reflect properties of f.
Assume we choose a Matérn covariance kernel.

IS

The covariance kernel k£ determines Bl . e
properties of the Gaussian process o
and its sample paths:

e

o

Exponential covariance

s

@ smoothness v (sample path
dlfFerentlab”lty), “o 02 04 06 08 1 To 02 o4 06 08 1

e amplitude o (marginal
variance),

Gaussian covariance

@ length scales of fluctuations A
(correlation length),
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Gaussian process regression

Choice of prior distribution

@ The prior GP(0, k) should be chosen to reflect properties of f.
Assume we choose a Matérn covariance kernel.

IS

The covariance kernel k£ determines Bl . e
properties of the Gaussian process o
and its sample paths:

e

Exponential covariance
°

s

@ smoothness v (sample path
dlfFerentlab|||ty), “o 02 04 06 08 1 To 02 o4 06 08 1

e amplitude o (marginal
variance),

Gaussian covariance

@ length scales of fluctuations A
(correlation length),

o Challenge: hyper-parameters 6 are usually unknown a-priori!
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Gaussian process regression
Uncertainty quantification, see e.g. [Stuart, T. '18]

@ The posterior mean mg(N is equal to the kernel interpolant,

mf);N (x) = sg(N’k(x),

and hence provides an approximation to f.
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Gaussian process regression
Uncertainty quantification, see e.g. [Stuart, T. '18]

@ The posterior mean mg(N is equal to the kernel interpolant,

mng (x) = sg(N’k(x),

and hence provides an approximation to f.

@ The posterior variance kx, (x,x) provides uncertainty quantification:
how certain am | in the prediction of f(x)?
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Gaussian process regression
Uncertainty quantification, see e.g. [Stuart, T. '18]

@ The posterior mean mg(N is equal to the kernel interpolant,

mﬁ(N (x) = sg(N’k(x),
and hence provides an approximation to f.

@ The posterior variance kx, (x,x) provides uncertainty quantification:
how certain am | in the prediction of f(x)?

@ The posterior standard deviation is in fact the worst case error in the
reproducing kernel Hilbert space! (RKHS) H;, of k:

kxy(x,x) = sup  [s% (%) —g(x)].
g€EH (D)
lgll#, (p)=1

A Hilbert space where point evaluation g(x) is a bounded linear functional and
k(-,x) is the Riesz representer.
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Gaussian process regression
Uncertainty quantification (ctd.), see e.g. [Stuart, T. 18]

@ The posterior standard deviation \/kx, (x,x) can hence be used to
model the error in the approximation of f:

?

sk k() = FGII ~  sup [sh (%) g0
gEH (D)
g1l (py=1
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Gaussian process regression
Uncertainty quantification (ctd.), see e.g. [Stuart, T. '18]

@ The posterior standard deviation \/kx, (x,x) can hence be used to
model the error in the approximation of f:

?

sy k() —FE = sup s (%)~ g(x)
.KJE/HI"(U)
g1l (py=1

e Including /kx, (x,x) as an error estimate in computational pipelines
can avoid over-confident and biased predictions, see e.g.

[Bai, T., Zygalakis '24] for a case study in surrogate models in
Bayesian inverse problems.

o Note that \/kx, (x,x) is given as part of the methodology and can
be computed explicitly.
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Gaussian process regression

Extension to noisy data
o Suppose we have noisy observations i = {x", f(x") + £, }_,, with
en ~ N(0,0%) i.id..
@ Under the Gaussian process prior, we have by definition
fx) +e

o [

@ Applying the conditioning formula for Gaussian random variables gives
the Gaussianity, and the desired formulas for the mean and variance,

of f(x)|y:

mk (%) = k(x, Xn) T (K (Xy, Xy) +6°1) 71y,
Exy(x,x) = k(x,x") — k(x, Xn) " (K(Xn, Xn) + 621) 7 1k(x/, Xn).
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Gaussian process regression

Advantages and challenges

Kernel methods offer many advantages, including:
o Flexibility and adaptation through the choice of kernel k.

@ Ability to handle scattered interpolation points X in arbitrary
dimension d, opening the possibility of experimental design.

@ Providing an error estimate through the Gaussian process framework.
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Gaussian process regression

Advantages and challenges
Kernel methods offer many advantages, including:
o Flexibility and adaptation through the choice of kernel k.

@ Ability to handle scattered interpolation points X in arbitrary
dimension d, opening the possibility of experimental design.

@ Providing an error estimate through the Gaussian process framework.

Open challenges remain, including:

@ Computational bottlenecks: solving linear systems with dense,
typically ill-conditioned matrix K(Xx, Xn).

o Kernel design: incorporating known structure into kernel k, and
analysing the benefits.
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Gaussian process regression

Advantages and challenges
Kernel methods offer many advantages, including:
o Flexibility and adaptation through the choice of kernel k.

@ Ability to handle scattered interpolation points X in arbitrary
dimension d, opening the possibility of experimental design.

@ Providing an error estimate through the Gaussian process framework.

Open challenges remain, including:
@ Computational bottlenecks: solving linear systems with dense,
typically ill-conditioned matrix K(Xx, Xn).

o Kernel design: incorporating known structure into kernel k, and
analysing the benefits.

In this course, we will focus on methodology in physics-constrained and
non-stationary settings.
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Convergence analysis
Relation to Kernel Interpolation [T., '20], [Wendland '04]

@ To prove convergence as N — oo, we can make use of results from

numerical analysis. Recall: Want m&\, — fand kx,, — 0.
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Convergence analysis
Relation to Kernel Interpolation [T., '20], [Wendland '04]

@ To prove convergence as N — 00, we can make use of results from
numerical analysis. Recall: Want m;/\, v — fand kx, — 0.

@ The posterior mean mng is a linear combination of kernel functions:

mXN g ank(x, x" for known o € RY.

e We have mg(N(x") = f(x"), forn=1,...,N.

@ The predictive mean mg(N is a kernel interpolant of f, and in the
special case of isotropic kernels k(x,x") = k(||x — x'||2), a radial basis

function interpolant.
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Convergence analysis
Relation to Kernel Interpolation [T., '20], [Wendland '04]

@ To prove convergence as N — 00, we can make use of results from
numerical analysis. Recall: Want m;/\» v — fand kx, — 0.

@ The posterior mean m&N is a linear combination of kernel functions:

mXN g ank(x, x" for known o € RY.

e We have mg(N(x") = f(x"), forn=1,...,N.

@ The predictive mean mg(N is a kernel interpolant of f, and in the

special case of isotropic kernels k(x,x") = k(||x — x'||2), a radial basis
function interpolant.

@ Convergence properties will depend on the specific choice of k.
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Convergence analysis
Convergence for k = knat - well-specified setting
Theorem [Arcangéli, de Silanes, Torres '12]

Let D be a Lipschitz domain that satisfies an interior cone condition. Then
for any f € H**%2(D) and hxy,p < ho sufficiently small, we have
v+4d
If =md, Oy <C B Pp I llgerare ()
——

decreasing in N
—convergence

Furthermore, ||kx, (0 )2||L2 y S C'R% -

v

@ The Sobolev space H”+d/2(D) is the reproducing kernel Hilbert space
(RKHS) of kpat-
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Convergence analysis

Convergence for k = knat - well-specified setting
Theorem [Arcangéli, de Silanes, Torres '12]

Let D be a Lipschitz domain that satisfies an interior cone condition. Then
for any f € HYt%2(D) and hxy,p < ho sufficiently small, we have
v+4d
If =md, Oy <C B Pp I llgerare ()
——

decreasing in N
—convergence

Furthermore, ||kx, (0 )2||L2 y S C'R% -

v

@ The Sobolev space H”+d/2(D) is the reproducing kernel Hilbert space
(RKHS) of kpat-

e With design points Xy = {x"

n 1, define the fill distance

h = —x"||2.
Xy.D = SUP TETél)T(lN [[x —x"||2
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Convergence analysis

Convergence for k = knpat - well-specified setting (ctd.)

h =sup inf |x—x"
XnN,D xegX"GXN | 2
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Convergence analysis

Convergence for k = knpat - well-specified setting (ctd.)

hxy p = sup xnig)f(N |x — x"|2
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Convergence analysis

Convergence for k = knpat - well-specified setting (ctd.)

h =sup inf |x—x"
XnN,D xegX"GXN | 2
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Convergence analysis

Convergence for k = kyrat - well-specified setting (ctd.)

Xn

/ D

/

hxy p=sup inf [x—x"|> 4 .
o= it ety A
1 ’ \

—_ = ’ \ L]

~ d

N ! hXMD‘
\\ Il
AY 7/
\\ //

@ To ensure hx, p —+0as N — oo, we need a space-filling design.

@ To obtain a fill distance hx, p = €, the number of interpolation
points N needs to grow with ¢~¢.
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Convergence analysis

Convergence for k = kyrar - well-specified setting (ctd.)

Xn

/ D

/

hxy p=sup inf [x—x"|> 4 .
o= it ety A
1 ’ \

—_ = ’ \ L]

~ d

N ! hXMD‘
\\ Il
AY 7/
\\ //

@ To ensure hx, p —+0as N — oo, we need a space-filling design.

@ To obtain a fill distance hx, p = €, the number of interpolation
points N needs to grow with ¢~¢.

@ To handle high-dimensional problems, we need to assume structure in
f and incorporate this structure into k£ and X .
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Stationary Gaussian process regression
Convergence for k = kumat - misspecified setting

Theorem [Narcowich, Ward, Wendland '06] + previous theorem

Let D be a Lipschitz domain that satisfies an interior cone condition. Then

for any f € H™(D), with ¢
small, we have

u+47‘r
If =mk, Oy <C hiyp Pxn 1l
S
decreasing in N non-decreasing in N

—rconvergence —>stability

d
Furthermore, |kx, (6 )2||L2 ) < C/th DP;;V D -
V.

5 <717 <V+ %, and hx, p < hg sufficiently

o With design points Xy = {x"}_,, define the mesh ratio

. N
_ suprD' MMxne X “X X H2 pxy.D > 1
MiNp£m [x" — x|

PXN,D

® px,,p = constant: quasi-uniform.
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Convergence analysis

Empirical Bayes'

@ In a hierarchical Bayesian approach, we obtain the posterior f|y as a
marginal distribution of the joint posterior f,0|y. This is often
intractable.

@ We use an empirical Bayes' (or plug-in) approach, where we estimate
values of any hyper-parameters 6 from y = {x", f(x")}Y_, and plug
the estimate 6 into the prior distribution.
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Convergence analysis

Empirical Bayes'

@ In a hierarchical Bayesian approach, we obtain the posterior f|y as a
marginal distribution of the joint posterior f,0|y. This is often
intractable.

@ We use an empirical Bayes' (or plug-in) approach, where we estimate
values of any hyper-parameters 6 from y = {x", f(x")}*_; and plug
the estimate 6 into the prior distribution.

@ The sequence of estimates Ay can be found via maximum likelihood
estimation, maximum a-posteriori estimation, cross validation, ...

@ Under what conditions do we get convergence for the Gaussian
process posterior GP(mg(N (ONn), kxy(ON))7
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Convergence analysis

Convergence for k = knat - estimated hyperparameters

Theorem [T. '20]

Let D be a Lipschitz domain that satisfies an interior cone condition, and for

N* € N define the quantities v~ := infy>y+ Un and vT 1= SUp > N+ UN.

Then for any f € H”TJFd/Q(D), hxy,p < hg sufficiently small and N > N*,
we have

mln{u v }+ max{vt—vt,0
1f = mb B)l2o) < C By Pt ™ Nl ot araoy

decreasing in N non-decreasing in N
—»convergence > stability

T +—ut0
Furthermore, |]kXN(9N)2||L2 p) <C'h ml}\r;{g v }pr;iig ¥1.0}

e C,C’ independent of N requires 0 < 53/, )\N, Un < oo uniformly, but
we can also explicitly track dependence.

@ We don't need identifiability or convergence of parameter estimates.
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Convergence for k = knat - estimated hyperparameters

Theorem [T. '20]

Let D be a Lipschitz domain that satisfies an interior cone condition, and for
N* € N define the quantities v~ := infy>y+ Un and vT 1= SUp > N+ UN.
Then for any f € H”TJFd/Q(D), hxy,p < hg sufficiently small and N > N*,
we have

mm{u v }+ max{vt—vt,0
1f = mb B)l2o) < C By Pt ™ Nl ot araoy

decreasing in N non-decreasing in N
—»convergence > stability

o~ 1 t A TO
Furthermore, ||kx (0n)2lr2(p) < C'h 1)153{5 v }pl;if{DV v10},

e C,C" independent of N requires 0 < E?V,XN,ﬁN < oo uniformly, but
we can also explicitly track dependence.

@ We don't need identifiability or convergence of parameter estimates.

. v+d/2 . . .
o Optimal rates N~ 4  are obtained with v~ = v™ = v, and with

v~ > v if the points X are quasi-uniform.
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Convergence analysis

Separable Matérn kernels
@ Suppose we use the family of separable Matérn covariances

d
ksepMat X, X HkMat Z;,T )7 D= H‘D]

@ Suppose X is a Smolyak sparse grid built on nested points.

M

e
¥
#

P R
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Convergence analysis

Convergence for k = ksepmat - estimated hyperparameters

Theorem [T. '20]

With covariance kernel kgcpniat and sparse grid design points, under the
same conditions as previous theorem, we have with o = a(vf, v v7)
independent of d,

“f mg(N(gN)HLZ < C N (lOg N)(1+a’)(d_1)||f||®§l:1HuT+d/2(Dj).

Furthermore, ||kXN(9N)5HL2(D) < C'N~" (log N)(+e")(d=1)

@ Requires dominating mixed smoothness of f. /' (1) needs
ar ar ar N2 p ad ¢
.(),/ . ,()'/ o but /(//:lHl(])J) needs of Oof 0° f o f

Ox1’ Oxo Ox1? Oz’ Ox10x2’ " " "7 Oxy...014

@ When v; = v and the sparse grid is based on uniform points, we have
o =1+ min{v’, v} and o/ = min{r', v}, which are the rates
obtained for d = 1 in previous theorem.
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