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COLOR SINGLETS 

There are plenty of reasons to be interested in the production of color  singlet Þnal states in hadron collisions:

pp -> leptons:  PDFs, W-mass,  weak mixing angle;

pp -> Higgs:  Higgs boson couplings; 

pp -> VH:  Higgs boson couplings, Higgs decay to invisibles;  

pp -> V1V2:  Higgs width, anomalous couplings, searches for new resonances etc.

All these processes are currently known through NNLO in perturbative QCD, fully differentially. Achieving this 
level of perturbative precision was the major undertaking in theoretical collider physics of the past 15 years. 
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COLOR SINGLETS 

Although there are still some interesting things that need to be done at  NNLO,  attempts to extend the 
description of color-singlet production to N3LO have started. 

Indeed, the Higgs production cross section has been  computed through N3LO QCD a few years ago. The 
calculation employs reverse unitarity  Ñ a technical method that is particular to the total cross section or simple 
kinematic distributions.    
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FIG. 2: Scale variation of the gluon fusion cross-section at
all perturbative orders through N3LO.

pressions valid for all regions are known, is similarly sup-
prerssed. We therefore believe that the uncertainty of
our computation for the hadronic cross-section due to
the truncation of the threshold expansion is negligible
(less than 0.2%).

In Fig. 2 we present the hadronic gluon-fusion Higgs
production cross-section at N3LO as a function of a com-
mon renormalisation and factorisation scale µ = µr =
µf . We observe a significant reduction of the sensitiv-
ity of the cross-section to the scale µ. Inside a range

µ 2
⇥
mH

4 ,mH

⇤
the cross-section at N3LO varies in the

interval [�2.7%,+0.3%] with respect to the cross-section
value at the central scale µ = mH

2 . For comparison, we
note that the corresponding scale variation at NNLO is
about ±9% [2, 3]. This improvement in the precision of
the Higgs cross-section is a major accomplishment due to
our calculation and will have a strong impact on future
measurements of Higgs-boson properties. Furthermore,
even though for the scale choice µ = mH

2 the N3LO cor-
rections change the cross-section by about +2.2%, this
correction is captured by the scale variation estimate for
the missing higher order e↵ects of the NNLO result at
that scale. We illustrate this point in Fig. 3, where we
present the hadronic cross-section as a function of the
hadronic center-of-mass energy

p
S at the scale µ = mH

2 .
We observe that the N3LO scale uncertainty band is in-
cluded within the NNLO band, indicating that the per-
turbative expansion of the hadronic cross-section is con-
vergent. However, we note that for a larger scale choice,
e.g., µ = mH , the convergence of the perturbative series
is slower than for µ = mH

2 .

In table I we quote the gluon fusion cross section
in e↵ective theory at N3LO for di↵erent LHC energies.
The perturbative uncertainty is determined by varying
the common renormalisation and factorisation scale in
the interval

⇥
mH

4 ,mH

⇤
around mH

2 and in the interval⇥
mH

2 , 2mH

⇤
around mH .

! / pb 2 TeV 7 TeV 8 TeV 13 TeV 14 TeV

µ = mH

2 0.99+0.43%
�4.65% 15.31+0.31%

�3.08% 19.47+0.32%
�2.99% 44.31+0.31%

�2.64% 49.87+0.32%
�2.61%

µ = mH 0.94+4.87%
�7.35% 14.84+3.18%

�5.27% 18.90+3.08%
�5.02% 43.14+2.71%

�4.45% 48.57+2.68%
�4.24%

TABLE I: The gluon fusion cross-section in picobarn in the e↵ective theory for di↵erent collider energies in the interval
[mH

4 , mH ] around µ = mH

2 and in the interval [mH

2 , 2mH ] around µ = mH .

Given the substantial reduction of the scale uncertainty
at N3LO, the question naturally arises whether other
sources of theoretical uncertainty may contribute at a
similar level. In the remainder of this Letter we briefly
comment on this issue, leaving a more detailed quantita-
tive study for future work.

First, we note that given the small size of the N3LO
corrections compared to NNLO, we expect that an esti-
mate for the higher-order corrections at N4LO and be-
yond can be obtained from the scale variation uncer-
tainty. Alternatively, partial N4LO results can be ob-
tained by means of factorisation theorems for thresh-
old resummation. However, we expect that the insight
from resummation on the N4LO soft contributions is only

qualitative given the importance of next-to-soft, next-to-
next-to-soft and purely virtual contributions observed at
N3LO, as seen in Fig. 1.

Electroweak corrections to Higgs production have been
calculated through two loops in ref. [32], and estimated
at three loops in ref. [33]. They furnish a correction of
less than +5% to the inclusive cross-section. Thus, they
are not negligible at the level of accuracy indicated by
the scale variation at N3LO and need to be combined
with our result in the future. Mixed QCD-electroweak
or purely electroweak corrections of even higher order
are expected to contribute at the sub-percent level and
should be negligible.

Next, we have to comment on our assumption that the

Anastasiou,  Duhr,  Dulat, Furlan, Herzog, Gehrmann, Mistlberger etc.

The scale dependence of the Higgs boson production cross 
section in gluon fusion in various orders of pQCD 
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COLOR SINGLETS 

 Recently, this  calculation was extended to cover Higgs rapidity distribution by computing  a few terms in the 
threshold expansion.  By combining  the N3LO prediction for the rapidity distribution  and the NNLO 
prediction for H+j production, one can obtain fully differential predictions for Higgs boson production in gluon 
fusion. 

Although, practically, this is a viable way to provide N3LO 
fully-differential description of Higgs boson production, it is 
not very appealing theoretically since we do not learn much 
from these computations. 

It would be interesting and instructive to develop  alternative 
ways to perform fully-differential  N3LO computations for 
generic color-singlet Þnal states that make use of the fact that 
the bulk of the calculation comes from H+j at NNLO and the 
only unknown contributions arise  from soft and collinear 
dynamics.   

For cases with more than one particle in the Þnal state we will, 
eventually, need three-loop virtual amplitudes Ñ that are not 
known Ñ but this is a long shot anywayÉ 
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FIG. 1: Approximate Higgs boson rapidity distribution with threshold expansion truncated at di↵erent orders. The left panel
shows the ratio of the approximate NNLO to the exact result, the right panel shows the approximate N3LO result to the best
prediction obtained in this work.
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FIG. 2: The Higgs boson rapidity distribution at di↵erent or-
ders in perturbation theory. The lower panel shows the N3LO
and NNLO predictions normalised to the N3LO prediction for
µ = mh/2.

[1] M. Aaboud et al. (ATLAS), Phys. Lett. B786, 114
(2018), 1805.10197.

[2] A. M. Sirunyan et al. (CMS) (2018), 1809.10733.
[3] G. Aad, T. Abajyan, B. Abbott, J. Abdallah, S. A.

Khalek, A. Abdelalim, O. Abdinov, R. Aben, B. Abi,
M. Abolins, et al., Physics Letters B 716, 1 (2012),

ISSN 0370-2693, URL http://www.sciencedirect.com/

science/article/pii/S037026931200857X.
[4] S. Chatrchyan, V. Khachatryan, A. Sirunyan,

A. Tumasyan, W. Adam, E. Aguilo, T. Bergauer,
M. Dragicevic, J. Er, C. Fabjan, et al., Physics
Letters B 716, 30 (2012), ISSN 0370-2693, URL
http://www.sciencedirect.com/science/article/

pii/S0370269312008581.
[5] S. Dawson, Nucl. Phys. B359, 283 (1991).
[6] D. Graudenz, M. Spira, and P. M. Zerwas, Phys. Rev.

Lett. 70, 1372 (1993).
[7] M. Spira, A. Djouadi, D. Graudenz, and P. M. Zerwas,

Nucl. Phys. B453, 17 (1995), hep-ph/9504378.
[8] A. Djouadi, M. Spira, and P. M. Zerwas, Phys. Lett.

B264, 440 (1991).
[9] C. Anastasiou and K. Melnikov, Nuclear Physics B

646, 220 (2002), ISSN 05503213, 0207004, URL http:

//arxiv.org/abs/hep-ph/0207004.
[10] R. V. Harlander and W. B. Kilgore, Phys. Rev. Lett. 88,

201801 (2002), hep-ph/0201206.
[11] V. Ravindran, J. Smith, and W. L. van Neerven, Nucl.

Phys. B665, 325 (2003), hep-ph/0302135.
[12] C. Anastasiou, C. Duhr, F. Dulat, and B. Mistlberger,

p. 78 (2013), 1302.4379, URL http://arxiv.org/abs/

1302.4379.
[13] C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, and

B. Mistlberger, JHEP 12, 088 (2013), 1311.1425.
[14] C. Anastasiou, C. Duhr, F. Dulat, E. Furlan,

T. Gehrmann, F. Herzog, and B. Mistlberger, Phys. Lett.
B737, 325 (2014), 1403.4616.

[15] C. Anastasiou, C. Duhr, F. Dulat, E. Furlan,
T. Gehrmann, F. Herzog, and B. Mistlberger, JHEP 03,
091 (2015), 1411.3584.

[16] F. Dulat and B. Mistlberger (2014), 1411.3586.
[17] C. Anastasiou, C. Duhr, F. Dulat, E. Furlan, F. Herzog,

and B. Mistlberger, JHEP 08, 051 (2015), 1505.04110.
[18] C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, and

B. Mistlberger, Phys. Rev. Lett. 114, 212001 (2015),
1503.06056.

[19] C. Anastasiou, C. Duhr, F. Dulat, E. Furlan,
T. Gehrmann, F. Herzog, A. Lazopoulos, and B. Mistl-
berger, JHEP 05, 058 (2016), 1602.00695.

[20] F. Dulat, A. Lazopoulos, and B. Mistlberger, Comput.

Dulat,  Mistlberger, Pelloni

!4



THE SLICING

Suppose we want to know the Drell-Yan process qq ->V  at N3LO in pQCD.   We do not know how to do that but we 
do know how to  compute the production of the V-boson in association with a jet at NNLO.  

Interestingly, the two processes pp -> V+j@NNLO and pp->V@N3LO are proportional to  the same power in the 
strong coupling constant which means that the former is part of the latter.  

However, pp -> V+j@NNLO and pp->V@N3LO are physically different . The former requires a kinematic feature  to 
distinguish it from the latter. Such a feature  can e.g. be the transverse momentum of a V in the Þnal state. It can be 
used to split the full N3LO phase-space into a V+j NNLO part and the genuine V+0 jets N3LO part.  This is the idea 
behind the so-called slicing method. 
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hard 
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THE SLICING

Let us call the kinematic variable that provides such a separation    .  Considering two distinct cases Ñ when  this 
variable is larger or smaller than an inÞnitesimal parameter    , we can write a fully differential cross section for the 
V production in the following way 
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If the limit of V+j for small values of the slicing variable  is Òsimple enough to  be computedÓ, we get a practical 
tool for extending  a V+j  NNLO computation to a fully differential N3LO computation for V production.

The integral provides non-vanishing contribution in the    -> 0  limit if and only if there are terms in the integrand  
that are singular in the      -> 0  limit.   Hence, to Þnd unresolved contributions we need to know the singular terms        
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SIMPLIFICATIONS IN THE LIMITS 

SimpliÞcations in kinematic limits often (perhaps even always) imply the existence of factorization theorems. 
For color-singlet production, these theorems are known for two kinematic variables: the transverse momentum 
and the N-jetttiness.  A generic factorization theorem  reads 
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d�pp!V (!, ...) = B! ⌦B! ⌦ S! ⌦H ⌦ d�LO
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where B,S and H are the so-called beam, soft and hard functions, respectively.  

In case of vector boson production, the hard function renormalizes the qQ->V vertex (the form factor).  It is proportional 
to             and it is known to three loops. 

Beam and soft  functions address  two distinct ways  in which a V-boson with Born-like  kinematics can be produced:  
the beam function  describes effects of hard collinear emissions, the soft function Ñ effects of  soft emissions. 

Both of these functions pick up a particular singular contributions   of                   in  the      -> 0  limit. !
<latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit><latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit><latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit><latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit>

d! pp�>V
<latexit sha1_base64="321SY+sGyM0HFrHck1IPwfnKUTo=">AAACAXicbVDLSgNBEOyNrxhfq14EL6NB8GLY9aKnEPDiMYJ5QBLC7OxsMmRmd5iZVcISEfwVLx4U8epfePNvnDwOmljQUFR1090VSM608bxvJ7e0vLK6ll8vbGxube+4u3t1naSK0BpJeKKaAdaUs5jWDDOcNqWiWAScNoLB1dhv3FGlWRLfmqGkHYF7MYsYwcZKXfcgayuBwhFqa9YTuJtJic7KqD7qukWv5E2AFok/I8XK0T1/BIBq1/1qhwlJBY0N4Vjrlu9J08mwMoxwOiq0U00lJgPcoy1LYyyo7mSTD0boxCohihJlKzZoov6eyLDQeigC2ymw6et5byz+57VSE112MhbL1NCYTBdFKUcmQeM4UMgUJYYPLcFEMXsrIn2sMDE2tIINwZ9/eZHUz0u+V/JvbBplmCIPh3AMp+DDBVTgGqpQAwIP8Ayv8OY8OS/Ou/Mxbc05s5l9+APn8weerJfT</latexit><latexit sha1_base64="VV5ncRafKDU0hEWcalB8fdHFM6g=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWgR3FgSN7oqhW5cVrAPaEqYTCbt0JlJmJkoJUQQl679AzcuFHHrX7jzb5w+Flo9cOFwzr3ce0+QMKq043xZhYXFpeWV4mppbX1jc8ve3mmpOJWYNHHMYtkJkCKMCtLUVDPSSSRBPGCkHQzrY799TaSisbjSo4T0OOoLGlGMtJF8ey/zJIdhDj1F+xz5WZLAkyps5b5ddirOBPAvcWekXDu4YQ/1x7uGb396YYxTToTGDCnVdZ1E9zIkNcWM5CUvVSRBeIj6pGuoQJyoXjb5IIdHRglhFEtTQsOJ+nMiQ1ypEQ9MJ0d6oOa9sfif1011dN7LqEhSTQSeLopSBnUMx3HAkEqCNRsZgrCk5laIB0girE1oJROCO//yX9I6rbhOxb00aVTBFEWwDw7BMXDBGaiBC9AATYDBLXgCL+DVureerTfrfdpasGYzu+AXrI9vejqZNw==</latexit><latexit sha1_base64="VV5ncRafKDU0hEWcalB8fdHFM6g=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWgR3FgSN7oqhW5cVrAPaEqYTCbt0JlJmJkoJUQQl679AzcuFHHrX7jzb5w+Flo9cOFwzr3ce0+QMKq043xZhYXFpeWV4mppbX1jc8ve3mmpOJWYNHHMYtkJkCKMCtLUVDPSSSRBPGCkHQzrY799TaSisbjSo4T0OOoLGlGMtJF8ey/zJIdhDj1F+xz5WZLAkyps5b5ddirOBPAvcWekXDu4YQ/1x7uGb396YYxTToTGDCnVdZ1E9zIkNcWM5CUvVSRBeIj6pGuoQJyoXjb5IIdHRglhFEtTQsOJ+nMiQ1ypEQ9MJ0d6oOa9sfif1011dN7LqEhSTQSeLopSBnUMx3HAkEqCNRsZgrCk5laIB0girE1oJROCO//yX9I6rbhOxb00aVTBFEWwDw7BMXDBGaiBC9AATYDBLXgCL+DVureerTfrfdpasGYzu+AXrI9vejqZNw==</latexit><latexit sha1_base64="9N/MIPqRatv0MqqQZzQJdf0J/Vw=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCG8uMG12VghuXFewDOsOQyWTa0CQTkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrmXe++JJaPaeN63s7K6tr6xWdmqbu/s7u27B4cdneUKkzbOWKZ6MdKEUUHahhpGelIRxGNGuvHoZup3H4jSNBP3ZixJyNFA0JRiZKwUucdFoDhMJjDQdMBRVEgJLxqwM4ncmlf3ZoDLxC9JDZRoRe5XkGQ450QYzJDWfd+TJiyQMhQzMqkGuSYS4REakL6lAnGiw2L2wQSeWSWBaaZsCQNn6u+JAnGtxzy2nRyZoV70puJ/Xj836XVYUCFzQwSeL0pzBk0Gp3HAhCqCDRtbgrCi9laIh0ghbGxoVRuCv/jyMulc1n2v7t95tWajjKMCTsApOAc+uAJNcAtaoA0weATP4BW8OU/Oi/PufMxbV5xy5gj8gfP5Azxxlg8=</latexit>

,
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<latexit sha1_base64="efNeg6MzqCveXKjV4YM1OxofwKQ=">AAAB+HicbVDJSgNBEK2JW4xLRj0K0hiEeAkzXvQkAS8eI5gFMiH0dGqSJj0L3T1CHPIhwUsOinj1U7z5N3aWgyY+KHi8V0VVPT8RXGnH+bZyG5tb2zv53cLe/sFh0T46bqg4lQzrLBaxbPlUoeAR1jXXAluJRBr6Apv+8G7mN59QKh5Hj3qUYCek/YgHnFFtpK5d9HooNC17cYh9ekm6dsmpOHOQdeIuSal6NplMAaDWtb+8XszSECPNBFWq7TqJ7mRUas4EjgteqjChbEj72DY0oiGqTjY/fEwujNIjQSxNRZrM1d8TGQ2VGoW+6QypHqhVbyb+57VTHdx0Mh4lqcaILRYFqSA6JrMUSI9LZFqMDKFMcnMrYQMqKdMmq4IJwV19eZ00riquU3EfTBq3sEAeTuEcyuDCNVThHmpQBwYpvMArvFnP1tR6tz4WrTlrOXMCf2B9/gC1wJSl</latexit><latexit sha1_base64="xGxEm6WpS2f5c2LxJXaW2gCoO4Q=">AAAB+HicbVBNS8NAEN34WetHox4FWSxCvZTEi56k4MVjBfsBTSibzaRdutmE3Y1QQ3+IevGgiFd/ijf/jZu2B219MPB4b4aZeUHKmdKO822trK6tb2yWtsrbO7t7FXv/oK2STFJo0YQnshsQBZwJaGmmOXRTCSQOOHSC0XXhd+5BKpaIOz1OwY/JQLCIUaKN1LcrXghck5qXxDAgZ7hvV526MwVeJu6cVBvHjwWemn37ywsTmsUgNOVEqZ7rpNrPidSMcpiUvUxBSuiIDKBnqCAxKD+fHj7Bp0YJcZRIU0Ljqfp7IiexUuM4MJ0x0UO16BXif14v09GlnzORZhoEnS2KMo51gosUcMgkUM3HhhAqmbkV0yGRhGqTVdmE4C6+vEza53XXqbu3Jo0rNEMJHaETVEMuukANdIOaqIUoytAzekVv1oP1Yr1bH7PWFWs+c4j+wPr8ARMMlmo=</latexit><latexit sha1_base64="xGxEm6WpS2f5c2LxJXaW2gCoO4Q=">AAAB+HicbVBNS8NAEN34WetHox4FWSxCvZTEi56k4MVjBfsBTSibzaRdutmE3Y1QQ3+IevGgiFd/ijf/jZu2B219MPB4b4aZeUHKmdKO822trK6tb2yWtsrbO7t7FXv/oK2STFJo0YQnshsQBZwJaGmmOXRTCSQOOHSC0XXhd+5BKpaIOz1OwY/JQLCIUaKN1LcrXghck5qXxDAgZ7hvV526MwVeJu6cVBvHjwWemn37ywsTmsUgNOVEqZ7rpNrPidSMcpiUvUxBSuiIDKBnqCAxKD+fHj7Bp0YJcZRIU0Ljqfp7IiexUuM4MJ0x0UO16BXif14v09GlnzORZhoEnS2KMo51gosUcMgkUM3HhhAqmbkV0yGRhGqTVdmE4C6+vEza53XXqbu3Jo0rNEMJHaETVEMuukANdIOaqIUoytAzekVv1oP1Yr1bH7PWFWs+c4j+wPr8ARMMlmo=</latexit><latexit sha1_base64="Rzzp7cX0iYCMwoFHD954xiYuO5s=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoZbEI9VISL3qSghePFewHNKFsNpN26W427G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKG5tb2zvl3cre/sFhtXZ03NUyUxQ6VHKp+iHRwFkCHcMMh36qgIiQQy+c3M793iMozWTyYKYpBIKMEhYzSoyVhrWqHwE3pOFLASNygYe1utt0F8DrxCtIHRVoD2tffiRpJiAxlBOtB56bmiAnyjDKYVbxMw0poRMygoGlCRGgg3xx+AyfWyXCsVS2EoMX6u+JnAitpyK0nYKYsV715uJ/3iAz8XWQsyTNDCR0uSjOODYSz1PAEVNADZ9aQqhi9lZMx0QRamxWFRuCt/ryOuleNj236d279dZNEUcZnaIz1EAeukItdIfaqIMoytAzekVvzpPz4rw7H8vWklPMnKA/cD5/AMHuknU=</latexit>



PROS AND CONS OF DIFFERENT REGULATORS

Beam and soft functions depend on the kinematic variable    .   For example, in case of the transverse-momentum, all 
corrections to the soft function vanish and only the beam function needs to be computed. On the contrary, in case of N-
jettiness, both the beam and the soft functions contribute and have  to be calculated. 

!
<latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit><latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit><latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit><latexit sha1_base64="zyJogJrLTnUy9m/FOfeXp3c/MHw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYwTwgWcLspDcZMzuzzMwKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hodua3nlAbruSDHacYJnQgecwZtU5qdlWCA9orV/yqPwdZJUFOKpCj3it/dfuKZQlKywQ1phP4qQ0nVFvOBE5L3cxgStmIDrDjqKQJmnAyv3ZKzpzSJ7HSrqQlc/X3xIQmxoyTyHUm1A7NsjcT//M6mY2vwwmXaWZRssWiOBPEKjJ7nfS5RmbF2BHKNHe3EjakmjLrAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8ecp78d69j0VrwctnjuEPvM8fjv2PFw==</latexit>

The transverse momentum slicing:  although the soft function does not receive quantum corrections, dimensional 
regularization is insufÞcient to make integrals that contribute to  the beam function well-deÞned; additional (analytic) 
regulator is required.  

The N-jettiness slicing: there are non-trivial corrections to the soft function but dimensional regularization is sufÞcient 
to make all the relevant integrals well-deÞned.

Both the transverse momentum and the N-jettiness  have been used for NNLO computations; I am not aware of 
signiÞcant differences between the two slicing variables in terms of numerical performance (more comments below).

lim
!!0

d�pp!V (!, ...) = B! ⌦B! ⌦ S! ⌦H ⌦ d�LO

V
<latexit sha1_base64="I1dWM65lD77UqRUFipzGJojlyIo="></latexit><latexit sha1_base64="I1dWM65lD77UqRUFipzGJojlyIo="></latexit><latexit sha1_base64="I1dWM65lD77UqRUFipzGJojlyIo="></latexit><latexit sha1_base64="I1dWM65lD77UqRUFipzGJojlyIo="></latexit>
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ZERO-JETTINESS VARIABLE

For the production of a color-singlet at N3LO, the relevant N-jettiness variables is  the zero-jettiness. It is deÞned as 
follows

T =
!

j

mini ! { 1,2}

"
2pi ákj

Qi

#

<latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit><latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit><latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit><latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit>

p1
<latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit>

p2
<latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit>

k2
<latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit>

.
<latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit><latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit><latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit><latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit>

kN
<latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit>

k1
<latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit>

The jettiness constraint simpliÞes in the collinear limit where we need to compute the perturbative matching 
between beam functions and parton distribution functions.   

Bi(t, x, µ) =
X

j

Z
dx1 dx2 Iij(t, x1, µ)fj(x2, µ)�(x� x1x2)

<latexit sha1_base64="pFbUXxX8ct08fDR3oL2tlcFXetA="></latexit><latexit sha1_base64="pFbUXxX8ct08fDR3oL2tlcFXetA="></latexit><latexit sha1_base64="pFbUXxX8ct08fDR3oL2tlcFXetA="></latexit><latexit sha1_base64="pFbUXxX8ct08fDR3oL2tlcFXetA="></latexit>

In case of the soft function, the zero-jettiness constraint does not simplify and the required analytic computations are 
quite challenging. However, numerical techniques for computing soft functions through NNLO have been 
developed  and, perhaps, they can be extended to one order higher. Moreover, in case of zero-jettiness the soft 
function is just a collection of numbers and, once these numbers are known, they can be used universally. 

!9



0-JETTINESS VARIABLE AND THE COLLINEAR LIMIT

In the collinear limit, the zero-jettiness variable simpliÞes since one scalar product is always smaller than the other.                                           

T =
!

j

mini ! { 1,2}

"
2pi ákj

Qi

#

<latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit><latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit><latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit><latexit sha1_base64="8Am0igTMTwyV4l7OIaPbKQ7rugM="></latexit>

p1
<latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit>

p2
<latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit>

k1
<latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit>

k2
<latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit>

.
<latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit><latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit><latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit><latexit sha1_base64="Ehj0wM21YlHdNxYLMJpHc9/c96w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4CokIepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzCTFIKZDySPOqLFSw+1Xqp7rzUFWiV+QKhSo9ytfvUHCshilYYJq3fW91AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnh07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FNkHOZZgYlWyyKMkFMQmZfkwFXyIyYWEKZ4vZWwkZUUWZsNmUbgr/88ippXbq+5/qNq2rttoijBKdwBhfgwzXU4B7q0AQGCM/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8AdN2Mrg==</latexit>

kN
<latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit>

k1
<latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit><latexit sha1_base64="PjE96HcBbUR2eDEDzGnxgo4U0mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwG3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwD2n42P</latexit>

k2
<latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit><latexit sha1_base64="38l1jg8WJWp69DTuhskRiVcHKb8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHiaD2qBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2req5Ve/+qtK4yeMowhmcwyV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wf4I42Q</latexit>

kN
<latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit><latexit sha1_base64="IS6wb6/g5/vrMYoUUmE45LcxvVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePEkFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3EtRGxesRJwv2IDpUIBaNopYdx/65frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AIqKNrA==</latexit>

p1
<latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit><latexit sha1_base64="1/HdBJ7tomdbzoRvXHw2dZ3E95c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh2TgDao1t+7mIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/mpM3JmlSEJY2VLGpKrvycyGmk9jQLbGVEz1sveXPzP66UmvPYzLpPUoGSLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifP/49jZQ=</latexit>

p2
<latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit><latexit sha1_base64="6zLhi1ZJdegTaUPsl06bFhqg9dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUE9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHpJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7VvXcqnd/VWnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QP/wY2V</latexit>

p⇤
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In the collinear limit, singular effects are only caused by emissions off the relevant external leg but only if physical gluon 
polarizations are used in the calculation.                                              

The matching coefÞcient is obtained after integrating  the collinearly-projected matrix elements squared over 
constrained phase space.  N.B.: Collinear projections typically give splitting functions, either tree-level or loop.                                         
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collinear emissions along p 1
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INGREDIENTS FOR THE BEAM FUNCTION CALCULATION

At N3LO, there are three contributions to the matching coefÞcient of the beam function.  Since, in physical 
gauges,  all the collinear-enhanced  contributions factorize onto external lines, it may seem that loops (3 
point 2-loop at most) are easy.  However, the main challenge comes from the need to  use physical gauges 
for all gauge particles, both real and virtual.   When the physical gauge is used, additional ÒpropagatorsÓ 
appear and lead to a large number of unconventional integrals that need to be calculated. 

2-loops, 1 emission 0-loops, 3 emissions1-loop, 2 emissions

P ab
µ⌫ =

�i! ab
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✓
�gµ⌫ +
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All the different contributions can be calculated  by 1) mapping phase-space integrals onto  loop integrals (reverse 
unitarity); 2) using integration-by-parts identities to reduce them to the smallest set that needs to be computed and 
3) by solving differential equations that these master integrals satisfy. 
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AVAILABLE RESULTS FOR THE BEAM FUNCTION

The remaining triple-real integrals that are unknown   are related to q->qqq* splittings (identical quarks and are subleading 
in Nc.  Calculation of remaining triple-real integrals Ñ that will also be required for the gluon beam function Ñ remains 
difÞcult but most likely can be tackled using the already developed methods. 

The differential equations for master integrals are ordinary differential equations   (in z) since the dependence on the 
off-shellness/jettiness parameter factorizes.  These equations can be put into a canonical Fuchsian (epsilon) form.  It is 
interesting that the natural variable, which makes differential equations rational,  is different from z.

The boundary conditions for systems of differential equations are obtained by considering the soft,  z -> 1,  limit.   
Plenty of non-trivial boundary integrals have to be computed; this is done using a variety of methods. 

z =
(1 + x)2

x
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For z between 0 and 1,  x is complex-valued. 

We have so far analytically computed  the triple-real (almost all) and the double-real single-virtual integrals that are needed to 
determine the quark beam function at N3LO QCD.  
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z(z � 4) ! (1 + x)(1� x)

x
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THE ZERO-JETTINESS SOFT FUNCTION

A calculation of the zero-jettiness soft function presents an interesting problem .  According to the deÞnition of zero-
jettiness,  the observable depends on the relative magnitude of gluon momenta components along the momenta of 
incoming quark and anti-quark.  

T =
!

j

mini ! { 1,2}

"
2pi ákj

Qi

#
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A standard way to compute  constrained phase-space integrals is to use reverse unitarity which consists in replacing 
delta-functions in the integrand with Òpropagator-likeÓ quantities and using  integration-by-part identities for reducing  
the  original integrals to a few master integrals and for  deriving  differential equations that these integrals satisfy 
(where appropriate).  
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However, in case of the soft function, we have to deal with the theta-functions in the integrand  and it is an interesting 
(open) question what to do in that case. 
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NNLO QCD COMPUTATION FOR V+J PRODUCTION

The last ingredient that is required to calculate the cross section for pp -> V at N3LO is the fully-differential   NNLO QCD 
computation for pp -> V+j .  Such calculations have already  been done by several groups for V=Z,W, photon  and also for pp -> 
H+j; so, in principle,  we know how to perform them.   

However,  we will require these NNLO computations for very small values of the slicing parameter  because of the relatively 
large contribution of power-suppressed terms.  This implies that, to have a chance to succeed,  the NNLO computation of  
the V+j process should be made very efÞcient and numerically stable.  Achieving this is not trivial and will require a separate 
effort. 
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Figure 5. The dependence of the NNLO coefficient ��
NNLO on the slicing parameter �cut. Results

are presented using the N -jettiness (�cut ⌘ ⌧
cut) (circle) and QT -slicing (triangles) (�cut ⌘ Q

cut

T )
methods. The dashed lines correspond to the errors associated with the fitting procedure.

contribution, which scales as [42, 74],
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log2n
⌧
cut

Q
+ . . . (3.2)

for the N -jettiness calculation. In this equation Q is an appropriate hard scale that is given
here by the transverse momentum of the photons. A similar analysis for QT -slicing yields
the result [75],
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T )/�LO
⇠
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log2n
Q

cut
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Q
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Therefore one expects similar computational effort for the two methods when the values of
⌧
cut and Q

cut

T
are related by [74],

⌧
cut

Q
'

✓
Q

cut

T

Q

◆p
2

. (3.4)

For Q = 40 GeV one therefore expects the NLO calculation using Q
cut

T
= 0.04 GeV to be

as expensive as the one with ⌧
cut = 0.0023 GeV.

Figure 5 shows the �
cut dependence for the NNLO coefficient, ��

NNLO (c.f. Eq. 2.1).
It is clear that the dependence is much more pronounced than at NLO. To achieve a 1%
accuracy for ��

NNLO requires a value of ⌧
cut around 0.002 GeV or Q

cut

T
smaller than

about 0.02 GeV. Once again power corrections are less significant for QT -slicing, but the
computing time to achieve equivalent accuracy is comparable in both methods. This is in
line with the scaling expected from Eq. (3.4). The NNLO results reported in Table 2 are
obtained from the asymptotic ⌧ ! 0 results obtained by a fit to the ⌧

cut dependence that
is represented by the solid red line in figure 5. We observe that for values of Qcut

T
around

1 GeV there is a a local maximum in the NNLO coefficient, which could be mistaken for
the onset of asymptotic behavior.

We have communicated our findings with the authors of ref. [22], who have acknowl-
edged a problem with their results presented in ref [22]. The updated version of their code
produces results that are consistent with ours, within Monte Carlo uncertainties.
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Campbell, Ellis, Li, Williams 

The dependence of  the NNLO contribution to                          production cross section at the 14 TeV LHC on the 
slicing  parameter.  In this case, the NNLO QCD corrections are large and need to be known precisely. 

�(pp ! ��)
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SUMMARY

The goal of the project B1a  is to push theoretical  description of  the color-singlet production at the LHC to N3LO in 
perturbative QCD, fully differentially.  Without a valid subtraction scheme at N3LO, one can resort to slicing to 
simplify computations in singular kinematic limits. 

Singular limits are described in terms of beam and soft functions that need to be computed through N3LO. They are 
later combined with fully-differential computations of X+j at NNLO.   We are in the process on pushing our way 
through the different ingredients required for the computation of the matching coefÞcient of quark beam function. 

lim
!!0

d�pp!V (!, ...) = B! ⌦B! ⌦ S! ⌦H ⌦ d�LO

V
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Knowledge of beam and soft functions at higher orders in perturbation theory is also interesting in its own right since 
factorization theorems can  be used to improve resummed predictions for relevant processes; I did not talk about this 
but it is a clear possibility. 

Extension of these computations to the gluon beam function and the soft functions will require signiÞcant further effort 
and, in case of the soft function, perhaps even new insights.  
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