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Aim
Provide a methodology to efficiently reduce and calculate
any two-loop gradient flow integral.

Outline

 State of the art in the perturbative gradient flow
 Calculational bottlenecks

» Gradient flow integrals

» Outlook
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the art




Gradient flow applications

Flow equations d.B, = D, G,, + kD, 0, B,

suchthat B,(t =0,x) = A,(x)

[Narayanan, Neuberger 2006] [Luscher 2010] [Luscher, Weisz 2011]
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All diagrams made with Feyngame
[Bundgen et al. 2025]

Gradient Flow Calculations

VEVs SFTX
e—thz j e—thz
=)
= f on » P2 (0 — q1)*™M(p — qz)*™
p P
Defines GF scheme: OPE Wilson coefficients:
_ |
aor = (GG ©)|_ ZpoT (D) = (;) co(OT + ¢ (DZ 515 b b

State of the art: Three-loop QCD State of the art: Two-loop

Bubble integrals N-point integrals?




Gradient Flow Calculations

VEVs

Defines GF scheme:
Agr = (GquMv(t» ‘

t=p/u?

State of the art: Five-loop QED

Bubble integrals

SFTX

OPE Wilson coefficients

1
Z(pQOT (t)(p(t) — (?) CO(t)H + Cl(t)Z(p’r(quTqb

State of the art: Two-loop

Bubble inteqgrals




Next steps

Two Loop Three Loop
Example: PDF n=4 moments Example: SFTX MDM
* Four flow-times * Five flow-times
* ~150 sectors e 12,000 integrals
e ~80,000 integrals * Diagrams O(weeks)
* Diagrams O(weeks) * Integral calculation unfinished
* |ntegrals O(months)
* Six masters (so far)




Next steps

Two Loop Three Loop
 Complicated operators * No analytic results
* Too many flow-times * O(100s) masters — not known if
 Too many integrals number bounded
* Reduction slow * Too many flow-times
But...  Too many integrals
e System (mostly) well e Reduction stalls

understood







: : Note: standard notation projects
Flow-times are in mtegrals onto hypercube e.g.
Inte rals general partially 51 1 1
g / ordered J dslj ds, = tzj duq ulj du,
0 0

& General two loop gradient flow integral: Definition:
Sn-1 tal(s)pl—taz(s)pz—tag(s)p124_-— P12 = D1 — D2
f ds, s, j dsnsclf f X
0 0 P1 D2

2b, _2b, 2bs
P1 Py Piy

Unflowed propagators
Flow vertex Operator @ & o= (51450

@. ® p - P2
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[LUscher, Weisz 2011]



Current gradient Flow IBP

Exponential sector

—— General two loop gradient flow |
t tal(s)pl taz(s)pz—tas(s)pry)

c Sn—1
1
0 0 P1 D2 p

P, 12 Example: PDF n=4 moments
Four flow-times
51,52, 0 5n e ~150 sectors*
) | Stangard IBP relations * Integrals O(months)
: fp ap (kﬂf(p)) 0 Example: QED
Only moves within a sector *  One simple sector e ~2tP*

Flow- tlme IBP relations:

—{ e | dssefs) - j ds 50, (s) = [s*f()]S23°
0

Also moves to two sectors with one fewer flow times

$1,82, «+,Sn—1




Aim

Provide a methodology to efficiently reduce and calculate
any two-loop gradient flow integral analytically.

GFReduce: FORM program aimed at projecting any
massless two loop gradient flow integral to minimal
number of exponential sectors and using predefined IBP
routines reduce these down to known masters

~ show there are only six master integrals.




Exponential structure

f(c,a,b)

Two loop gradient flow integral:

t . Sn . —ta1(5')291 ta,(s)ps—tas(s)pis
. 1 1
—j ds;s; j ds,s, j J 2b1 sz 2b;
0 0 p

12

Interested in integrals with many external legs

Consider the chains

- - — —(s1=s2)tp? ,—(s2—s3)tp? _
e e

—<

G——
-— - — e_(sl_SZ)tpze_(SZ_SS)tpz L=

difference appears only in limits of integration.

Any flow-time not in exponential can be integrated e.g.

fos0 ds; 511 f51 ds, i(sz)= fSO ds,i(s3) fso d515

Example diagram

K,

AN

NS Twist-Two SFTX
[Harlander et al 2025]
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SQCtO rs Any flow-time not in exponential can be integrated (+other relations)

— i0= e_th%_th% [ \ —thl
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Symmetric sectors

=

> X ¢ = rldu rldu i
= 1 213
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Note: standard notation projects
integrals onto hypercube e.g.

t s1 1 1
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Flow-time IBP relations:
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SQCtO rs Any flow-time not in exponential can be integrated (+other relations)
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Definition:
. . 2 _ 2
lO = e thl 2tp2

Example sector reduction

In general, for sector i,

Lo _
= Iy(by, by, b3) =j j (m(m—m) b3>, bs <0
P1 Y D2 pl pz

This is directly factorizable, e.g.

o —2tp3 —2tp5
Io(by, by, —1) = j p2b1 J 2b, (pf +p3 = 2p1 - p2) = Io(by + 1,b2,0) + Iy(by, b, +1,0)
P1 M1 P2 Vo

Or graphically

% ~ Zi of} . — Il(bl, bz, b3) =0 ifblor bz <0



Results

Example: PDF n=4 moments
e Diagrams O(weeks)
* |ntegrals O(months)

l

Example: PDF n=4 moments
* Diagrams O(weeks)
* Integrals O(day)

Example: PDF n=6 moments
e Diagrams O(weeks)
* Integrals O(days) T

Evidence for six physical master integrals

(one unphysical*)
A

) G
/ - I5(0,0,0) \
\”1 2(0,0,0) S j

Except * calculated in
[Harlander et al. 2018]
<
_ T used simplify step
Iécl_ 0) (0,0,0) then separate KIRA
reduction
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Next steps

Two Loop Three Loop
Example: PDF n=4 moments Example: SFTX MDM
* Four flow-times * Five flow-times
* ~150 sectors * 12,000 integrals
e ~80,000 integrals e Diagrams O(weeks)
e Diagrams O(weeks) * Integral calculation unfinished
* |ntegrals O(months)
* Six masters (so far)




Next steps

Two Loop Three Loop
Can we do a similar
Example: PDF n{  analysis at the three loop le: SFTX MDM
* Four flow-tim level? low-times
* ~150 sectors )JO integrals

e ~80,000 integrals

e Diagrams O(weeks)
* |ntegrals O(months)
* Six masters (so far)

e Diagrams O(weeks)
* Integral calculation unfinished




Higher loops

P1
D2 P3

P12 P13

General three-loop bubble topology

P12

P23

P13 P3 \
P2 J

P1

i

Same propagator topology

Expected total structures 96
Maximum four flow-times:

Different exponentials

?

19 (> —124 (

< 29 Factorizable [—{ 24 @

)

Note: we find
100s three-loop
masters...




Thank you for listening

Aim

Provide a methodology to efficiently reduce and calculate
any two-loop gradient flow integral.

Outline
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Definition:

Iy = e—(2—u1+u1u2)tp%—(ul—uluz)tp§

.e —(ug+uquz)tp?,

Sector reduction

Consider our remaining sector with two flow-time parameters

usus?i,
I,(c,b) —f f f dulj du, 2b11 252 2by c1 > Cy
p1 /D2 P12

Combining flow-time IBP relations we can find

2[4({C1, Cz}, {bl' bz, bg}) + Limits =

¢z [4({c1=1, ¢ = 1},{b1, b2, by + 1}) + (¢4 — 2 = DIy({c1 =1, c2}, {b1, bz, b3 + 1}) < ®<_;

S-S-88-9
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