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DIFFERENTIAL DISTRIBUTION: ANALYTIC STRUCTURE

Theoretical separation

do g d ?ng' B | d()';—?g'
ar /QT Q\YJ
L tributions! { | & In" <M2>_ 5(q7) I Qod dop 0
I ntri ! —5 —5 : —
arge co utions 2 2 ). T 0 ;IEO 0 qr dar
Process independent: blind to F Depend on F!

Good news: singular contributions are of infrared (soft and collinear) origin. Hence, they have some degree of universality
that leads to Resummation of these terms.

lg(ar)], = lim [0(qr — qo)g(ar) — 6* (qr) /koTg(kT)e(uo — k7)0(kr — qo0)

C]()—>O
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TRANSVERSE MOMENTUM RESUMMATION

Singular part of the differential cross section in b-space has the following structure

Soft contribution

/!
doy| « S.x |H"C,C,] & farn, & Juin,

N\

Hard collinear factor

For the gluon gluon fusion channel Hard functions Specify the system F
H"C.C = Hé" - Q-/ M?
[ 1 2} gg;aias M1V1,H2V2 (5171]71; L2P2; 345 043( ))

ngﬁl”l (zl;pl,pg,b;&s(b%/bQ)) 05552 (22;P17p2,b;045(b(2)/b2))

4

s

Collinear functions

LoP2 222

This Talk!

Collins, Soper, Sterman (1985); Catani, Cieri, de Florian, Ferrera, Grazzini (1311.1654)
Becher, Neubert (1007.4005); Echevarria, Idilbi, Scimemi (1111.4996); Chiu, Jain, Neill, Rothstein (1202.0814) .

z
T1P1 1P1
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COLLINEAR FUNCTIONS: GLUON VS QUARK

where catani, Grazzini (1011.3918) Correlation part

Cla (z3p1,p2,b;a5) = d™ (p1,p2)Cyalz, as) + DW(phpz;b)E'ga(Z;Oés)

v K. v
v L . P1D2 + Dapq l bt bY
d"" (p1,p2) = —g"" + D" (p1,p2;b) = d* (p1,p2) — 2
P1-p2 Average part (P1,P2; b) (P1,p2) = 2735
b = (0, b, 0)

For quark 5”'an(2, a,)

Both azimuthally independent and dependent collinear functions are known to N3LO 1n QCD coupling.

de Florian, Grazzini (0108273); Catani, Grazzini (1011.3918); Catani, Grazzini (1106.4652); Catani, Cieri, de Florian, Ferrera, Grazzini (1209.0158); Gehrmann,
Lubbert, Yang (1209.0682, 1403.6451); Echevarria, Scimemi, Vladimirov (1604.07869); Luo, Wang, Xu, Yang, Yang, Zhu (1908.03831); Luo, Yang, Zhu, Zhu

(1909.13820); Luo, Yang, Zhu, Zhu (1909.13820); Gutierrez-Reyes, Leal-Gomez, Scimemi, Vladimirov (1907.03780); Catani, Dhani (2208.05840); Luo, Yang,
Zhu, Zhu (1912.05778); Ebert, Mistlberger, Vita (2006.05329); Luo, Yang, Zhu, Zhu (2012.03256); Zhu (2509.01703)

S0 why compute them again? Because the question isn't how far, but how: can we define, at an intermediate
level, a collinear function of the total radiation momentum that is free of rapidity divergences from the start?
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NNLO—Double Real Collinear splitting kernel Axial gauge Vectozr = Auxiliary vector:

Catani, Grazzini (9908523) n- =10

n2=0-n%>0 Integrate over k!', k)’ with kK = k¥ + kI fixed

' - N 1dity di !
Function of p# (collinear 1), O rapidity divergences

n* (anti-collinear 1), and k¥ Difterential collinear functions

Starting point for any observables blind
to individual radiation.

Observable = Integration over (k™ = (1 — 2)p™, k4, k™) Option 1: keep n* > 0 throughout
Option 2: set n> = 0 for observables £ k; (SCET-I)

Integrated collinear functions

Goal: differential collinear functions are exact in €; we plan to achieve the same for integrated collinear
functions at the bare level! Q d=4_2¢
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QCD FACTORIZATION IN THE COLLINEAR LIMIT

ki

N
Collinear partons Collinear limit of Z k.

3 - Auxiliary vector
’ \ 2 4 ) .

M(ki,..., kn) (M(k) f(/{il,...,]{?N;n) M(k)) + ...

Splitting kernel

Bern, Chalmers, Dixon, Kosower, Dunbar (9312333, 9403226, 9503236); Kosower (9901201); Bern, Del Duca, Kilgore, Schmidt (9903516); Catani, Grazzini
(9908523); Catani, de Florian, Rodrigo (0312067, 1112.4405)
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In addition to spin and color indices, the splitting kernel depends on scalar functions of collinear momenta of
the form

x. n-k
Sl]=2kl.k] _l= :
ok

Usually light-like: n* = (0,04, n7)

We emphasize that one can also set

n2 # (Corrections of the O(k;ror k;p), and hence neglected in
g the collinear limit)

This work: n? > 0 ( Time-like: n* = (n™, 0,,n7))
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Observables blind to
individual radiations.

Pocrar.an_r (P k1, ky-1;n)
/ +o00 | N—1 ddk N—1
F P> k1) = Z HJ (27r)d-1 O (k%) 3O\ k- Z ki Z
N=2 Lm=1 =1 aps. .. 0pn_1

F(p,k;n) = FR(p, k;n) + |[FEO(p, k;n) + FE ) (p, ks n)| + O(ag)
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to hard
process

‘@a%c*al...aN_l(p9 kl’ T kN—l; n)

SF(Cll, cees aN—l)

A

Symmetry factor

,C=4(,4,8

Catani+PKD (2208.05840)
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For transverse momentum. we have Catani+PKD (2208.05840)
’ Defines the observable

F-'H K+

F. (z;zp,qr,n) = (1 —2)6'2(qp)s., + 2 [ddk5<d—2>(kT +qr)d ( — = 1+2) F . (p.k;n)
p‘ﬂ
Phase space 1n the collinear limait

kT =(1—-2)p"

k
kr = —qr
k~ integrated kT

a(p) C

a g + dtr

. transverse plane
2=1, qr =0 c*(zp™, qr)
nH k> =2kTk™ — k7. >0
| — k_
(d—2) dy, s(d—2) kT , 0 2 00
5(1 — 2) 52 (g7) 6o 2 [dk 5D (kr + qr) 5(p—+ 14 z) Foalp, k:n) g2
2(1 — z)pt (

Origin of rapidity divergences!
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For Zero-Jettiness. we have Catani+PKD (2208.05840)
’ Defines the observable

p\ I+
RB.. (1) =6,,01—2)8) +z|d% 5(3 —2zp- k)| — = 1+z | Fop.kin)
p

Transverse virtuality o 7 w

Phase space 1n the collinear limit

kP =(1-2)p"

k
t=2z2p k™ J—
kT integrated A

k> =2kTk™ — k3 >0

0 {(1;2)7:

No rapidity divergences — € 1s sufficient!

kr

Prasanna K. Dhani - University of Zurich - Collinear functions up to NNLO in QCD 10



Consider the singular term from Jf(R) Catani+PKD (2208.05840)

1 np pT 1 =0 1
— —_— — >
1l —7 I”lk k+ 4+ — n’ ko4 _ n>qr? 1 -z
! 2np - L=+ T apr §
12 o2 ) Not well defined!
\ — arT
(2np)*

Using a time-like auxiliary vector

1 I -z 1 , 1=z 1 | 1
T _((1—2)2+/1>++5(1_Z)J,0dz (1—z'>2+z_Eln(1>5(1_Z)+(1_Z>++@(\/§)

| 1—Z

Sub-dominant!

Neglected terms are always of order O and they are perfectly legitimate in the collinear limit!

No additional power corrections because in our calculation, n” is kept finite!
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Z (R) Catani+PKD (2208.05840)

Consider again the singular term from &

1 np p+ 1 n%=0 1 (1-z)7¢ from k; integral (1 — Z)_€
l—Zn nk k+_|_n_2k__ + ] —7z+4+ n’t 1 —7 l -z
2np n- z (2np)? )
) Well detined!

Using a time-like auxiliary vector

__\—€ L \—€ ol _ N\—€ S\ —€
ol RSk P ) [ At [u’)—er(ne)r(l—e)—llla(l—z) <(1 ) ) ()
1—Z+? 1—Z+? JO I—Z/+? ¢ I -z + )

Sub-dominant!

Zero-jettiness beam functions can be computed either by using a light-like or a time-like auxiliary vector!
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Rapidity divergences are artifact of a prior1 approximations:

k+

F. (z;2p,qp;n) « z | d%6T ky + q7)o <_+ — 1+ Z) F D> K1) a(p)
) P |

In the collinear Iimait!

qgr

transverse plane

k* =2kTk™ — k3 >0
|—Mk_

0 q% o0
2(1 — z)pTt

Phase space oo -
Collinear factorization: k= < O(k™) _p>0 < k= <+ o0 iny 1f J’.cakl_s well behaved
Simplification in the limit &~ — oo

Many rapidity regulators exist in the literature for computing individual components like soft functions and
collinear functions. They are introduced at the integrated level.
Chiu, Jain, Neill, Rothstein (1104.0881); Becher, Bell (1112.3907); Echevarria, Scimemi, Vladimirov (1509.06392); Li, Neill, Zhu (1604.00392)

As we discussed, we ensure that our calculation is rapidity divergence-free at the matrix element level!
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DIFFERENTIAL COLLINEAR FUNCTIONS AT 6(a? Work in preparation!

There are 10 integrals to compute out of which 3 integrals (in red) needs to be computed for n? > 0.
1 1 1 1 1 1 1 1 1 1
P k1, (P‘k1)2, n: k1’ n- (kz—P)’ n-kyp- k1’ n-kip - kz’ p-kn- (kz—l?)’ p-kon - (kz—l?), (p - ky)*n - (kz—l?), (p - kp)*(n - (ky — p))?
Somogyi (1101.3557); Lyubovitskij, Wunder, Zhevlakov (2102.08943)

 oFy(a,biciz) = dr t" (1 =11 —zp)™

T(c) r

F(b)T(c—b) ),

1 k%)~ 1 3 22
Sl: ch'ddk( ) oFi | = 1,——¢,1 — k
n- ki n-k 22 (n - k)2

( \
1+\/1—(”f)2 1—\/1—(”?;; 1
Sz° 1 1 d 2\—1-e _ _ _ _ i _ " . . — F(C) a—11 _ pc—a—1/1 _ -bi(1 _ —b,
: X d’k(k*) Fi|l,—€ —¢1—2¢,1l - ,1 - Fi(a;by,by;c;x,y) = dtt7'(1 —1) (1 —xt)™™(1 — y1)
n-kyp-kg n-p npP _k npP_k | (@) T(c—a)l,
n-kp-k n-kp-k
\ |
( 1 1 n2k2 1 1 n2k2 \
Sk — L[, (KD Ve V! T e
' n-klp-kzocn-p[dkk2+”2(p-k)2F1 L-oe-el-zel-—r <k2+”2(p-k)2>’1_ n-p <k2+"2(1?-k)2>
T (n - p)> nkp-k \''T (n - p)2 n-kp-k T (n - p)2
\ )
21,2
n<k

Depending on the prefactor, these terms can generate v =
rapidity divergences! So, it is useful to study them in the limit I = (n - k)2

> 0
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THE TWO-POINT SPLITTING LEMMA: ISOLATING THE MASSLESS LIMIT BY PARTIAL FRACTIONS
Lyubovitskij, Wunder, Zhevlakov (2102.08943), Wunder (2403.09773)

Problem. v, massive, v, massless: the angular integral of 1/(v, - k v, - k) 1s non-analytic as V11(sz =, - vj) — 0 (x ;)

Lemma. For any v; = (1 — p)v; + pv, on the line through v, v; :

1 I, 1 —p

vickvy-k vi-kvy-k vy-kvy-k

since v - kK = (1 — p)v; - k + pv, - k— ordinary partial fractions.

V11

Choice. Put v; on the light cone: v;;, =0 = p =
2v1p =V
Result. One hard integral — two simple ones: massless: on the sphere; massive: iside

’ ' ° oy chord v, — v, re-enters at v
(v1, v3): quasi-collinear, v;3 & v;; = carries the entire v, 2 1 3

(v5, V3): both massless, = smooth as v{; — 0 v = 0:v, > v,p—>0

Massless limit (suitable form for the limit) can also be achieved by some complicated transformations!
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Work in preparation!

Hypergeometric function

1 3 1 —2¢ | (1 - 2e)rd n’k?
Y i (5’1’5 —e€,] — vll) =-— : 2F1<%,1; 1 + €;v11> — 2%¢ ( el ¢ Vi =
e | ['(1—e¢) (n - k)2
viso 1=2e [ (1 = 2e)(1 + '
3 i PRIl A G R BT
2¢ | ['(1 —¢) |
Appell function
1+4/1—v 1 —+/1—v | n-pk* n-p n’(p - k)?
Fil1,—e—-el-2el- v Sy V- V= or k2 4
V12 V12 ‘f n°kp°k n°kp°k (n-p)2

v\ ol +/T=v ) = vy vip(I=4/T=v) —v 2
=(i) [—Vﬂze(zvlz—vll)2€F1<—26,—6,—6,1—26, SR AT 1k vI-w 11>+2vﬂ€(2v12—v11)€2Fl e, —el—e] —— 12 ]

2
Vi 2Vip — Vqq 2V1p — Vi1 2V1p — Vi1

- v (1 —2e)[(1 +
20 iy (et —ed -2 ) e UMD g,
— €

Much simpler expressions! New results for the differential collinear functions.
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TRANSVERSE MOMENTUM DISTRIBUTION: AN EXAMPLE INTEGRATION Work in preparation!

Consider the following integral

* dk~ n-p |3 n’k?
I = —— (k%) 1 Fri(viy), Fri(viy) =,F (—,1;——6;1—v >, Vi =
= (k%) — 21(V11) 21V = o1 5,155 1 0=
-1 2 2 2
L e 1 -z 44 (1 — 2)°(1 — 1) n-qs
= (g~ | dttf(1 =7 > F71(vip), Vil = 5 A= >
JO (I—Z) + A/t t[(l—Z)z /I/t] (an)
(1 =2e) (g O 5(1 —2z) (T, | ra+era-zor, [ 1 5(1-2)
— o {F€ T-o, + > ( . + 2u(1 +€) —w(l +2e)+yE—ln/1> — AT o) A K o + > }
d . .
=T -el+e), Th=T1-2e0+2e),  ypx)=——InT(x) The result is exact in ¢!

All the relevant integrals corresponding to both transverse momentum and zero-jettiness are completed!
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TRANSVERSE MOMENTUM DISTRIBUTION: IR FACTORIZATION IN CONJUGATE 5-SPACE Work in preparation!

Infrared factorization

— b2 n’bg dx — %
F, 0 = Z.| ag(b2/b?), ZJ T x a2 by, e, ——2
b2 (2zpn)? b2 (2zpn)2b2 ~ ), (2zpn)? b?

)

.y n’b? — as(u?) PM(2)
ccb<z;“s»€=0a ) = Cyz a) F, @) = 5,01 — 2) = SWE LoD g

In"(qr?) 4mgore d”
(qT2> 1+6 dpm

J d9-2qy =i

) €+o0—p
ﬂl_g b_ F(,D —€— 5)
- 4 T(1+6—p)

(2zpn)*b? 2 €

To be validated against the known results!

Infrared factorization factors for both gluon and quark are as follows

21,2 2 * 21,2
7z 145 | S| L L[ +&—CA7Z— +0(d) | 7 145 | S| Ly L[ +3ﬁ—CF”—2 + 0(a?)
§ | 2 |e2 e (2znp)*b? € 24 ‘) 1 7 | 2 |e2 e (2znp)*b? 4 ¢ 24 ‘)

New results! New results!

0/ 0/

—> i ;2 = ; — <7 (Rapidity anomalous dimension - to be validated against the known results!)
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* We have discussed 1n detail the use of a time-like auxiliary vector to address rapidity divergences in the
computation of collinear functions up to NNLO 1n perturbative QCD.

* One of the advantages of using a time-like auxiliary vector 1s that 1t can be kept finite throughout the
computation, and hence no additional power corrections due to the regulator.

* We achieved the computation 1n two steps — differential collinear functions — collinear functions.

* Our differential collinear functions are well-defined objects for both SCET-I and SCET-II type
observables. They can serve as a starting point for observables that are insensitive to individual radiations.

* As first applications, we employ them to compute transverse momentum dependent and zero-jettiness
dependent collinear functions.
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SUMMARY & OUTLOOK

* Our formalism can be easily extended to compute soft functions that control soft dynamics.

* Our treatment of rapidity divergences has recently been employed to compute jet functions for transverse-
momentum-like variables 1n jet production processes at NNLO.

Buonocore, Grazzini, Guadagni, Haag, Rottoli, Kallweit (2508.19226, 2512.03954) + work in progress

)

See Giovanhattista Favorito’s Talk
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SUMMARY & OUTLOOK

* Our formalism can be easily extended to compute soft functions that control soft dynamics.

* Our treatment of rapidity divergences has recently been employed to compute jet functions for transverse-
momentum-like variables 1n jet production processes at NNLO.

Buonocore, Grazzini, Guadagni, Haag, Rottoli, Kallweit (2508.19226, 2512.03954) + work in progress

)

See Giovanhattista Favorito’s Talk

Stay tuned! I am happy to answer your questions!

Thank you very much!
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PARTON MODEL: SHORT RANGE FACTORIZES FROM THE LONG RANGE

For a generic hadro production process

hi(p1) —> 1
ha (p2) —»q ;

Long distance

Parton model: dO’hh hy — Z/délﬁ‘l dxs fz (ZEl) f] (ZCQ) dO’Z] O(

Short distance

dé; = d6;) + asdé;) + ..
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WHY RESUMMATION? FIXED ORDER VS RESUMED PREDICTIONS

do/dqq (pb/GeV)

RATIO

80

60

40

20

1.10
1.05
1.00
0.95
0.90

\1
B |
- | \ <
— ! 1.000
- \ 0.500
= |
|| ‘\\
| i\ 0.100
=] ! 0.050
| | g
£ N 0.010 S
] k 0.005 [ “‘*‘%
{ ) 50 100 150 200 250
T DYRes up=pp=Q=mz/2
DYQT  up=pp=Q=myz/2
-—-- fo. pr=HMp=Tz/2
| NLL+NLO, NNLL+NNLO
! NN
f pp » Z4X > 1117 +X -
| Vs=7 TeV  NNPDF3.0 = |
R s
| 1 ] | ] ] | ] | | | | | | | | ] r _I - I_ e
= Neutral DY =
= * T
- L1 13
E | | | | | 1 | | | | | | | | | | | | | | | | | | E
0 10 20 30 40 5
qr (GeV)

Catani, de Florian, Ferrera, Grazzini (1507.06937)

0

For a relative order n compared to Born

1 M2\ 1 M2 1 /M2 1
Qg — *! (—2> I <—2> oo 5 I <—2> 5
5 qr ar /) 4t a7 aT ar /) dr

\
In*" (

M2p?
b5

LL: a® In"** (

)

NNLL: o In"*

/

Next-to-next-to-leading logarithmic accuracy

Resummation 1s effective in the low transverse momentum region!
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RESUMMED PREDICTION VS DATA

1071 . .
@z ~vuosnnie 1 Bulk of the events are produced in the low transverse
107° ¢ B N°LO+N°LL :
. + ATLAS data - momentum region.
0 1073 & =
O = Neutral DY ;
= 10-4 L 1 Theory 1s consistent with the data.
wd‘.» E E
S 10°° =
~ = S . .
3 - NNLOJET+Rad ISH - From NNLO+NNLL to N3LO+N3LL: reduction 1n
5 10-6 LNNPDF4.0 (NNLO) N o , ,
> 13 TeV, pp — Z/v (= £HE7) + X | uncertainties and improvement 1n data agreement.
10~ 7 gsymmetric cuts =
Euncertainties with ur, Ur, @, matching variations E . . . . . .
10 | | | | | | - Improved theory predictions helps in precise determination
| | | o of crucial SM parameters.
1.05

Ratio to data
ok
o
o

0.90 ' | ~
0 10 20 30 50 100 200 500 1000

p;° [GeV]

How are these large logarithms resummed ?
Chen, Gehrmann, Glover, Huss, Monni, Rottoli, Re, Torrielli

(2203.01565); Camarda, Cieri, Ferrera (2103.04974)
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