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Happy Birthday!
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Birthday present? 

Measure everything that has been measured better and 
measure everything that has not been measured*!
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Birthday present? 

Measure everything that has been measured better and 
measure everything that has not been measured*!

* Especially Charm CP violation
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A higher-order PRESENT

Pushing inclusive B decays to the limit
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Why inclusive decays?

• Set up OPE and heavy quark expansion (HQE) 

• Well established framework 

• Extract CKM parameters  

• Extract power corrections directly from data 

• Cross check of exclusive decays

|Vcb |and |Vub |
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The Puzzle… 
Bernlochner, Prim, Vos (2024)

• Longstanding puzzle between inclusive and exclusive 

• Key input to SM predictions 

B

B

B

Example:
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Inclusive Decays = Heavy Quark Expansion

-  Set up OPE and heavy quark expansion (HQE) 

- HQE matrix elements

C(k)
i

dΓ = dΓ0 +
dΓ1

mb
+

dΓ2

m2
b

+ … dΓi = ∑
k

C(k)
i ⟨B |O(k)

i |B⟩

⟨B |𝒪(n)
i |B⟩ = ⟨B | b̄v(iDμ)…(iDμn

)bv |B⟩

• b quark mass large compared to  

• Setting up the HQE:   

• Operator product expansion:

ΛQCD

pb = mbv + k k ∼ iD
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Inclusive Decays = Heavy Quark Expansion

-  Set up OPE and heavy quark expansion (HQE) 

- HQE matrix elements

C(k)
i

dΓ = dΓ0 +
dΓ1

mb
+

dΓ2

m2
b

+ … dΓi = ∑
k

C(k)
i ⟨B |O(k)

i |B⟩

⟨B |𝒪(n)
i |B⟩ = ⟨B | b̄v(iDμ)…(iDμn

)bv |B⟩

• b quark mass large compared to  

• Setting up the HQE:   

• Operator product expansion:

ΛQCD

pb = mbv + k k ∼ iD

HQE elements: 

• Extracted from data (lattice is upcoming!) 

•  

•  

• Many more at higher order! 

Γ2 : μ2
π , μ2

G at 1/m2
b

Γ3 : ρ3
D, ρ3

LS at 1/m3
b
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Moments of the Spectrum
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Moments of the Spectrum
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The present

• Include terms up to  (*) 

• Uses kinetic mass scheme [1411.6560, 1107,3100, hep-ph/0401063]   

•  for total rate and kinetic mass [Fael, Schonwald, Steinhauser (2020,2021)] 

•  included [Mannel, Pivovarov, Moreno]

1/m4
b

α3
s

αsρ3
D
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The present

• Include terms up to  (*) 

• Uses kinetic mass scheme [1411.6560, 1107,3100, hep-ph/0401063]   

•  for total rate and kinetic mass [Fael, Schonwald, Steinhauser (2020,2021)] 

•  included [Mannel, Pivovarov, Moreno]

1/m4
b

α3
s

αsρ3
D

|Vcb | = (41.64 ± 0.47) × 10−3

Carvunis, Finauri, Gambino, Jung, Maechler  
[2507.22123]

New: 
QED corrections in total rate  

 to  momentsα2
s q2
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Inclusive decays: the Kolya package
Kolya package: Fael, Milutin, KKV [2409.15007]
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Inclusive decays: the Kolya package
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Pushing inclusive B decays to the limit
Mannel, KKV [1802.09409]; Mannel, Milutin, KKV [2311.12002]; Finauri [2501.09090]

• Include higher-order terms in ?  

• Include higher orders in ? [ask Karlsruhe group] 

• Include higher terms in kinetic mass conversion? 

• Check for Quark Hadron Duality violation? 

• Change HQE fit setup [in progress Fael, Prim, Milutin, KKV]

mb

αs
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Getting to higher order

• Large proliferation of terms 

• Choice of v in HQE is not unique: 
Reparametrization Invariance (RPI) 

• RPI reduces number of parameters (only for 
q2 moments!) 

• First extraction of  terms done 
limited sensitivity, no enhancement 

1/m4
b

Bernlochner, Welsch, Fael, Olschewsky, Persson, van Tonder, KKV [2205.10274]
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Getting to higher order

• Large proliferation of terms 

• Choice of v in HQE is not unique: 
Reparametrization Invariance (RPI) 

• RPI reduces number of parameters (only for 
q2 moments!) 

• First extraction of  terms done 
limited sensitivity, no enhancement 

1/m4
b

Bernlochner, Welsch, Fael, Olschewsky, Persson, van Tonder, KKV [2205.10274]

Use higher-order terms to  
estimate theory uncertainty 
[in progress Fael, Prim, Milutin, KKV]



K. Keri Vos #beautifulpuzzles 

19

Getting to higher order: dimension 8
Mannel, KKV [1802.09409]; Mannel, Milutin, KKV [2311.12002]; Finauri [2501.09090]

•  and  intrinsic charm 
contributions 

• Charm contributions are numerically 
enhanced  

• Calculate full dimension 8 to get these 
terms!  

• Estimate their effect Lowest-lying state 
approximation 

1/m5
b 1/m3

bm2
c

m2
c ∼ mbΛQCD
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Getting to higher order: dimension 8
Mannel, KKV [1802.09409]; Mannel, Milutin, KKV [2311.12002]; Finauri [2501.09090]

•  and  intrinsic charm 
contributions 

• Charm contributions are numerically 
enhanced  

• Calculate full dimension 8 to get these 
terms!  

• Estimate their effect Lowest-lying state 
approximation 

1/m5
b 1/m3

bm2
c

m2
c ∼ mbΛQCD

  Contributions cancel to large extent, making dim-8 small
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Quark Hadron Duality Violations

• Currently no indications of QHD violations 

• Expect QHD violations at some point as the series in  is not analytic;  
at some power the series will have factorial behaviour 

• Typically this gives sinusoidal fluctuations of the rate  
• Constructed a simple model using a Borel transform 

• Model parameters based on  terms,  
with free overal normalization

1/mb

1/m5
b

Mannel, Milutin, Verkade, KKV [2407.01473]

Q = mbv − q
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Quark Hadron Duality Violations

• Currently no indications of QHD violations 

• Expect QHD violations at some point as the series in  is not analytic;  
at some power the series will have factorial behaviour 

• Typically this gives sinusoidal fluctuations of the rate  
• Constructed a simple model using a Borel transform 

• Model parameters based on  terms,  
with free overal normalization

1/mb

1/m5
b

Mannel, Milutin, Verkade, KKV [2407.01473]

Q = mbv − q

May be challenging to disentangle in data!
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Higher-orders in the kinetic mass

• Renormalon ambiguities require a short distance mass 

• Large influence on the total rate  

• Typically used is the kinetic mass 

Γ ∝ m5
b

Mannel, Milutin, Verkade, KKV [2602.21139]

hep-ph/9405410; hep-ph/9704245

known up to  α3
s

Only terms up to 1/m2
b
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Standard kinetic mass

• Start from Hadronic mass formula, identify  

• Perturbative calculations using Small Velocity (SV) sumrules  and 
Wilsonian cutoff  

MH → mos mQ → mkin(μ)

v → 0
μ

hep-ph/9405410; hep-ph/9704245

MH = mQ + Λ̄ +
̂μ2
π − ̂μ2

G

2mQ

mos = mkin(μ) + Λ̄pert(μ) +
̂μ2
π(μ) |pert

2mQ

• Challenging to include higher-order terms  
Note: OPE calculation done in terms of full QCD matrix elements! 

Defined in HQET limit!
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Extended kinetic mass

• Start from trace of energy momentum tensor with full QCD states 

• Calculate  with Wilsonian cutoff 

• Identify  

⟨Q̄Q⟩μ

2m
≡ 1 + ΔQ̄Q(μ)

MH → mos mQ → mkin(μ)

hep-ph/9405410; hep-ph/9704245

MH = ⟨Θμ
μ⟩ = MH = mQ

⟨Q̄Q⟩
2MH

− μ
dmQ

dμ
⟨Q̄Q⟩
2MH

+ 𝒪(α2
s )

mos = mkin(μ)
⟨Q̄Q⟩μ

2mos
− (μ

d
dμ

mkin(μ)) ⟨Q̄Q⟩μ

2mos

Defined in full QCD!
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Extended kinetic mass

• All order solution to differential equation: 

hep-ph/9405410; hep-ph/9704245

δmos =
CFαs

2πm
μ2 − μ μ2 + m2 + 3m2ln

μ2 + m2 + μ

m
+ a

CFαs

π
μ

• Linear term ambiguous, -term agrees with kinetic mass 

• Higher order terms new! 

μ2

mΔQ̄Q(μ) − δm(μ) + μ
∂

∂μ
δm(μ) = 0
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Extended kinetic mass

• All order solution to differential equation: 

hep-ph/9405410; hep-ph/9704245

δmos =
CFαs

2πm
μ2 − μ μ2 + m2 + 3m2ln

μ2 + m2 + μ

m
+ a

CFαs

π
μ

• Linear term ambiguous, -term agrees with kinetic mass 

• Higher order terms new! 

μ2

Next extend further in  using Gradient Flow Setup? αs

mΔQ̄Q(μ) − δm(μ) + μ
∂

∂μ
δm(μ) = 0
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What about NP?

• NP would influence the moments of the spectrum 

• Requires a simultaneous extraction of HQE and NP! 

No preference for NP, strong correlation between 
Vcb and tensor NP 

Carvunis, Finauri, Gambino, Jung, Maechler  
[2507.22123] 
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• Studied higher-order terms, QHDV and kinetic mass 

• Extended kinetic mass formula up to  

• In progress: New fit setup estimating theory uncertainties 
using higher-order HQE parameters 

• Further exploration of new kinetic mass formula using 
gradient flow?

αs
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Happy Birthday!

That is not what 
you should 
measure!
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•  is asymptotic, inverse Borel transform contains poles 

 

• Define a prescription to deal with these singularities  ambiguity 

• Difference between the prescriptions defines the Duality Violation (DV)

F(λ)
B̃[F](M) =

1
1 − M2

=
1

1 + M
1

1 − M

→

Modelling Quark Hadron Duality Violations

1
1 − M + iϵ

−
1

1 − M − iϵ
= 2iπδ(1 − M)

ΔDVF(λ) = 2iπ∫ dMe−M 1
1 + Mλ

δ(1 − λM) =
iπ
λ

exp (−
1
λ )

• Note: such a term gives factorial growth of the coefficients! 

Work in Minkowski for OPE  λ → iκ
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Tμν = ∫ d4xe−iQ⋅x⟨B(p) |Tb̄v(x)Γμc(x)c̄(0)Γ̄νbv(0) |B(p) = Ti fi(gμν, vμvν, …)

• Model:  with  

• Polynomials  inspired on LLSA approximation of  terms  

• Apply definition of DV from ambiguities in the Borel transform 

Ti(t, r2) =
1

ΛHQE

1
r2 ∑ ( 1

r2 )
l

(2l)!p(i)
l (t) r2 ≡

Q2

Λ2
HQE

, t ≡
vQ

ΛHQE

p(i)
l (t) 1/m5

b

Modelling Quark Hadron Duality Violations
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Sensitive observables

• Construct observables sensitive to higher-order terms  
and/or QHD violations 

• Can express moments as  

•  contains both higher HQE terms and QHDV!  

• Construct observable  only  

sensitive to  powers

Ri

𝒪(k)
DV ∼ Λk+1/mk+1

b

k + 1

q̄i = C(0)
i +

μ2
G

m2
b

C(2)
i +

ρ3
D

m3
b

C(3)
i + Ri

Mannel, Milutin, Verkade, KKV [2407.01473]

Current data: small effect
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Quark Hadron Duality Violations
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Complementarity of moments
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Theoretical uncertainties
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What about NP?


