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Challenge

Master integrals obey di!erential equations:

dxI = !(x, ω) I
dim. reg.: D = 4→ 2ω
physics at ω ↑ 0

εxI ! I
IBP systems

increasingly complex

bypass: closed formulae
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Observation
! has a polynomial dependence on ω
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Outline

Intersection
numbers

ω → ↑ ε → 0
beautiful
formulae

project onto
master integrals

localise on
critical points

factorise over
sectors

build di’erential
equations
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Feynman integrals as twisted period integrals
Lee–Pomeransky representation: [Lee, Pomeransky ’%&]

Ia1...an ↔

∫

Rn
+

n∏

i=1

dzi z
ai→1
i

!(ai)
G
ω→2

D = 4→ 2ω

G = U + F
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Feynman integrals as twisted period integrals
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Twisted period integral: [Mastrolia, Mizera ’%*]
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Vector space of Feynman Integrals

↘ϑ1|

↘ϑ2|

c1

c2

↘ϖ|

Forms modulo IBPs form a vector space

Wε = log G + ϑ
∑

i log zi

finite dimension ϖ = + of critical points ofWε

ϱiG

G
+

ε

zi
= 0, i = 1, . . . , n

decomposition ↘ϑ| = c1 ↘ϑ1|+ . . .+ cϑ ↘ϑϑ |

↘ϑa|: master forms≃ master integrals
ci: from IBPs or Intersection Numbers

Lee, Pomeransky ’%&; Mastrolia, Mizera ’%*;
Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera ’%, #
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Example: the one-loop box
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y = t/s

G = z1 + z2 + z3 + z4 + z1z3 + y z2z4

Wε = log G + ϑ log(z1z2z3z4)

ϱ = 3 master integrals
critical points dWε = 0, to first order in ε

z1 = z3 = →1→ ϑ

z2 = z4 = ϑ

z1 = z3 = ϑ/y

z2 = z4 = →(1 + ϑ)/y

z1 = z3 = →1→ 1+y
y ϑ

z2 = z4 = →
1
y →

1+y
y ϑ

$
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Decomposition from Intersection numbers

forms

↘ϖ| ≃

∫
e+ωWω ϖ

dual forms

|ϖ⇐
⇒ ≃

∫
e→ωWω ϖ⇐

Decomposition: ↘ϖ| =
∑ϑ

a=1 ca ↘ϖa|

ca =
ϖ∑

b=1

↘ϖ |ϖ⇐

b ⇒
(
C→1

)
ba Cab = ↘ϖa |ϖ↑

b ⇒

Intersection Numbers:
↘ϖ |ϖ↑

⇒ = ωn ResdWω=0

[
ϖ̂↑

⇑
→1
1 · · ·⇑

→1
n ϖ̂ dnz

]
⇑i = εi + ω εiWε

hard part: require solving di’erential equations

Mastrolia, Mizera ’%* *
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Evaluation of intersection numbers
• Projection onto masters Mastrolia, Mizera ’%*
• Multivariate fibration Frellesvig, Gasparotto, Mandal, Mastrolia, Mattiazzi, Mizera ’%,

Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera ’!"
• Relative cohomology Caron-Huot, Pokraka ’!% (I, II)
• Higher-order PDEs Chestnov, Frellesvig, Gasparotto, Mandal, Mastrolia ’!!
• Polynomial division Fontana, Peraro ’!&
• Polynomial division Brunello, Chestnov, Crisanti, Frellesvig, Mandal, Mastrolia ’!(
" relative cohomology

• Companion matrices Brunello, Chestnov, Mastrolia ’!(
• LP relative cohomology Lu, Wang, Yang ’!(
• Fixed-branch integrals Huang, Ma, Wang, Yang ’!#

1 2

3 4

5 6
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p1

p2

p3

p4

polynomial division companion matrices FBI: p2i = m2
i

,



Intersection numbers as ω ↑ ↓

The higher residue
pairings K

(k)
F for a family

of hypersurface
singular points

Kyoji Saito

Proc. Symp. Pure Math. 40 (1983)

↘ϖ |ϖ↑
⇒ = ↘ϖ |ϖ↑

⇒(0) +
1

ω
↘ϖ |ϖ↑

⇒(1) + . . .

Saito’s higher residue pairings

ω ↑ ↓: ⇑
→1
i =

1

ω εiWε
→

1

ω εiWε
εi

1

ω εiWε
+O(ω→3)

algebraic order-by-order solution

Saito ’*&; Mizera, Pokraka ’%, %"
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Closed formulae at critical points

Wε = log G + ϑ
∑

i log zi Hessian: ”ε = εiεjWε

↘ϖ |ϖ↑
⇒(0) =

∑

dWω=0

ϖ̂ ϖ̂↑

det”ε
Leading

↘ϖ |ϖ↑
⇒(1) =

1

2

∑

dWω=0

(
”→1

ε

)
ij
εj
[ ϖ̂ εiϖ̂↑

→ ϖ̂↑ εiϖ̂

det”ε

]
Subleading

Only data at the critical points

Saito ’*&; Mizera, Pokraka ’%, %%
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Di!erential Equations from Intersection Numbers

εx|ϖa⇒ =
∑ϖ

b=1!ab |ϖb⇒, ! = DC→1

Cab = ↘ϑa |ϑ↑
b ⇒, Dab = ↘⇑xϑa |ϑ↑

b ⇒, ⇑x = ϱx + ω ϱxWε

ω !(1) + !(0)
︸ ︷︷ ︸
linear in ω

=
(
ωD(1) +D(0) + . . .

)(
C(0) + 1

ω C
(→1) + . . .

)→1

︸ ︷︷ ︸
higher residue pairings

ω1: !(1) = D(1)
(
C(0)

)→1 Leading

ω0: !(0) =
(
D(0)

→!(1)C(→1)
)(
C(0)

)→1 Leading " Subleading

⇓ Leading and subleading pairings are all we need

%!
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One-loop box: the regulated results

↘ | ⇒(0) =
ϑ

2(1 + 2ϑ)2
, ↘εyW | ⇒(0) =
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Dense matrices: DE recovered in the ϑ ↑ 0 limit
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This work: ϑ ↑ 0 expansion
the regulator is not physical

as ε ↑ 0, critical points organise into sectors:

zi ϱiG = 0 ⇓ zi = 0︸ ︷︷ ︸
pinched

or ϱiG = 0︸ ︷︷ ︸
cut

z 2
=

z 4
=

0

z1 = z3 = 0

ε ↑ 0
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zi ϱiG = 0 ⇓ zi = 0︸ ︷︷ ︸
pinched

or ϱiG = 0︸ ︷︷ ︸
cut

z 2
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z 4
=

0

z1 = z3 = 0

ε ↑ 0

forms organise into sectors:

ϖ̂a = #a ςa

singular regular

#a =
∏

i↓!a

ϑ

zi
!a: pinched edges of ϑa

”a ςa

ε2 /(z2z4) →z3/(2G2)

ε2 /(z1z3) →y z4/(2G2)

1 y/G2
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Leading pairing as ε → 0

↘ϖa |ϖ↑
b ⇒(0) =

∑

!a↔!↔!b

∑

z→↓!

ςa ςb

det”!̄

R!
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sectors
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critical
points

cut
variables

pinched
variables

The pairing factorises over the sectors

finite fields and companion matrix technology [FiniteFlow] [SPQR]

G.B., Chestnov, Page %)
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Sub-leading pairing as ε → 0
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finite fields and companion matrix technology [FiniteFlow] [SPQR]
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One-loop di!erential equation

↘ | ⇒(0) =
1

2y︸︷︷︸
→

1

2y︸ ︷︷ ︸
= 0, ↘εyW | ⇒(0) =

1

2y(1 + y)

Block-triangular structure: no regulator left

C(0) =




→

1
4 0 0

0 →
1
4 0

0 0 1



 , D(1) =




0 0 0

0 1
4y 0

→
1

2(1+y)
1

2y(1+y) →
1

y(1+y)





εy



 y

ω y



 = ω




0 0 0

0 →
1
y 0

2
1+y →

2
y(1+y) →

1
y(1+y)







 y

ω y





%$



One-loop di!erential equation

↘ | ⇒(0) =
1

2y︸︷︷︸
→

1

2y︸ ︷︷ ︸
= 0, ↘εyW | ⇒(0) =

1

2y(1 + y)

Block-triangular structure: no regulator left

C(0) =




→

1
4 0 0

0 →
1
4 0

0 0 1



 , D(1) =




0 0 0

0 1
4y 0

→
1

2(1+y)
1

2y(1+y) →
1

y(1+y)





εy



 y

ω y



 = ω




0 0 0

0 →
1
y 0

2
1+y →

2
y(1+y) →

1
y(1+y)







 y

ω y





%$



One-loop di!erential equation

↘ | ⇒(0) =
1

2y︸︷︷︸
→

1

2y︸ ︷︷ ︸
= 0, ↘εyW | ⇒(0) =

1

2y(1 + y)

Block-triangular structure: no regulator left

C(0) =




→

1
4 0 0

0 →
1
4 0

0 0 1



 , D(1) =




0 0 0

0 1
4y 0

→
1

2(1+y)
1

2y(1+y) →
1

y(1+y)





εy



 y

ω y



 = ω




0 0 0

0 →
1
y 0

2
1+y →

2
y(1+y) →

1
y(1+y)







 y

ω y





%$



Four-loop ladder

1 2 3 4

5 6 7 8 13

9 10 11 12

p1

p2

p3

p4

13 propagators + 9 numerators

#$% critical sectors ↑ &’( forms
symmetries ↑ )) masters

dI = ω
(
A0 d log y +A1 d log(1 + y)

)
I, y = t/s

Now a laptop computation!

G.B., Chestnov, Page %*



Four-loop ladder

1 2 3 4

5 6 7 8 13

9 10 11 12

p1

p2

p3

p4

13 propagators + 9 numerators
#$% critical sectors ↑ &’( forms

symmetries ↑ )) masters

dI = ω
(
A0 d log y +A1 d log(1 + y)

)
I, y = t/s

Now a laptop computation!

G.B., Chestnov, Page %*



Four-loop ladder

1 2 3 4

5 6 7 8 13

9 10 11 12

p1

p2

p3

p4

13 propagators + 9 numerators
#$% critical sectors ↑ &’( forms
symmetries ↑ )) masters

dI = ω
(
A0 d log y +A1 d log(1 + y)

)
I, y = t/s

Now a laptop computation!

G.B., Chestnov, Page %*



Four-loop ladder

1 2 3 4

5 6 7 8 13

9 10 11 12

p1

p2

p3

p4

13 propagators + 9 numerators
#$% critical sectors ↑ &’( forms
symmetries ↑ )) masters

11 20

20

40

40

60

60

88

88

dI = ω
(
A0 d log y +A1 d log(1 + y)

)
I, y = t/s

Now a laptop computation!

G.B., Chestnov, Page %*



Four-loop ladder

1 2 3 4

5 6 7 8 13

9 10 11 12

p1

p2

p3

p4

13 propagators + 9 numerators
#$% critical sectors ↑ &’( forms
symmetries ↑ )) masters

11 20

20

40

40

60

60

88

88

dI = ω
(
A0 d log y +A1 d log(1 + y)

)
I, y = t/s

Now a laptop computation!
G.B., Chestnov, Page %*



Conclusions

Di!erential Equations from Intersection Numbers:
• ω ↑ ↓: factorisation over critical points, LO and NLO in closed form

• ε ↑ 0: critical points organise into sectors, no regulator left

• canonical di!erential equations for the four-loop massless ladder

Outlook:
• DEs at arbitrary order in ω

• amplitude decomposition from intersection numbers
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Four-loop ladder: critical sectors
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the 55 inequivalent critical sectors: 88 master integrals
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