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Master integrals obey differential equations:

d,I=Q(z,¢e)1
dim.reg: D=4-—2¢
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Observation
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Closed formulae from Intersection Numbers
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Feynman integrals as twisted period integrals

Lee-Pomeransky representation, with an analytic regulator §: [Lee, Pomeransky 13]

n Qi 1Hed D=4-2
O / dziz’ e
Lot n 1 Dla;+ed) C=U~+F
a; > 0: denominator a; < 0: numerator (subtopology)
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Feynman integrals as twisted period integrals

Lee-Pomeransky representation, with an analytic regulator §: [Lee, Pomeransky 13]
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Feynman integrals as twisted period integrals

Lee-Pomeransky representation with an analytic regulator §: [Lee, Pomeransky 13]

1+4€6 D=4—-29
[g) an X / H dFZ@Z—(s G2 :
n iy Llai+ed) G=U+F
G I, 20 = eV potential: W; =1logG+6Y ;"  logz

Twisted period integral: [vastrolia, Mizera 18]
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(¢l

Lee, Pomeransky "13; Mastrolia, Mizera '18;
Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera "19 6



Vector space of Feynman Integrals

Forms modulo IBPs form a vector space

(el W5 =1logG +6)>,logz
finite dimension v = # of critical points of W

Lee, Pomeransky "13; Mastrolia, Mizera '18;
Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera 19

6



Vector space of Feynman Integrals

Forms modulo IBPs form a vector space

(el W5 =1logG +6)>,logz
finite dimension v = # of critical points of W
0:G

)
+—=0, 1=1,...,n
G

Lee, Pomeransky "13; Mastrolia, Mizera '18;
Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera 19

6



Vector space of Feynman Integrals

Forms modulo IBPs form a vector space

(2|
(] o .
W5 =1logG +6)>,logz
finite dimension v = # of critical points of W
0:G

)
+—=0, 1=1,...,n
G

decomposition (p| = c¢1 (p1|+...+ ¢ (o]

(1]

Lee, Pomeransky "13; Mastrolia, Mizera '18;
Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera 19 6
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Vector space of Feynman Integrals

Forms modulo IBPs form a vector space

(2]

Ws=1logG+d> logz
finite dimension v = # of critical points of W
G 5
g u

(pa|: master forms «» master mtegrals
c;: from IBPs or Intersection Numbers

Lee, Pomeransky "13; Mastrolia, Mizera '18;
Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera "19 6
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Example: the one-loop box

P p3

1 y=t/s
2 4 G=2z1+20+23+ 24+ 2123+ Yy 2924
» 3 » W§ = logg + (510g(21222324)

critical points dWs = 0, to first order in ¢
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Example: the one-loop box

n P3
1 y=t/s
2 4 G=2z1+20+23+ 24+ 2123+ Yy 2924
» 3 » W§ = log g + ) 10g(21222324)

v = 3 master integrals
critical points dWs = 0, to first order in ¢
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Decomposition from Intersection numbers

forms dual forms

SOl YN /6—’_5‘1/680 \/ o / ’W(;

Decomposition: (p| =>""_ ¢, (4]
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Decomposition from Intersection numbers

forms dual forms

<S0| YN /6—’_5‘1/680 \/ o / c”g

Decomposition: (p| =>""_ ¢, (4]

12
e vV -1
Ca: = Z <90 | 90b> (C )ba Cu = <90a ‘ 801\)/>
b=1
Intersection Numbers:
(ol¢") = & Rosawyco 0" Wil WL 2] V=40

hard part: require solving differential equsl Q0. Mizera 18



Evaluation of intersection numbers
e Projection onto masters Mastrolia, Mizera '18

e Multivariate fibration Frellesvig, Gasparotto, Mandal, Mastrolia, Mattiazzi, Mizera '19
Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera 20
o Relative cohomology Caron-Huot, Pokraka "21 (I, 11)
e Higher-order PDEs Chestnov, Frellesvig, Gasparotto, Mandal, Mastrolia 22
e Polynomial division Fontana, Peraro '23
e Polynomial division Brunello, Chestnov, Crisanti, Frellesvig, Mandal, Mastrolia 24
+ relative cohomology
e Companion matrices Brunello, Chestnov, Mastrolia 24

o LP relative cohomology Lu, Wang, Yang '24
e Fixed-branch integrals  Huang, Ma, Wang, Yang '26
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polynomial division companion matrices FBI: p? = m?




Intersection numbers as : —
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Intersection numbers as : —

THE HIGHER RESIDUE

k LY
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SINGULAR POINTS
Kyoji Saito Saito’s higher residue pairings
Proc. Symp. Pure Math. 40 (1983)
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algebraic order-by-order solution
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Closed formulae at critical points
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Closed formulae at critical points

Ws =logG + 6>, logz Hessian: ®; = 9,0,W;
. vy ¢ Y
Leading (el )0 = dot ;

dWs=0
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Only data at the critical points
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Differential Equations from Intersection Numbers

Oulea) =D 1 Qav|gp), Q=DC!
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Differential Equations from Intersection Numbers

Oelpa) = >0 Qaplp),  Q2=DC™!
Cab = (pal@))y  Dav=(Vapaley),  Vu=0w+ed,W;s

£ + 00 = DWW 4DO 4. )(CcO+LlctD 4 )7

linearin:e higher residue pairings
sl o =pm) (C(0>)*1 Leading
0 0 = (DO - cHY) (o) Leading + Subleading

= Leading and subleading pairings are all we need

12



One-loop box: the regulated results
5

1) EEEEHER @, 1) 0) =
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One-loop box: the regulated results

) (14 6)(1+ 38) — yo?
):UQ 2(1+26)% aW):UQ  2y(1+y)(1 +26)2
1446 52 63
4 4(1429) 2(14-26)?
0 5> b 63
CV0) = | 1tz —H 3(1+20)2
b b 14+65+1052

2(1420)2  2(1+20)2 ~ (1+26)3
Dense matrices: DE recovered in the § — 0 limit
0 0 0
Oy yQ =e| O —% 0 ?JZE
ey ] ﬁ _y(12+y) _y(11+y) ey I
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This work: 6 — 0 expansion

the regulator is not physical
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This work: 6 — 0 expansion

the regulator is not physical

as 0 — 0, critical points organise into sectors:

20,G=0 = 2z =20 or 90;,G=0
—— ——

pinched cut

forms organise into sectors:

@a — Aa % X
singular  regular Q
0 ¢
Aa — H Z—Z
ZEFa

I',: pinched edges of ¢,

ﬁ 6(—>_OO .p
T [>x (l)
21 = Z.g =0
A, (I
6% /(z224) —23/(2G?)
6% /(z123)  —yz/(2G7)
1 y/G°
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Leading pairingas § — 0

(pal W) = D >,

' CI'CIy, zxel
sectors critical
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det g ab
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G.B., Chestnov, Page
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Leading pairingas § — 0
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The pairing factorises over the sectors

finite fields and companion matrix technology [riniteFlow] [SPOR]
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Sub-leading pairingas § — 0
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One-loop differential equation

1 1
Qo = 5% 2 =0,
~ ——
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One-loop diﬂ‘erential equation
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One-loop diﬂ‘erential equation

1 1
— —— =0, (o, =
):( | Q 2y ):( | Q (0) = 1+ y)
Block-triangular structure: no regulator left
_%l 0 0 0 0 0
0 1 1
cO={0o -1of, DW= 01 i 01
001 24y 2y(+y) y(+y)
Y3X 0 0 0
ey I Tty y(+y)  y(+y) ey ]




Four-loop ladder

D1

9 10 11 12
D2

13 propagators + 9 numerators

p3

13

y2
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Four-loop ladder

b1 D3

9 10 11 12
D2 2

13 propagators + 9 numerators
159 critical sectors — 246 forms
symmetries — 88 masters
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Four-loop ladder

b1 D3

9 10 11 12
D2 2

13 propagators + 9 numerators
159 critical sectors — 246 forms
symmetries — 88 masters

dI = (Agdlogy + A dlog(l +y)) 1, y=1t/s

Now a laptop computation!
G.B., Chestnov, Page 18



Conclusions

Differential Equations from Intersection Numbers:
e ¢ — oo: factorisation over critical points, LO and NLO in closed form

e & — 0: critical points organise into sectors, no regulator left

o canonical differential equations for the four-loop massless ladder

Outlook:
e DEs at arbitrary orderin e

e amplitude decomposition from intersection numbers
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Four-loop ladder: critical sectors

P1 P3 P3 P3 P3 1 P3 P1 Ps P1 P
P4 P4 Ps P2 g P4 P2 Pa P2 Pa P4
P2 Pa P2 Pa P2 ps P2 P2 P2 P2
P2 P2 Pa P2 Pa P2 Pa P2 Pa P2 Pa P2 Pa P2 Pa
Pa P2 Pa

the 55 inequivalent critical sectors: 88 master integrals
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