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Motivation 

• At NNLO,

I am divergent!

dσNNLO

dX
= ∫ dΦnVV δXn

+ ∫ dΦn+1RV δXn+1
+ ∫ dΦn+2RR δXn+2

©

See Chiara’s talk

Handling IR singularities at NNLO
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Motivation 

• At NNLO,

I am divergent!

Poles in ϵ

©

See Chiara’s talk

dσNNLO

dX
= ∫ dΦnVV δXn

+ ∫ dΦn+1RV δXn+1
+ ∫ dΦn+2RR δXn+2

Diverge in phase-space

*All diagrams are drawn with FeynGame

Handling IR singularities at NNLO



Handling IR singularities at NNLO
Motivation 

Local Subtraction 

Antenna [hep-ph/0505111]
[Gehrmann-De Ridder, Gehrmann, 
Glover] 

ColourfulNNLO [hep-ph/0609042]
[Del Duca, Trócsányi, Somogyi][See 
talk by G. Somogyi] 

STRIPPER [hep-ph/1005.0274]
[Czakon] 

Nested soft-collinear [1702.01352]
[Caola, Melnikov, Röntsch][See talk by 
M. Tresoldi] 

Geometric IR subtraction 
[1804.07949][Herzog] 

Local Analytic Sector Subtraction 
 this talk!→

Slicing  

 slicing [hep-ph/0703012]
[Catani, Grazzini] 

N-jettiness [1505.04794]
[Gaunt, Stahlhofen, 
Tackmann, Walsh] 

Projection-to-Born 
[1506.02660][Cacciari, 
Dreyer, Karlberg, Salam, 
Zanderighi]

qT

Integrand Level 

Unsubtraction 
[1604.06699][Sborlini, 
Driencourt-Mangin, 
Hernández-Pinto, Rodrigo]  

FDR [1208.5457][Pittau] 

Universal factorisation 
[1812.03753][Anastasiou, 
Sterman]
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Introduction [2212.11190] [G. Bertolotti, L. Magnea,  
G. Pelliccioli, A. Ratti, C. Signorile-Signorile, P. Torrielli, S. Uccirati]
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Local Analytic Sector Subtraction
©

• Local counterterms from the universal soft and collinear kernels  

• Analytic integration of the counterterms once and for all 

• Sector functions to disentangle singularities  

• Subtraction, a universal formula – same structure for any process

𝒲ijjk, 𝒲ijkj 𝒲ijkl

©

https://arxiv.org/abs/2212.11190


Structure
Towards NNLO cross-sections

• How is LASS doing it?

dσNNLO

dX
= ∫ dΦnVVsub(X) + ∫ dΦn+1RVsub(X) + ∫ dΦn+2RRsub(X)

5



Structure
Towards NNLO cross-sections
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Integrated CT

• How is LASS doing it?

5

Counterterm (CT)



From Kernels to Counterterms
Both ingredients of I

6

I = ∫ dΦrad K

Phase space Kernels



Why Mappings?
To integrate analytically 

7

• Why?  Factorised Born: momentum not conserved [soft] and not on-
shell [collinear] 

• What is should do?  Mapping restores physical momenta: on-shell, 
momentum conserving

→

→



Why Mappings?
To integrate analytically 

• Why?  Factorised Born: momentum not conserved [soft] and not on-
shell [collinear] 

• What is should do?  Mapping restores physical momenta: on-shell, 
momentum conserving 

• How?  Exact factorisation,  

→

→

→ dΦn+2 = dΦn dΦrad

{k}n+2 {k̄}n dΦrad
7



Sample Kernels 

8

• Double soft limit [Catani, Grazzini]

lim RRn+2({k}n, ka, kb) ∼ Eik({k}n, ka, kb) ⊗ Bn({k}n)ka, kb → 0

+ + +

A concrete example



Sample Kernels 
sab = 2ka ⋅ kb

+ + +

I(a)
cd =

scd

sacsad
I(ab)
cd = 2TRI(qq̄)(ab)

cd − 2CAI(gg)(ab)
cd

∑
c,d≠a,b

∑
e, f≠a,b

I(a)
cd I(b)

ef Bcdef + I(ab)
cd Bcd

A concrete example

lim RRn+2({k}n, ka, kb) ∼ Eik({k}n, ka, kb) ⊗ Bn({k}n)

• Double soft limit [Catani, Grazzini]

ka, kb → 0
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Sample Kernels 
sab = 2ka ⋅ kb

+ + +

I(gg)(ab)
cd =

(1 − ϵ)(sacsbd + sadsbc) − 2sabscd

s2
ab(sac + sbc)(sad + sbd)

+ scd
sacsbd + sadsbc − sabscd

sabsacsbdsadsbc [1 −
1
2

sacsbd + sadsbc

(sac + sbc)(sad + sbd) ]

lim RRn+2({k}n, ka, kb) ∼ Eik({k}n, ka, kb) ⊗ Bn({k}n)ka, kb → 0

• Double soft limit [Catani, Grazzini]
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A concrete example



Four-Particle Phase-Space
One construction, three configurations

9

(abcd) (abc,d) (ab,cd)



Final-Final Case

10

• All legs are outgoing: all four momenta are integrated over 

• Phase space is symmetric under permutations of    andka, kb, kc, kd
sab ↔ scd, sac ↔ sbd, sad ↔ sbc

Four-Particle Phase-Space



Final-Final Case

10

• All legs are outgoing: all four momenta are integrated over 

• Phase space is symmetric under permutations of    and
 

• Exchanging momenta is a substitution in 

ka, kb, kc, kd
sab ↔ scd, sac ↔ sbd, sad ↔ sbc

y, y′￼, z, z′￼, w′￼

Four-Particle Phase-Space
sab = 2ka ⋅ kb

y′￼ =
sab

sabc
z′￼ =

sac

sac + sbc
y =

s̄(abc)
bc

s̄(abc)
bcd

z =
s̄(abc)

bd

s̄(abc)
bd + s̄(abc)

cd

w′￼=
1
2

−
2ka ⋅ k̄(abc)

b 2kd ⋅ k̄(abc)
c + 2ka ⋅ k̄(abc)

c 2kd ⋅ k̄(abc)
b − sabc 2ka ⋅ kd

4 [2ka ⋅ k̄(abc)
b 2ka ⋅ k̄(abc)

c (2k̄(abc)
b ⋅ kd 2k̄(abc)

c ⋅ kd − sabck2
d)]

1/2



Initial-Initial Case
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• Momentum carries a fraction  and recoil is   

• Now, for example,  is not a symmetry of phase space 

x k̄d = xkd

sab ↔ scd

Four-Particle Phase-Space



Initial-Initial Mapping 
Phase space (ab, cd)
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• Problem: the symmetry is broken under the exchange of variables 

• Solution: start from the Catani-Seymour mapping and derive a variable 
transformation 

• Takeaway: apply the transformation

y ↔ 1 − y
y′￼ ↔ (1 − y′￼)(1 − z)

(1 − y′￼)z′￼ ↔ y′￼z′￼(1 − z) + (1 − z′￼)z + 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)



Initial-Initial Mapping 
(ab, cd)

sab = (1 − y)(1 − y′￼)zs(ab,cd)

sac = (1 − y)[y′￼(1 − z′￼)(1 − z) + z′￼z − 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(ab,cd)

sbc = (1 − y)[y′￼z′￼(1 − z) + z(1 − z′￼) + 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(ab,cd)

sad = (1 − y′￼)(1 − z′￼)s(ab,cd) , sbd = (1 − y′￼)z′￼s(ab,cd) , scd = s(ab,cd)

13
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Initial-Initial Mapping 
(ab, cd)

sab, sac, sbc, sac + sbc − sab

sad, sbd, scd, scd − sad − sbd, sad + sbd, scd − sad, scd − sbd

sab = (1 − y)(1 − y′￼)zs(ab,cd)

sac = (1 − y)[y′￼(1 − z′￼)(1 − z) + z′￼z − 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(ab,cd)

sbc = (1 − y)[y′￼z′￼(1 − z) + z(1 − z′￼) + 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(ab,cd)

sad = (1 − y′￼)(1 − z′￼)s(ab,cd) , sbd = (1 − y′￼)z′￼s(ab,cd) , scd = s(ab,cd)

• Denominators, 
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Initial-Initial Mapping 
(ab, cd)

sab, sac, sbc, sac + sbc − sab

sad, sbd, scd, scd − sad − sbd, sad + sbd, scd − sad, scd − sbd

sab = (1 − y)(1 − y′￼)zs(ab,cd)

sac = (1 − y)[y′￼(1 − z′￼)(1 − z) + z′￼z − 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(ab,cd)

sbc = (1 − y)[y′￼z′￼(1 − z) + z(1 − z′￼) + 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(ab,cd)

sad = (1 − y′￼)(1 − z′￼)s(ab,cd) , sbd = (1 − y′￼)z′￼s(ab,cd) , scd = s(ab,cd)

Simple  integrals2F1Simple factorsNot so simple  integrals!2F1

• Denominators, 

13



Integration Method 
The pipeline

reduce the denominators 1
• apply variable transformations
• the measure

dΦrad,2 = s2−2ϵ
map dΦinv

rad,2(s/smap)1−2ϵ

14



Integration Method 
The pipeline

reduce the denominators 1
• apply variable transformations
• the measure

dΦrad,2 = s2−2ϵ
map dΦinv

rad,2(s/smap)1−2ϵ

π2ϵ−1(4π)−4

Γ(1 − 2ϵ) ∫
1

0
dy ∫

1

0
dz ∫

1

0
dw′￼ ∫

1

0
dy′￼ ∫

1

0
dz′￼ (w′￼(1 − w′￼))−ϵ− 1

2

× (y′￼(1 − y′￼)2z′￼(1 − z′￼)y2(1 − y)2z(1 − z))−ϵ(1 − y′￼)y(1 − y)

14



Integration Method 
The pipeline

integrate  and y w′￼2

reduce the denominators 1
• apply variable transformations
• the measure

dΦrad,2 = s2−2ϵ
map dΦinv

rad,2(s/smap)1−2ϵ

• y  factorised  Beta function→ →
• only  carry sac, sbc w′￼

• Iw′￼
→ 2F1(1,1 + ϵ; 1 − ϵ, . ) + Θ − split

14

f(y, y′￼, z, z′￼, w′￼)



Integration Method 
The pipeline

integrate  and z z′￼3

integrate  and y w′￼2

reduce the denominators 1
• apply variable transformations
• the measure

dΦrad,2 = s2−2ϵ
map dΦinv

rad,2(s/smap)1−2ϵ

I(n)
w′￼z, J(n)

w′￼z, I(n)
w′￼z′￼

, J(n)
w′￼z′￼

14

• y  factorised  Beta function→ →
• only  carry sac, sbc w′￼

• Iw′￼
→ 2F1(1,1 + ϵ; 1 − ϵ, . ) + Θ − split

• rational str.  Beta   → × 2F1

• I ∼ (1 − z)n , J ∼ zn

• p, q, n ≥ − 1, m = 0,1
• partial fraction until p + q ≥ m
•   four familiesz ↔ (1 − z′￼) →

• , finite sumn ≥ 0
• , integral rep. n = − 1 → t
• everything exact in ϵ

f(y, y′￼, z, z′￼, w′￼)



Integration Method 
The pipeline

integrate , expand in y′￼, t ϵ4

integrate  and z z′￼3

integrate  and y w′￼2

reduce the denominators 1
• apply variable transformations
• the measure

dΦrad,2 = s2−2ϵ
map dΦinv

rad,2(s/smap)1−2ϵ

• 2F1(−ϵ, − 2ϵ; 1 − 2ϵ; 1 − ω), 2F1(1, − 2ϵ; 1 − 2ϵ; 1 − ω)

• expand →Sn,p′￼
, Lin

• extract poles with plus distributions 
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• rational str.  Beta   → × 2F1
•   four familiesIw′￼

→

I(n)
w′￼z, J(n)

w′￼z, I(n)
w′￼z′￼

, J(n)
w′￼z′￼

• y  factorised  Beta function→ →
• only  carry sac, sbc w′￼

• Iw′￼
→ 2F1(1,1 + ϵ; 1 − ϵ, . ) + Θ − split

f(y, y′￼, z, z′￼, w′￼)



Numerical Checks

15

Isolate

Integrate

Recombine

Compare

©

Using PySecDec [1703.09692][S. Borowka, G. Heinrich, S. Jahn, 
 S.P. Jones, M.Kerner, J. Schlenk, T. Zirke]

http://arxiv.org/abs/1703.09692


Numerical Checks

15

©

• An example: double-soft gluon kernel

Order Analytic Residual (    )

1/2 0

11/12 5e-15 (0.95)

5e-11 (0.34)

3e-8 (0.54)

1e-6 (0.71)

ϵ−4

ϵ−3

ϵ−2

ϵ−1

σ

67/36 − 2π2/3

101/27 − 77/72π2

−77/6ζ3

ϵ0 607/81 − 469/216π2

−341/18ζ(3) − 1/720π4

Isolate

Integrate

Recombine

Compare

Using PySecDec [1703.09692][S. Borowka, G. Heinrich, S. Jahn, 
 S.P. Jones, M.Kerner, J. Schlenk, T. Zirke]

*for the x-independent part

http://arxiv.org/abs/1703.09692


MadNkLO
The Numerical Code

16

• Generation with MadNkLO 
[inspired from MadGraph] 

• Massive@NLO [2503.14629] 

• Massless FSR@NNLO [work in 
progress] 

• Implemented python-to-fortran 
coding structure 

• Manages contributions, flavour 
channels, sectors and IR 
structure 

• Designed for generality and 
automation 

Generator output for RR: the slots for  , and  are 
filled by the flavours present in the sector

K(1), K(2) K(12)

i   j   j  k 

3 4  4 5 

g  g  g q 

https://github.com/madnklo/madnklo/
https://arxiv.org/abs/2503.14629


MadNkLO
IR cancellation

16

•  
[for double-real emission] 

•  is a scaling parameter 

• Two radiations 
parametrised by  and 

 

• Pick a limit [we see ] 

• As , both diverge, but 
converge to each other

e+e− → 2j ⇒ e+e− → ggcc̄

λ

(z, y)
(z′￼, y′￼)

K(2)

λ → 0

*LIM = K1 + K(2) − K(12)



Status

17

• Complete set of integrated counterterms for massless QCD 

• New classes of mappings 

• Standard methods to integrate 

• Expressed in terms of same set of special functions

Outlook
• Complete the implementation in madNkLO 

• Inclusion of massive colour particle @NNLO



Thank you!

©



©

Backup 



Final-Final Mapping 
(abcd)

scd = (1 − y)(1 − y′￼)(1 − z)s(abcd)

sad = (1 − y)[y′￼(1 − z′￼)(1 − z) + z′￼z − 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(abcd)

sbd = (1 − y)[y′￼z′￼(1 − z) + z(1 − z) + 2(1 − 2w′￼) y′￼z′￼(1 − z′￼)z(1 − z)] s(abcd)

sbc = (1 − y′￼)(1 − z′￼)s(abcd) , sac = (1 − y′￼)z′￼ys(abcd) , sab = yy′￼s(abcd)



Initial-Initial Mapping 
The phase space

dΦn+2({k}) =
ζn+2

ζn ∫ ∫ dΦn(xkc, kd; {k̄}(ab,c;b,cd))dΦ(ab,c;b,cd)
rad,2

∫ dΦinv
rad,2 ( scd − sad − sbd

sab,cd )
1−2ϵ

scd − sad − sbd

s

x =
sab,cd

s


