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Precision phenomenology needs master integrals fast and to many digits
@ Function space grows quickly: In, MPLs — elliptic — Calabi—Yau, higher genus, ...
@ Analytic results often unknown, or known only through differential equations

@ Quadrature/Monte Carlo integration: robust, but precision grows slowly with effort

Question: can we turn IBP identities — which we have anyway — into a numerical method?

This talk

e Estimate a “hard" integral by “simpler” ones using exponentially suppressed combinations
e Error ~ p=" (p > 1) in the suppression power n = digits grow linearly with n

e Works for periods (logs, elliptics, CY) and for dimensionally-regulated Feynman integrals
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Core Idea: Suppressing Numerators

Goal: /:/ f(x)dx to high precision
A

Suppressing numerator N(x), 0 < N <1 on A
. - M;: “simpler” integrals (known, or one
i) = [ NGO Fx)ax == 0 evel down)

o C(M R rational — exact, from IBP
=1+ 3 "M

Error = /(n)/C,(") — exponentially small

Systematically improvable: raise n

I
= 1" Y R M,

Choice of N: (a) suppress (b) cancel factors of f = generates the simpler families
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As a simple first example, let's estimate In2  (srown)

1 _ n ‘
Crar e
0 1+t

= A2+ B A B e

0

I(n)

= In2 & ——B(n)
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Toy Example: Estimating In2

As a simple first example, let's estimate In2  (srown)

I(n) =
( ) 0 1 + t I(n) P 4—n
= A" n2 4+ B, A B0 e Q 2n =~ o

= 87n

‘I 24 E0

1 B0

= In2 A0 n ‘ correct digits
10 9.8
Here simply polynomial division: 20 19.0
40 37.2
[t(1 = )]" = an(t) (1 + 1) + (=2)" ~ 0.93 n digits

1
= A = (=2)", B(”):/ qn(t)dt
0

Same mechanism as irrationality proofs japsry: Beskerss .} — here a numerical method
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In other words, what stops us from generalising

B [t(1=1)]"
In2 ~ A0 from / 11
1 B(")(a) [t(1=1)]"
to In(l + a) A(")(a) from / P dt /
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From Constants to Functions

If we can do this for transcendental constants, why not for transcendental functions?

In other words, what stops us from generalising

B [t(1—1)]"
In2 ~ A0 from / 11
1 B(")(a) [t(1=1)]"
— ~ — ?
to In(l + a) A(")(a) from / P dt /

Nothing! Same polynomial division, now with a symbolic:
(11— 0" = an(ti2) (¢4 2) + (—a(1+2))" = AD(a)= (-a(1+2))" B(a) e Qld
e Error ~ [4a(1+ a)]fn: 4=" from max N, the rest from |N| at the singularity t = —a

e Converges for a > @ ~0.21; e.g. ~0.48, 0.91, 1.69 digits per unit n at a = 3,1,3
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\/ 1—t2)(1 - At?)
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Even powers t¥: elliptic
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A Non-Trivial Generalisation: Elliptic K(\)

]-*tl n—oo

\/ 1-2)(1-\t?)
Expanding the numerator gives two families of moments, M; = fol tf/\FPdt, related by:
1
dr .
/0 a{tJ\FP}dt: —0jo0 = JM_1—(+DA+NMi1+(G+2)AMips =60

Even powers t%: elliptic Odd powers t2*1: logarithmic (u = t?)

t% dt IBP 1+ \/_

2j+1 dt 1
2 K(A)+r] E()) / t P
\/1—1‘2 -x2) ST ) 2 |1-a

1

SJ
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A Non-Trivial Generalisation: Elliptic K(\)

1 - t ] n—o00

\/ 1 —t2)(1 - \t?)
Expanding the numerator gives two families of moments, M; = fol tf/\FPdt, related by:
1
dr .
/0 a{tJ\FP}dt: —0jo0 = JM_1—(+DA+NMi1+(G+2)AMips =60

Even powers t%: elliptic Odd powers t2*1: logarithmic (u = t?)

2j 2j+1
tzdt = = [ K(\)+r] E()) / At =Zs L R si-1
\/1—’-“ — At?) V(I - 2)(1 - 22) 2VA 1V
Two suppressed integrals /(n1) ~ 0, I(n2) = 0 eliminate E()) and fix K(\):
1 1+ VA
KO\ = ——1n RO + RO, R e @A
O Ll Eny ol L A OR AL ORI L 00
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A Non-Trivial Generalisation: Elliptic K(\)

]-*tl n—oo

\/ 1-2)(1-\t?)
Expanding the numerator gives two families of moments, M; = fol tf/\FPdt, related by:
1
dr .
/0 a{tJ\FP}dt: —0jo0 = JM_1—(+DA+NMi1+(G+2)AMips =60

Even powers t%: elliptic Odd powers t2*1: logarithmic (u = t?)

t2J dt 241
2 > = rj ()\)-i-l' E()\ / t9 dt IB:PSJ- 1 In 1+\/_ sh.1
\/1—t —\t%) VA=2)A-x2) T2vx [1-VA] 7
Two suppressed integrals /(n1) = 0, I(n) ~ 0 eliminate E()) and fix K(\):
. 1 1+VA
K(\) '~ ——1n RO + RO, R e @A
O Ll Eny ol L A OR AL ORI L 00
Elliptic ~ logarithm X rational + rational: correct to 100+ digits at high n o
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100
b2}
B 80
=
o=
3 < 60
£
5° 40
(&)
20
0
» 112
o
g
I
S 111

— n=125
n =100

— ) = T5

n =50
1 1 1 .

0.2 0.4 0.6 0.8
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Elliptic K(A): How Many Digits?

—-

i=3

=]
T

° Rf"z)(/\) exact with A symbolic:
one recurrence, seconds

=]
=
T

(solve from ni=n, npy=n+1)

Correct digits
of K()\)
2

401 — =125
= n =100
201 —n=T5
n =50
0 . . . .
- 112}
o
=
Il
S1f
. . . .
0.2 0.4 0.6 0.8
A
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100

o R")()\) exact with A symbolic:
ol 1.2 ymbolic:
one recurrence, seconds

(solve from ni=n, npy=n+1)

Correct digits
of K()\)
2

401 — =125 .. _n
100 o Digits ~0.9n: rate 8
20¢ — =75 as for In2
n=>50
0 ; ; ; ; same singularity, t = —1
» 112F
)
I
S 111f
0.2 04 0.6 0.8
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Elliptic K(A): How Many Digits?

100

o R")()\) exact with A symbolic:
ol 1.2 ymbolic:
one recurrence, seconds

(solve from ni=n, npy=n+1)

Correct digits
of K()\)
2

401 —_— =125 .. _
o o Digits ~0.9n: rate 87"
20p — =75 as for In2
n =50
0 . : . : same singularity, t = —1
o Fixed n: A\-dependence < 2
- 112} ..
] digits (lower panel)
Il
=111}
02 0.4 0.6 0.8
A

10/24

Exponentially Converging Numerical Evaluation of Iterated Integrals Thomas Stone



Exponential Suppression
0O0000e0

Elliptic K(A): How Many Digits?

100

o R")()\) exact with A symbolic:
ol 1.2 ymbolic:
one recurrence, seconds

(solve from ni=n, npy=n+1)

Correct digits
of K()\)
2

40 — =125 .. . _n
100 o Digits ~0.9n: rate 8
20r ——n=T5 as for In2
n =50
0 ; ; ; ; same singularity, t = —1

o Fixed n: A\-dependence < 2

Sl digits (lower panel)
Il
=il e n=125: 110+ digits for all
. . . : 0<A«l1
0.2 0.4 0.6 0.8
A
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Hierarchical Reduction: Two Ways Up

Each step: suppressed integral = 0 expresses a level in terms of the level below

higher genus
(1) Higher genus: one variable, higher-degree

dt/ y / Pag+a(t) .
f £ polynomial under the root

\ < numerators cancel factors of P(t)

{ elliptic (K, E, eMPLs) }

[ In, MPLs }
[ rational functions }
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Hierarchical Reduction: Two Ways Up

Each step: suppressed integral = 0 expresses a level in terms of the level below

(1) Higher genus: one variable, higher-degree

higher genus ‘ higher dimension ‘

/) P +2(1) K3, Calabi~Yau period .
f : — e polynomial under the root
\ / — numerators cancel factors of P(t)

{ elliptic (K, E, eMPLs) }

(2) Higher dimension: multiple integrations
I- a"b™dadb

[ n MPLs } e // Vab(l—a)(l-b)(l-xab)

} — IBP needs syzygies (next section!)

[ rational functions
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Hierarchical Reduction: Two Ways Up

Each step: suppressed integral = 0 expresses a level in terms of the level below

higher genus hieher'di ; i . .
‘ gher dimension ‘ (1) Higher genus: one variable, higher-degree

dt/\ / Pagy2(t) K3, Calabi-Yau periods .
f £ ’ polynomial under the root
\ / < numerators cancel factors of P(t)
elliptic (K, E, eMPLs A A ) i . .
[ ( l ) } (2) Higher dimension: multiple integrations

e // a"b™dadb
[ In, MPLs } & Vab(l—a)(l-b)(l-xab)

— IBP needs syzygies (next section!)

[ rational functions }

Feynman integrals live in (2): multivariate parametric integrals with non-trivial polynomials
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Parametric family on the simplex A = {x; >0, > .x; =1}

Jv] = /dN_lx xY fo" HPj(x;s)'Yf, vi € {a+be}
A ; ;

®(x): twist
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Jv] = /dN_lx xY fo" HPj(x;s)'Yf, vi € {a+be}
A ; ;

®(x): twist
@ P;: U, F (or more general polynomials), ¢;: e.g. dots/non-integer powers

e Suppressing numerator: N(x) = x1x - - - xy , maximal at x* = (&,..., %)
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Feynman Integrals
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Feynman Parameter Families

Parametric family on the simplex A = {x; >0, > .x; =1}

Jv] = /dN_lx xY fo" HPj(x;s)'Yf, vi € {a+be}
A ; ;

®(x): twist
@ P;: U, F (or more general polynomials), ¢;: e.g. dots/non-integer powers

e Suppressing numerator: N(x) = x1x - - - xy , maximal at x* = (&,..., %)

(k)N 1

Dy=——+"~> S
KT (NK+N=T)I’ Nk + N +1
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Feynman Integrals
0e000000000

Feynman Parameter Families

Parametric family on the simplex A = {x; >0, > .x; =1}

Jv] = /dN_lxx" Hxic" HPj(x;s)'Yf, vi € {a+be}
A ; ;

®(x): twist

@ P;: U, F (or more general polynomials), ¢;: e.g. dots/non-integer powers

@ Suppressing numerator: N(x) = x;xp - - xy , maximal at x* = (%, cel %)
o Nk peaks ever more sharply at x*: the

node is ®(x*) times the integral of N,

plus corrections in tx ~ 1

o Dy = [, N¥: exponentially small

(k)N 1

Dy = o [y = ®(x*): known exactly

(Nk+N-—1)1" *7 Nk+N+1
@ bm>1: unknown, s- and e-dependent
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Combine nodes with weights wy so that the unknown corrections by, ..., b, _1 cancel, but keep
the known [g:
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Fit Relations from the Nodes

Combine nodes with weights wy so that the unknown corrections by, ..., b, _1 cancel, but keep
the known [g:

Zwak = fo {Zkak +blzkak tyk + ... + bW71Zkak tkwil +O(tw)
k k k k

——— —_———
So =0 =0

bm unknown but the same for every node; Dy, t, known exactly = w — 1 linear conditions on w weights
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Fit Relations from the Nodes

Combine nodes with weights wy so that the unknown corrections by, ..., b, _1 cancel, but keep
the known [g:

Zwak = fo {Zkak +blzkak tyk + ... + bW71Zkak tkwil +O(tw)
k k k k

——— —_———
So =0 =0

bm unknown but the same for every node; Dy, t, known exactly = w — 1 linear conditions on w weights

ik (NK+ N +1)""1 (Nk + N — 1)!

we= (1) (k — k)T (ko — k)1 (KD
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Combine nodes with weights wy so that the unknown corrections by, ..., b, _1 cancel, but keep
the known [g:

Zwak = fo {Zkak +blzkak tyk + ... + bW71Zkak tkwil +O(tw)
k k k k

——— —_———
So =0 =0

bm unknown but the same for every node; Dy, t, known exactly = w — 1 linear conditions on w weights

ki (NK+ N+ 1)1 (Nk+ N —1)!
(k = k1)t (kmax — k)! (KN

Wk = (—1)

o IBP reduces every node: Jx = Zf\il ck,i(s, €) M; + (sub-sectors, known)
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Fit Relations from the Nodes

Combine nodes with weights wy so that the unknown corrections by, ..., b, _1 cancel, but keep
the known [g:

Zwak = fo {Zkak +blzkak tyk + ... + bW71Zkak tkwil +O(tw)
k k k k

——— —_———
So =0 =0

bm unknown but the same for every node; Dy, t, known exactly = w — 1 linear conditions on w weights

ki (NK+ N+ 1)1 (Nk+ N —1)!
(k = k1)t (kmax — k)! (KN

Wk = (—1)

o IBP reduces every node: Jx = Zf\il ck,i(s, €) M; + (sub-sectors, known)
@ M masters = M relations from M sub-windows of the nodes
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Fit Relations from the Nodes

Combine nodes with weights wy so that the unknown corrections by, ..., b, _1 cancel, but keep
the known [g:

Zwak = fo {Zkak +blzkak tyk + ... + bW71Zkak tkwil +O(tw)
k k k k

——— —_———
So =0 =0

bm unknown but the same for every node; Dy, t, known exactly = w — 1 linear conditions on w weights
ik (NK+ N +1)""1 (Nk + N — 1)!

(k — k) (Kmax — k)1 (KDN
o IBP reduces every node: Jy = Zf\il ck,i(s, €) M; + (sub-sectors, known)

© M masters = M relations from M sub-windows of the nodes
o Keeping [y is worth one extra order in t (box: 8.7 vs 6.4 digits from the same reduction)

Wk = (—1)
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Fit Relations from the Nodes

Combine nodes with weights wy so that the unknown corrections by, ..., b, _1 cancel, but keep
the known [g:

Zwak = fo {Zkak +blzkak tyk + ... + bW71Zkak tkwil +O(tw)
k k k k

——— —_———
So =0 =0

bm unknown but the same for every node; Dy, t, known exactly = w — 1 linear conditions on w weights
ik (NK+ N +1)""1 (Nk + N — 1)!
(k — k1)! (kmax — k)1 (KD

o IBP reduces every node: Jx = Zf\il ck,i(s, €) M; + (sub-sectors, known)
© M masters = M relations from M sub-windows of the nodes
o Keeping [y is worth one extra order in t (box: 8.7 vs 6.4 digits from the same reduction)

All done inside the reduction in e.g. ratracer Mageny)

Add the fit relations as extra equations — returns J[target] ~ R(s,€)So + > R’ (known)

Wk = (—1)
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Constructing the IBP System

Family J[v] = [, x* ®. Construct polynomials W;(x) such that

(i) tangent to the simplex (ii) syzygy: no new denominators
Y iWi=0 = stayson )  x=1 Y i WioiPj =G P; Vj, G; polynomial
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Constructing the IBP System

Family J[v] = [, x* ®. Construct polynomials W;(x) such that

(i) tangent to the simplex (ii) syzygy: no new denominators
Y iWi=0 = stayson )  x=1 Y i WioiPj =G P; Vj, G; polynomial

Then the total derivative is again polynomial x ®, i.e. a sum of family members:

Saewo) =[S (ta) wixaw) + Y6 |
i i Jj

from x Hi X! from Pj’yj using (ii)
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Constructing the IBP System

Family J[v] = [, x* ®. Construct polynomials W;(x) such that

(i) tangent to the simplex (ii) syzygy: no new denominators
Y iWi=0 = stayson )  x=1 Y i WioiPj =G P; Vj, G; polynomial

Then the total derivative is again polynomial x ®, i.e. a sum of family members:

Saewo) =[S (ta) wixaw) + Y6 |
i i Jj

from x Hi X! from Pj’yj using (ii)

Integrate over A: by (i), only the faces x; = 0 contribute
(s, ) V] = — / (x”W,-cb>
OLCEEEED I NN
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IBP System: Face Terms and Generators

face term = /An{xfzo}(x"l/\/,-d:')

@ The same integrand with x; — 0: a family with one variable fewer (a sub-sector)

X,‘:0
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IBP System: Face Terms and Generators

face term = / (x"W,- d>)
AN {x=0}

@ The same integrand with x; — 0: a family with one variable fewer (a sub-sector)

X,‘:0

— e.g. box, xy > 0. F=—-sxyxo—txz3xg — —tx3x4: a pure monomial
= Gamma functions, known exactly (our “simpler” integrals)
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IBP System: Face Terms and Generators

face term = / (x"W,- d>)
AN {x=0}

@ The same integrand with x; — 0: a family with one variable fewer (a sub-sector)

X,‘:0

— e.g. box, xy > 0. F=—-sxyxo—txz3xg — —tx3x4: a pure monomial
= Gamma functions, known exactly (our “simpler” integrals)

@ (i) + (ii) are linear in the coefficients of W; and G; = solve degree by degree over Q(s)
@ Same syzygy problem as for the K3/CY periods: FP,+ GP,=QP
o Plus the trivial relation J[v]| =3, J[v+e] from ) . x; =1
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Example 1: One-Loop Box in D =8 — 2¢

X1

I(s,8) = T(e) J(s,8),  J(s,¢) = / Px F(x)™,  F = —sxixo—txsx
A

X2
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X1

I(s,8) = T(e) J(s,8),  J(s,¢) = / Px F(x)™,  F = —sxixo—txsx
N
X2
o Euclidean region s,t <0 = F >0
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Example 1: One-Loop Box in D =8 — 2¢

I(s,8) = T(e) J(s,8),  J(s,¢) = / Px F(x)™,  F = —sxixo—txsx
A

o Euclidean region s,t <0 = F >0

o Use symmetry x3 <> X2, X3 <> X4

X3

X1

X2

X4
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Example 1: One-Loop Box in D =8 — 2¢

X1

I(s,8) = T(e) J(s,8),  J(s,¢) = / Px F(x)™,  F = —sxixo—txsx
N
X2
o Euclidean region s,t <0 = F >0

o Use symmetry x3 <> X2, X3 <> X4

o Faces: triangles — bubbles, e.g. (—s)™¢ ?8:22) (Dirichlet)
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Example 1: One-Loop Box in D =8 — 2¢

X1

I(s,8) = T(e) J(s,8),  J(s,¢) = / Px F(x)™,  F = —sxixo—txsx
A

X2

Euclidean region s,t <0 = F >0

Use symmetry x; <> X2, X3 <> X3

o Faces: triangles — bubbles, e.g. (—s)™¢ ?8:22) (Dirichlet)

@ Top sector: 1 master = 1 fit relation, nodes J[k, k, k, k]:

«_ (1111 (st (k)
28 —(1’17171), 50—( 16 ) ) Dk—m
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Example 1: One-Loop Box in D =8 — 2¢

x1
I(s,t) =T(e) J(s, 1), J(s,t)= / BxF(x)™, F=—sxo—txsxg X“
N
X2
o Euclidean region s,t <0 = F >0
o Use symmetry x; <> xp, X3 <> X3
o Faces: triangles — bubbles, e.g. (—s)™¢ ?8:22) (Dirichlet)
@ Top sector: 1 master = 1 fit relation, nodes J[k, k, k, k]:
* 111 —s—t\ " (K1)*
X :(%aLZvZ), BO:( 16 ) ) Dk:m

~ —el(1—¢)? —el(1—¢)?
J[O, 0,0, 0] ~ Ry (—S) F(2=2¢) + R, (—t) F(2=2¢) + R3 5o, R € Q(S, t, 6)
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Example 1: One-Loop Box in D =8 — 2¢

X1

I(s,8) = T(e) J(s,8),  J(s,¢) = / Px F(x)™,  F = —sxixo—txsx
A

X2

Euclidean region s,t <0 = F >0

Use symmetry Xy <> X2, X3 > Xa
o Faces: triangles — bubbles, e.g. (—s)™¢ ?8:22) (Dirichlet)

@ Top sector: 1 master = 1 fit relation, nodes J[k, k, k, k]:

«_ (1111 (st (k)
28 —(1’17171), 50—( 16 ) ) Dk—m

~ —el(1—¢)? —el(1—¢)?
J[O, 0,0, 0] ~ Ry (—S) F(2=2¢) + R, (—t) F(2=2¢) + R3 5o, R € Q(S, t, 6)

% exact (= 1) — test the e coefficient against the analytic result
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Example 1: One-Loop Box in D =8 — 2¢
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Example 1: One-Loop Box in D =8 — 2¢

X1

X3 X4 t=-1

X2

Correct digits
of the ¢! coefficient

5k best estimate: [Aje — exact|

second best: |Aex — exact|

0 L L L L |
1073 1072 107! 10° 10! 102 10°

s/t

18/24
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Example 1: One-Loop Box in D =8 — 2¢

Feynman Integrals
00000080000

Correct digits
of the ¢! coefficient

5k best estimate: [Aje — exact|
second best: |Aex — exact|
0 I . I I . )
1073 1072 107! 10° 10! 10?2 103
s/t

x3

X1

X4 t=-1

X2

o True error
(estimate vs. analytic result)

@ Second best (fewer nodes) a few
digits below

= |Abest — Anext|: error estimate
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢

_ _ X1
J(s) x / d?x xyxox3 U313 F2e
A 3
s
U = x1x0 + Xox3 + X1X3 \Xf/
2
F=—=sxixox3+m U (Xl + X2+ X3) one dot on each propagator

19/24

Exponentially Converging Numerical Evaluation of Iterated Integrals Thomas Stone



Feynman Integrals
00000008000

Example 2: Equal-Mass Sunrise in D = 6 — 2¢

_ _ X1
J(s) x / d?x xyxox3 U313 F2e
A 3
s
U = x1x0 + Xox3 + X1X3 \Xf/
2
F=—=sxixox3+m U (Xl + X2+ X3) one dot on each propagator

e Elliptic; same-sign (F > 0) for s < 9m?
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢

J(s) o</ d?x xyxox3 U313 F2e
A

U = x1x0 + xox3 + X1X3

X1
)
\):2/

2

F=—=sxixox3+m U (Xl + X2+ X3) one dot on each propagator

e Elliptic; same-sign (F > 0) for s < 9m?

@ Two polynomials = two syzygy conditions; exploit full S3 symmetry
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢

J(s) o</ d?x xyxox3 U313 F2e
A

U = x1x0 + xox3 + X1X3

X1
)
\):2/

2

F=—=sxixox3+m U (Xl + X2+ X3) one dot on each propagator

e Elliptic; same-sign (F > 0) for s < 9m?
@ Two polynomials = two syzygy conditions; exploit full S3 symmetry

e Faces x; = 0: (m?)~2¢ %;:—1;2) (tadpole?, exact)
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢

J(s) o</ d?x xyxox3 U313 F2e
A

U = x1x0 + xox3 + X1X3

X1
0
\XE/

2
F=—=sxixox3+m U (Xl + X2+ X3) one dot on each propagator

e Elliptic; same-sign (F > 0) for s < 9m?
@ Two polynomials = two syzygy conditions; exploit full S3 symmetry
e Faces x; = 0: (m?)~2¢ %;;—1;2) (tadpole?, exact)
@ Top sector: 3 masters = 3 fit relations
2 k)3
:u73+3€f726 — 271+6 9 2 2 D — (
Fo < (9m" —5) = “T Bk+2)!
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢

Estimated correct digits
of the ¢* coefficient
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Example 2: Equal-Mass Sunrise in D = 6 — 2¢

Xy
o
S
\XE/

@ Estimate error from three
node windows

Estimated correct digits
of the ¢* coefficient

e Up to €2, below threshold

, e Digits fall as s — 9m?:
10 Bo branches
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Example 3: One-Mass Sunrise in D = 6 — 2¢, Minkowski Regime
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Example 3: One-Mass Sunrise in D = 6 — 2¢, Minkowski Regime

Above threshold, s > m?: F changes sign inside A
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Example 3: One-Mass Sunrise in D = 6 — 2¢, Minkowski Regime

X1
Above threshold, s > m?: F changes sign inside A “
— split on F =0 into positive integrands [Jones, Olsson, TS JHEP 10 (2025) 068] s v
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Example 3: One-Mass Sunrise in D = 6 — 2¢, Minkowski Regime

X1
Above threshold, s > m?: F changes sign inside A “
— split on F =0 into positive integrands [Jones, Olsson, TS JHEP 10 (2025) 068] s v

Same-sign decomposition

J(s) = m*OUT(s) + (=1 —isT) T2 m?T2(s — m?)P U (s)
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Example 3: One-Mass Sunrise in D = 6 — 2¢, Minkowski Regime

x1
Above threshold, s > m?: F changes sign inside A ﬁ
— split on F =0 into positive integrands [Jones, Olsson, TS JHEP 10 (2025) 068] s v
Same-sign decomposition
J(s) = m*0 Ut (s) + (—1—idT) 72 m>=2%(s — m?)?>=* J=(s)
J+ _ / X1.%0 P73+3e 01725 s / X§726 R—3+3e
A (atx)xe a () (1 +x)

P =sxix + mQ(xl +x)x3, Q=(s— mz)x1x2 + m2(x1 +x)x3, R= mz(xl +x2)+5sx3
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Example 3: One-Mass Sunrise in D = 6 — 2¢, Minkowski Regime

x1
Above threshold, s > m?: F changes sign inside A a
— split on F =0 into positive integrands [Jones, Olsson, TS JHEP 10 (2025) 068] s v
Same-sign decomposition
J(s) = m*0 Ut (s) + (—1—idT) 72 m>=2%(s — m?)?>=* J=(s)
J+ _ / X1.%0 P73+3e 01725 s / X§726 R—3+3e
A (atx)xe a () (1 +x)

P =sxix + mQ(xl +x)x3, Q=(s— mz)x1x2 + m2(x1 +x)x3, R= mz(xl +x2)+5sx3

Both real and positive = each is a same-sign family: fit each piece separately
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Example 3: One-Mass Sunrise vs. pySecDec
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Example 3: One-Mass Sunrise vs. pySecDec

T
\K\_\
N
T X1
R T
It S
%

x X x X x X X T X3

x % x " s

X 3% % * M

K M Y X K K M = Y — X — e — X2

Re
el === Im

Value of the €* coefficient

—6lL —52 x  pySecDec

N o N
v o
T

lagl

-

ol
o—

o

o

o

o

o

¢

by

¥

lo

by

pySecDec
Estimate
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Example 3: One-Mass Sunrise vs. pySecDec

Feynman Integrals
0000000000 e

Value of the €* coefficient

o
S
~xe.
.
x x x * TS
o 3 % % ”
oMU o PR + SR + sy

—_— ¢ Re
-4 ¢! =e=Im
6l 2 X pySecDec
L% ,I 3 M TR 3 (OSSN } 3
P ¥ i ] s ¥ ¢ 4 # 3
. . . . |
2 4 6 8 10
s/m?*

onentially Converging Numerical Evaluation of Iterated Integrals

X1
N
S
\XEJ

@ Re and Im up to € above

threshold
o Im entirely from
(—1—i5t)2e

@ Lower panel: agreement
within pySecDec errors
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Hierarchy: In « elliptic < {higher genus, K3/CY?}; digits linear in suppression power

Feynman integrals: syzygy IBPs on the simplex + fit relations anchored by the known peak
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Suppressing numerators + IBP — exponentially converging estimates of hard integrals by
simpler ones

Hierarchy: In « elliptic < {higher genus, K3/CY?}; digits linear in suppression power

Feynman integrals: syzygy IBPs on the simplex + fit relations anchored by the known peak
value [y, entirely inside the reduction

Combine with positive integrands: Minkowski kinematics without contour deformation

Next: Automated multi-scale/multi-loop families, higher-dimensional periods in amplitudes,
rigorous error estimates
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Summary and Outlook

Suppressing numerators + IBP — exponentially converging estimates of hard integrals by
simpler ones

Hierarchy: In « elliptic < {higher genus, K3/CY?}; digits linear in suppression power

Feynman integrals: syzygy IBPs on the simplex + fit relations anchored by the known peak
value [y, entirely inside the reduction

Combine with positive integrands: Minkowski kinematics without contour deformation

Next: Automated multi-scale/multi-loop families, higher-dimensional periods in amplitudes,
rigorous error estimates

Thank you for listening!
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Backup: A First Higher-Dimensional Period

't a"bmdadb
x):/o/o W, P=ab(l—-a)(1l—-b)(1—xab), x<1

IBP + symmetry — masters {lo, 0, ho}; bo=4K(x)* x=3(1—-vVI—x)

Suppressing numerator (cancels factors of v/P):

Va(l—a) —a(1 - a)][\/b (l—b)—b(l—b)])k

NE 7 »

e Expansion generates simpler families /" (logs) and /%, = (elliptic): 9 masters in total
Function basis: {1, 7, vI—x, In 312X E(x), K(x)}

Three suppressed integrals 7,(112,3 ~0 = lo ho hor);

0 <l <2*7%(1-In2)

RUKRK) () £,
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Backup: Syzygies for the K3 Banana Periods

P=ab(a+1)(b+1)(ab—x)((a+1)(b+1)—x), A=[-1,07% x<0

IBPs without raising VP: FO,P+ GOo,P = QP, F,G vanishing on 0A
Two separable solutions + one non-separable:

F=—-a(l+a)b(ab—x), G = b(1+ b)a(ab— x), Q = (a— b)(2ab — x)

Only the non-separable syzygy reduces the masters 5 — 4: {ly o, o2, h,1,h 3}

Differential equations expose one more constant relation:

1+ 2x 2

loo = —
6 0 3

hi—

Same structure as the Feynman integral systems: syzygies + hidden relations
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