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Hard collisions at the LHC can be described in terms of quarks and gluons thanks to the collinear factorization theorem for 
hadronic cross sections [Collins, Soper, Sterman]

If a partonic process does not involve hierarchies of kinematic scales and an observable that we are interested in  is not 
strongly sensitive to infrared physics, Þxed order perturbative calculations provide robust and reliable framework for 
theoretical predictions.

Non-perturbative corrections  limit the usefulness of perturbative calculations: for generic observables at the LHC 
scale, they can be at the percent level. Since !s ~ 0.1, this means that we can reliably compute up to NNLO and 
perhaps one order higher. After that, we will have to address the non-perturbative issues. 

The LHC experiments  are already able to measure some basics processes with a  few percent precision (DY, top quarks 
etc. ), and it is expected that, in the future, more complex Þnal states will be studied with a few-percent precision.  
Interpretation of these results requires theoretical description of these processes in high orders of perturbative QCD. 

Fixed order calculations also serve as important ingredients for resummations and parton shower predictions through  
matching and merging, extraction of boundary conditions for higher-log resummations etc. 
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To compute NNLO corrections to pp !  X, one needs two-loop matrix elements for f f !  X, one-loop matrix elements for 
f f !  X+f, and tree-level matrix elements for f f !  X+f f

IMPROVED UNDERSTANDING OF QCD AS A QUANTUM FIELD THEORY

Processes with Þxed number of Þnal state particles are sensitive to long-distance physics,  computation of QCD corrections 
requires us to consider both virtual and real-emission corrections. 

Real correctionsVirtual corrections Real and virtual 
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Both types of contributions are difÞcult to deal with, especially if we think about interesting 2 -> 3  processes that also 
may involve massive particles (3-jet production, vector boson + 2 jets, Higgs + 2 jets, diphoton + jets, ttH,  ttZ etc.).

It is impossible to describe hadron collisions without computing  Feynman diagrams É Lets talk about how these 
computations are done.   
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During the past years, there has been a lot of progress in calculations of  two-loop amplitudes.  Both analytic and numerical 
approaches have been developed so that right now,  we know almost all relevant scattering amplitudes for 2 !  2 processes 
at two-loops.   First  results for 2 !  3 amplitudes  are starting to appear. 

Computation of NNLO corrections also requires 1-loop amplitudes; in variance with ``regularÕÕ NLO computations, these  
amplitudes  have to be  evaluated very close to degenerate kinematic limits. Nevertheless, it seems that existing  one-loop 
providers are able to cope with this situation. For example, OpenLoops  has been used for calculations of NNLO corrections to 
di-boson production at the LHC etc.
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IMPROVED UNDERSTANDING OF QCD AS A QUANTUM FIELD THEORY

Processes with Þxed number of Þnal state particles are sensitive to long-distance physics,  computation of QCD corrections 
requires us to consider both virtual and real-emission corrections. 

Real correctionsVirtual corrections Real and virtual 
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Both types of contributions are difÞcult to deal with, especially if we think about interesting 2 -> 3  processes that also 
may involve massive particles (3-jet production, vector boson + 2 jets, Higgs + 2 jets, diphoton + jets, ttH,  ttZ etc.).

It is impossible to describe hadron collisions without computing  Feynman diagrams É Lets talk about how these 
computations are done.   
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Apart from loop amplitudes, at NNLO we  also need a framework to deal with  emissions of two additional on-shell 
particles (gluons, quark pairs etc.)

These real-emission contributions are Þnite in the bulk of the allowed phase-space, but (infra-red and collinear) 
divergencies appear upon integration of matrix elements squared over energies and angles of the emitted partons.

To obtain fully differential results, we need to extract these singularities without integrating  over resolved phase space. 
It is clear that the  larger the number of  extra emissions that we have to consider, the more complicated this problem is.

For a long time, understanding how to ``integrate without integratingÕÕ  was the main issue preventing us  for 
performing  NNLO QCD computations. For example, di-jet amplitudes at two loops have been known for almost 20 
years, but NNLO predictions for di-jet production cross sections and kinematic distirbutions  became available only a 
few years ago.  
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Over the past few (O(5)) years, several methods  have been developed to deal with the real-emission problem. This fact, 
combined with the availability of 2-loop amplitudes, led to a large number of NNLO predictions for many important 2 ! 2 
LHC processes. 
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Currently, going beyond 2 !  2  processes is not possible because relevant  2-loop amplitudes are unknown. However, even 
when they will become available, it will require signiÞcant effort to obtain NNLO predictions using existing methods to 
describe real emission contributions. 
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1.They work!  In general, NNLO QCD results improve agreement between theory and data (WW, WZ, Z+j, di-photons, 
top pairs);

2.It is important to have NNLO QCD computations for Þducial cross sections measured in experiments; corrections to 
inclusive cross sections and to Þducial cross sections may be quite different (Higgs production in WBF, single top 
production with decay, WW pairs);

3.NNLO QCD computations work in ``hard kinematic regionsÕÕ. For an object with an invariant mass O(100) GeV, 
``hardÕÕ seems to mean  ``down to transverse momenta of about 30 GeVÕÕ.  However,  to go that low in pt  requires 
NNLO. Resummations are important but, as NNLO results become widely available, resummations  become relevant 
at low(er) transverse momenta (Z/H p t studies) which is their natural domain of applicability;

4. Sometimes, thanks to NNLO computations, it becomes possible to get access to physics that otherwise would have 
been inaccessible (e.g. Higgs width constraints from off-shell ZZ production).

What have  we learned  from existing NNLO computations?
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Further progress with Þxed order  calculations for the LHC will require improvements in computing two-loop (and higher-
loop) amplitudes and devising  more efÞcient and transparent  subtraction schemes.  

In what follows, I will discuss the various approaches to dealing with the double real emission contributions, eventually 
focusing on the so-called nested soft-collinear subtraction scheme. 



Large number of methods have been developed to deal with real emissions at NNLO;  they fall into two general categories, slicing 
and subtraction. 

ÒqtÓ slicing [Catani, Grazzini]

ÒAntennaÓ subtraction [Gehrmann-de Ridder, Gehrmann, Glover et al. 

ÒJettinessÓ slicing [Boughezal et al., Gaunt et al.]

ÒSector decomposition & FKSÓ subtraction [Czakon, Heyman, Caola, Ršntsch, K.M.]

ÒProjection-to-BornÓ [Cacciari et al.]

ÒColourful NNLOÓ [Del Duca, Troscanyi et al. ]

ÒLocal Analytic Sector SubtractionÓ [Magnea, Maina et al.]

ÒGeometric IR subtractionÓ [Herzog]
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PHASE-SPACE SLICING:

SUBTRACTION



Slicing and subtraction approaches  have very different pros and cons, already known from NLO computations. 
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PHASE-SPACE SLICING

¥ conceptually simple, straightforward to implement since  known NLO results can be re-used;
¥ requires care with the residual "-dependence (especially in kinematic distributions);
¥ non-local !  severe numerical cancellations. 

SUBTRACTION

¥ in principle fully local !  better efÞciency and  reliability;
¥ requires knowledge of subtraction terms and ability to integrate them.
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It appears that we have many options to deal with real emissions at NNLO , but do we have a really good one?  
Probably notÉ Slicing techniques are limited in what they can offer; different subtraction procedures have different 
shortcomings.  

1. physically transparent 

2. general (scaleable) 

3. local 

4. analytic

5. efÞcient

Is all of this really necessary for  phenomenology?   Yes and no. On the one hand, large number of relevant computations can be  and has been 
done. Yet, on the other hand,  even relatively simple 2! 2 calculations involving coloured initial and Þnal states require very signiÞcant computing 
power.  This implies that even with large computing farms, CPU  requirements are likely to severely limit the breadth of high-precision 
phenomenological studies for complex processes.  This issue may become especially relevant for emerging  2! 3 computations.

A good subtraction scheme should be

None of th
e existing subtraction 

schemes satisfy all th
ese crite

ria.

2! 2

105-107

-

2! 3

-

-

CPU HOURS FOR FULLY DIFFERENTIAL RESULTS

NNLO

N3LO

2! 1

100-500

-

An optimal subtraction method, able to efÞciently deal with complex processes has yet to emerge and we are looking for it. 
In what  follows  I will discuss an example of a  scheme that satisÞes the Þve criteria. 

O(10) centuries É.



Any subtraction or  slicing scheme requires us to understand singular limits of scattering amplitudes . These limits have been 
known for O(30) years at NLO and for  O(20) years  at NNLO.  Hard matrix elements decouple in these limits Ñ it is this 
feature that allows  construction of universal subtraction schemes. 
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Soft limits, single and double: 

lim
k1,2!0

|M|2n+2({p}, k1, k2) ⇡ Eik( {p}, k1, k2)|Mn ({p})|2
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Collinear, double and triple: 

Soft limits of one-loop

Collinear limits,  one-loop
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can be factorized with respect to the tree-level currentJa (0)
µ (q) (see Eqs. (35) and (36)),

new Ônon-factorizableÕ contributions appear when the loopmomentum is soft. To single
out these new contributions, we write the following identity:

|M (1)
soft(q, { p} )! = gS µ! ! µ(q) J (0)

µ (q) |M (1)
soft({ p} )!

+
!

|M (1)
soft(q, { p} )! " gSµ! ! µ(q)J (0)

µ (q)|M (1)
soft({ p} )!

"
, (37)

where we have added and subtracted the ÔfactorizedÕ contribution. Then we combine the
contributions from the hard, collinear and soft regions by adding Eqs. (35), (36) and (37),
and we obtain

|M (1)(q, { p} )! = gS µ! ! µ(q) J (0)
µ (q) |M (1)({ p} )!

+
!

|M (1)
soft(q, { p} )! " gSµ! ! µ(q)J (0)

µ (q)|M (1)
soft({ p} )!

"
. (38)

The Þrst term on the right-hand side of Eq. (37) together withthe contributions from
Eqs. (35) and (36) have reconstructed the Þrst term on the right-hand side of Eq. (38),
which is exactly the Þrst term on the right-hand side of the factorization formula (17).
What remains to be done to prove the factorization formula isto relate the second term
on the right-hand side of Eq. (17) with the contribution in the round bracket of Eq. (38).

q

l

j

i

i

j

i

j
- + J(0)(q)( )

Figure 2: Graphs that contribute to the one-loop soft current.

For this purpose, we Þrst note that when the real gluonq and the virtual gluon k are
both soft, they can couple only to the external hard lines. Inthe corresponding Feynman
diagrams, which are schematically represented by the Þrst graph in Fig. 2, the tree-level
amplitude M (0)({ p} ) is factorized in the soft limit. We can write:

|M (1)
soft(q, { p} )! # (gS µ! )3 ! µ(q) K (1)

µ (q, ") |M (0)({ p} )! , (39)

where the kernelK (1) (represented by the box in Fig. 2) denotes all the soft-gluoninsertions
of q and k on the hard-momentum lines. Then, we note thatM (0)({ p} ) is factorized also
in the expression (34) forM (1)

soft({ p} ). Therefore, the contribution in the round bracket
of Eq. (38) can be recast in the form of the second term on the right-hand side of the
factorization formula (17). Moreover, using Eqs. (39) and (34), we obtain the following
explicit representation of the one-loop contributionJ (1) to the soft-gluon current (Fig. 2):

! µ(q) J (1)
µ (q, ") = ! µ(q)

#
K (1)

µ (q, ") " J (0)
µ (q)

1
2

$
ddk

(2#)d

i

k2 + i0

%
J (0)

" (k)
&†

á J " (0)(k)
'

.

(40)
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lim
k1||k2||pj

|Mn+2|2({p}, k1, k2) ⇡
1

s2jk1k2

P (z1, z2, k?)⌦ |Mn(pjk1k2 , ...)|2
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Catani, Grazzini, Glover, Campbell, Kosower, Uwer, 
Czakon, Mitov 
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color-singlet state, which implies

n∑

i=1

T i|M(p1, ..., pn)⟩ = 0 . (5)

Using this notation, the matrix element squared for the processij →
X + f (k4, k5) in the double-soft limit k4, k5 → 0 can be written as [31]

|M(g4, g5; {p})|2 ≈
[
g2
s,bµ

2!
]2

[
1
2

n∑

ij,kl

Sij(k4)Skl(k5)|M(i,j)(k,l) ({p})|2

− CA

n∑

i<j

S̃ij(k4, k5)|M(ij) ({p})|2
]

,

(6)

if f (k4, k5) are two gluons, and

|M(q4, øq5; {p})|2 ≈
[
g2
s,bµ

2!
]2
TR

∑

i<j

Ĩij(k4, k5)|M(ij) ({p})|2, (7)

if f (k4, k5) are a quark and an antiquark. In Eqs. (6,7), Ò≈Ó means that we
only consider the most singular contribution in the double-soft limit, and

|M(ij)(kl) ({p})|2 ≡ ⟨M(p1, ..., pn)| {T i · T j ,T k · T l} |M(p1, ..., pn)⟩ ,
|M(ij)({p})|2 ≡ ⟨M(p1, ..., pn)|T i · T j|M(p1, ..., pn)⟩ .

(8)

We also usedgs,b to denote the bare QCD coupling constant andTR = 1/2.
The sums in Eqs. (6,7) run over all pairs of hard color-charged radiators.
The functions S̃ij and Ĩij read

S̃ij(k4, k5) = 2Sij(k4, k5) − Sii(k4, k5) − Sjj(k4, k5),

Ĩij(k4, k5) = 2Iij(k4, k5) − Iii(k4, k5) − Ijj(k4, k5).
(9)

All other eikonal functions are deÞned as follows [31]

Sij(k) =
pi · pj

(pi · k)(pj · k)
,

Sij(k4, k5) = Sso
ij (k4, k5) −

2pi · pj
k4 · k5

[
pi · (k4 + k5)

][
pj · (k4 + k5)

]

+
(pi · k4)(pj · k5) + ( pi · k5)(pj · k4)[

pi · (k4 + k5)
][
pj · (k4 + k5)

]
[

(1 − ! )
(k4 · k5)2

−
1
2
Sso
ij (k4, k5)

]
,

(10)
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4

where ϵ = (4− d)/2 with d being the space-time dimensionality,

Sso
ij (k4, k5) =

pi · pj

k4 · k5

(
1

(pi · k4)(pj · k5)
+

1

(pi · k5)(pj · k4)

)

−
(pi · pj)2

(pi · k4)(pj · k4)(pi · k5)(pj · k5)
,

(11)

and

Iij =
(pi · k4)(pj · k5) + (pi · k5)(pj · k4)− (pi · pj)(k4 · k5)

(k4 · k5)2
[
pi · (k4 + k5)

][
pj · (k4 + k5)

] . (12)

According to the computational scheme described in Ref. [1], the double-
soft matrix elements in Eqs. (6,7) should be integrated over the three-momenta
of soft partons, subject to the constraints in Eq. (1). It follows that a double-
soft contribution to any di! erential cross section can be constructed if the
following integrals are known

SSij,kl =

∫
[dk4][dk5]θ(Emax − k0

4)θ(k
0
4 − k0

5)Sij(k4) Skl(k5),

SS(gg)
ij =

∫
[dk4][dk5]θ(Emax − k0

4)θ(k
0
4 − k0

5)S̃ij(k4, k5),

SS(qq̄)
ij = −2

∫
[dk4][dk5]θ(Emax − k0

4)θ(k
0
4 − k0

5)Ĩij(k4, k5),

(13)

where the factor -2 in SS(qq̄)
ij is introduced for convenience. In Eq. (13) we

introduced the short-hand notation

[dki] =
d(d! 1)ki

2k0
i (2π)

d! 1
. (14)

As explained in Ref. [1], the energy ordering E4 > E 5 accounts for the
1/ 2! symmetry factor relevant for gg emission. We find it convenient to
use the same phase-space parametrization for qq̄ emission as well. Since
Ĩij(k4, k5) = Ĩij(k5, k4), the full result in the qq̄ case is twice the result that
is obtained by imposing the E4 > E 5 ordering.

We satisfy constraints in Eqs. (1,13) by choosing the following parametriza-
tion of the energies of the two soft partons

k0
4 = Emax ξ, k0

5 = Emax ξz, 0 < ξ < 1, 0 < z < 1. (15)

We note that integrals in Eq. (13) depend on the relative angles between
the three-momenta of the hard partons but not on their energies. The first
integral SSij,kl in Eq. (13) is easy to compute since it is a product of two
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s123

s12s23

[

−2s123g
µν z2(1 − 2z1)

z1(1 − z1)
− 16̃kµ

3 k̃ν
3

z2
2

z1(1 − z1)
+ 8(1 − ! )k̃µ

2 k̃ν
2

+ 4( k̃µ
2 k̃ν

3 + k̃µ
3 k̃ν

2 )

(
2z2(z3 − z1)
z1(1 − z1)

+ (1 − ! )

)]}

+ (2 ↔ 3) . (65)
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g2

g3

{ }

Figure 7: The diagrams for the collinear decayg → g1g2g3.

In the case of gluon decay into three collinear gluons we haveto consider the diagrams in
Fig. 7. Note that the contribution of the four-gluon vertex cannot be neglected. The result
for the splitting function is quite involved. Its expression can be simpliÞed by exploiting
the complete symmetry under the six permutations of the gluon momenta. We obtain

öP µν
g1g2g3

= C2
A

{
(1 − ! )

4s2
12

[

−gµνt212,3 + 16s123
z2
1z

2
2

z3(1− z3)

(
k̃2

z2
−

k̃1

z1

)µ (
k̃2

z2
−

k̃1

z1

)ν ]

−
3
4

(1 − ! )gµν +
s123

s12
gµν 1

z3

[
2(1− z3) + 4 z2

3

1− z3
−

1− 2z3(1 − z3)
z1(1 − z1)

]

+
s123(1 − ! )

s12s13

[

2z1

(

k̃µ
2 k̃ν

2

1− 2z3

z3(1 − z3)
+ k̃µ

3 k̃ν
3

1− 2z2

z2(1 − z2)

)

+
s123

2(1− ! )
gµν

(
4z2z3 + 2z1(1 − z1) − 1

(1 − z2)(1 − z3)
−

1− 2z1(1− z1)
z2z3

)

+
(
k̃µ

2 k̃ν
3 + k̃µ

3 k̃ν
2

)(2z2(1− z2)
z3(1 − z3)

− 3

)]}

+ (5 permutations) . (66)

The splitting functions in Eqs. (64)Ð(66) can be averaged over the spin polarizations of
the parent gluon according to Eq. (48):

⟨ öPa1a2a3⟩ ≡
1

2(1− ! )
dµν(p) öP µν

a1a2a3
. (67)

Performing the average, we obtain

⟨ öP (ab)
g1q2 q̄3⟩ = −2− (1 − ! )s23

( 1
s12

+
1

s13

)
+ 2

s2
123

s12s13

(
1 + z2

1 −
z1 + 2z2z3

1− !

)

−
s123

s12

(
1 + 2z1 + ! − 2

z1 + z2

1− !

)
−

s123

s13

(
1 + 2z1 + ! − 2

z1 + z3

1− !

)
, (68)
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The splitting functions in Eqs. (64)–(66) can be averaged over the spin polarizations of
the parent gluon according to Eq. (48):

⟨P̂a1a2a3⟩ ≡
1
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1

s13
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s2
123
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How can  we use the information on infra-red and collinear limits to construct a subtraction scheme?  

At NLO, two lines of thought  proved to be successful: 

1) Catani-Seymour (CS) dipoles:  write functions that interpolate between soft and collinear limits in a clever way, avoiding 
double-counting. Make sure that these functions (dipoles) can be analytically integrated.

2) Frixione-Kunszt-Signer (FKS).  Partition phase space into sectors to ensure that in each sector only one  particle can be soft 
and only two collinear.  Subtract soft singularities and collinear singularities sector by sector.  Make sure that partitions are 
such that they simplify in the soft/collinear limits and make analytic integration of the subtraction terms possible. 

@NNLO:  Antenna, ColorFull

@NNLO:  Residue-improved, nested, geometric, local analytic

!
|M| 2FJ d! d =

! "
|M| 2FJ ! S

#
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!
Sd! d

<latexit sha1_base64="rhlXPzIxb8XK+4b8EJ6ER9Uo/9Q="></latexit>



!15

Since soft and collinear limits relevant for NNLO computations are known since long ago and since phase-space simpliÞcations 
in both limits can  be worked out,  it may appear  that  generalization of  NLO subtraction schemes to NNLO is straightforward.

However, it did take  almost twenty years for the Þeld to get there É  Why?

Main problems: 

1) difÞculties with  overlapping singularities (limits, where several particles become collinear or soft at the same time);

2) difÞculties with Þnding a suitable interpolating functions (for CS-like schemes);

3)  concerns about possible existence of singular limits beyond  the (conventional)  soft and collinear  ones; 
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The appearance of overlapping singularities  at NNLO has a clear origin. 

At NLO: only 2-particle invariants can vanish, s ij  ~ Ej [1-cos(#ij)] $ xE x#. Singularities completely factorized.
!

|M| 2d! !
! "

x2
E x! |M| 2# dxE

x1+2 "
E

dx!

x1+ "
!
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At NNLO, 3-particle invariants can vanish, s ijk  ~ % Ei Ej cos(#ij). This leads to overlapping singularities. Schematically: 

!
|M| 2d! !

! "
xa

i xb
j |M| 2# dxi

x1+ ↵✏
i

dxj

x1+ �✏
j

1
(xi + xj )�✏
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This means that the xi !  0 limit at Þxed xj and the xj !  0 limit at Þxed xi are different. In general, this feature reßects  
physics and is not  a mathematical  artefact.

orx

x

1

2
3

#12 < #23 ≪ 1 #23 < #12 ≪ 1
!16

In CS-like approaches (i.e. antenna, colour-full),  overlapping singularities must be reproduced by the subtraction function. It is 
non-trivial to devise simple enough subtraction function that donÕt contain extra spurious singularities. In FKS-like approaches, 
the xi > xj and xj > xi cases are dealt with separately (`s̀ector decompositionÕÕ or additional partitioning).



The other problem is the (possible) existence of singular limits that go beyond conventional soft and collinear ones.  For 
example, limits where energies and emission angles appear in non-factorizable combinations are present in Feynman 
propagators that appear in individual diagrams. 

1
Ei ! ik + Ej ! jk

<latexit sha1_base64="0iw4il62rIETUPybZQbNmMybuB8="></latexit>

If one assumes the ordering Ei > Ej , such that Ej = x1 Ei, and ! jk > ! ik, such that ! ik = x2 ! jk, this becomes 

1

Ei✓jk
⇥ 1

x1 + x2
<latexit sha1_base64="Drk1AZdKh+uhl+pv/gQFtTIcai4="></latexit>

The x1 + x2 term leads to a non-trivial soft/collinear overlapping singularity. 

Such singularities do appear in  propagator of individual Feynman diagrams. However, when diagrams are combined 
into  on-shell gauge-invariant matrix elements, such overlapping singularities must disappear. 

!17



Indeed, existence of such singularities violates  the color coherence of QCD, which means  that  if any number of partons 
become collinear, soft gluons can only resolve the total color charge of the collinear system; as such soft energy canÕt be 
correlated with any of the (would be) collinear directions. 
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This implies that no non-trivial soft/collinear overlaps can appear in physical scattering amplitudes so that knowledge of soft and 
collinear limits,  taken independently,  should be sufÞcient. 
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The idea behind the so-called nested soft-collinear subtraction scheme is to use universal   soft and collinear limits of 
scattering amplitudes to subtract  non-integrable singularities in a ``nestedÕÕ way.

SpeciÞcally, the subtraction proceeds as follows. 

1. all soft singularities  are subtracted globally.                                                                                                                                                            
The soft counterterms are simple enough that they can be analytically integrated for arbitrary processes with massless partons  
[Caola, Delto, Frellesvig, KM (2018)];

2. FKS partitions are introduced to separate different collinear regions. For each partition, (physical) collinear overlaps are 
removed using sector decomposition. 

Also in this case, the counterterms are very simple and have been analytically integrated for all possible cases [Delto, Melnikov 
(2019)]. 

The emerging  structure of the subtraction terms is very transparent and relatively compact. 
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Once the splitting into the different sectors/partitions is established, writing down subtraction formulas is straightforward. 
To this end, it is useful to introduce operators that extract leading singularities acting on the matrix element and phase 
spaces.  We need to use these operators to construct fully regulated contribution.  For concreteness, imagine that we deal 
with the production of a Z boson in quark anti-quark collisions and consider Zgg Þnal state. 
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Double-soft:  E4, E5 -> 0

Single-soft:  E5 -> 0

Double-collinear 4|i,  5|i, i=1,2

Triple-collinear:  4|5|1 and 4|5|2 
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Double-collinear 4|5
corresponding cross section as

2s · dö�RR
qøq =

!
[df4][df5]✓(E4 ! E5)FLM ,qøq(1, 2, 4, 5) " # FLM ,qøq(1, 2, 4, 5)$, (2.7)

where

FLM ,qøq(1, 2, 4, 5) = N

!
dLips(V )(2⇡)d

�d(p1 + p2 ! pV ! p4 ! p5)%

|M
tree
qøq! V + gg|

2(p1, p2, pV , p4, p5) O(pV , p4, p5),
(2.8)

see Eq. (2.4). All energies in these formulas are to be understood in the center-of-mass
frame of the colliding partons. Note that we have introduced the energy ordering E4 > E5

in Eq. (2.7). Since the matrix element is symmetric with respect to the permutations of
the gluons g4 and g5, we can remove the 1/2! symmetry factor from N .

Our goal is to extract singularities from Eq. (2.7). These singularities have di! erent
origins. There exist

• a double-soft singularity that occurs when energies of the two gluons vanish in such
a way that their ratio E5/E4 is fixed;

• a single-soft singularity that arises when E5 vanishes at fixed E4. Note that due to
the energy ordering in Eq. (2.7) the opposite limit, E4 & 0 at fixed E5, cannot occur;

• many di! erent collinear singularities that appear when one or both gluons are emitted
along the direction of the incoming quark or the incoming anti-quark, or when the
momenta of the two gluons become parallel to each other.

We need to extract all these singularities in an unambiguous way. We explain how to do
this in the next two subsections.

2.1 Extraction of soft singularities

As we explained in Ref. [16], it is convenient to begin by regularizing the double-soft
singularity E4 ' E5 ' �

(
s & 0. We write

#FLM ,qøq(1, 2, 4, 5)$= #SSFLM ,qøq(1, 2, 4, 5)$+ #(I ! SS)FLM ,qøq(1, 2, 4, 5)$, (2.9)

where SS is an operator that extracts the double-soft � & 0 singular limit from FLM ,qøq.
To make this statement precise, when the operator SS acts on FLM , it removes the four-
momenta of the gluons from both the energy-momentum conserving �-function and the
observable, and extracts the leading singular behavior from the matrix element squared.
The result is

SSFLM ,qøq(1, 2, 4, 5) = g
4
s,b Eik(1, 2, 4, 5) FLM ,qøq(1, 2), (2.10)

5

averages,s is the partonic center-of-mass energy squared,dLips(V) is the phase space for
the Þnal stateV, and

[df i ] =
dd! 1pi

(2! )d! 12Ei
" (Emax ! Ei ). (2.5)

Hered is the dimensionality of space-time that we use as the regularization parameter, and
Emax is an arbitrary2 energy scale that is introduced for future convenience.

Each term in Eq. (2.3) is individually divergent. These divergences can either appear
explicitly as poles in# = (4 ! d)/ 2 or be hidden inside phase-space integrals. The goal
of any subtraction scheme is to extract these divergences and to arrive at the following
representation of the NNLO contribution to the cross section

dö$NNLO
f a f b

= dö$NNLO
V +2 ,f a f b

+ dö$NNLO
V +1 ,f a f b

+ dö$NNLO
V,f a f b

, (2.6)

wheredö$NNLO
V + i are Þnite quantities that involve contributions with V and up to i partons

in the Þnal state. We will refer todö$NNLO
V + i , with i = 2, 1, 0, as terms with NNLO, NLO

and LO kinematics, respectively.
In Ref. [16], we proposed a framework to achieve the separation of the NNLO contri-

butions to the cross section as in Eq. (2.6). It is based on three ideas:

¥ a multiparticle phase space can be decomposed into a sum of elements (partitions)
such that for each partition only a well-deÞnite subset of particles gives rise to
collinear singularities upon integration over the phase space of Þnal state partons. An
early discussion of this idea can be found in papers on NLO QCD subtractions [22,23];
in the context of NNLO QCD calculations, it was reincarnated in Ref. [2];

¥ for each of these partitions there exists a phase space parametrization that allows
the extraction of both soft and collinear singularities in a fully factorized form [2];

¥ thanks to gauge invariance and color coherence [24], soft and collinear singularities
are not entangled in QCD amplitudes, in contrast to individual diagrams [16].

We argued in Ref. [16] that these three points allow us to follow the so-called FKS subtrac-
tion scheme [22,23], developed for NLO QCD computations, and to perform the required
soft and collinear subtractions in a nested way. As a consequence, the computational
framework becomes very transparent physically and quite e! cient numerically.

We will illustrate the main ideas of Ref. [16] by considering the double-real emission
corrections to the Drell-Yan processqøq " V as an example, focusing on the most com-
plicated q(p1)øq(p2) " V + g(p4)g(p5) channel. All other partonic channels can be dealt
with along the same lines although the details can be somewhat di" erent.3 We write the

2The only requirement on Emax is that it should be at least as large as the maximum energy allowed
by the momentum-conserving ! -functions in Eq. (2.4). For simplicity, throughout this paper we use
Emax =

#
s/ 2, where

#
s is the partonic center-of-mass energy.

3 Results for all the relevant channels are presented in the next sections.
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A full y-regulated real emission contribution  (Drell-Yan, pp -> Z) is shown below. It is Þnite and can be directly  computed 
in four dimensions; this is the only contribution that contains Z+2 partons Þnal state.  

Each subtracted term needs to be added back somewhere else and integrated over the unresolved phase space. 

general; we do this by writing
!

[df 4][df 5]FLM ,qøq(1, 2, 4, 5)

=
!

[df 4][df 5]FLM ,qøq(1, 2, 4, 5)
"
! (E4 > E 5) + ! (E4 < E 5)

#

=
!

[df 4][df 5]! (E4 > E 5)
"
FLM ,qøq(1, 2, 4, 5) + FLM ,qøq(1, 2, 5, 4)

#
]

! " FLM (1, 2, 4, 5)#.

(3.11)

If one wishes to consider the Þnal state gluons and quarks separately, one could do away
with the energy ordering and the symmetrization of the quark amplitudes. We emphasize
that in this case, the formulas in the forthcoming sections would require modiÞcations.

As mentioned in Section2, an important part of the subtraction scheme is the separation
of the phase space into partitions such that in each partition, only a limited number of
kinematic conÞgurations leads to collinear divergences, cf. Eq. (2.21). Throughout this
paper, we choose the partition functions to be

w41,51 = " 42" 52

$
1 +

" 41

" 45 + " 42 + " 51
+

" 51

" 45 + " 41 + " 52

%
,

w42,52 = " 41" 51

$
1 +

" 42

" 45 + " 41 + " 52
+

" 52

" 45 + " 42 + " 51

%
,

w41,52 =
" 42" 51" 45

" 45 + " 41 + " 52
, w42,51 =

" 41" 52" 45

" 45 + " 42 + " 51
,

(3.12)

where we have used" ij = #ij / 2. It is straightforward to check that these functions restrict
the collinear singularities as discussed in Section2, and also that they sum up to one, cf.
Eq. (2.21).

We now present results for the different terms in Eq. (3.4) that arise in the quark
channel.

3.2.1 Terms with NNLO kinematics

This (hard) regularized contribution is the only one that involves the full matrix element
for f af b $ V + f 4f 5. It reads [16]

dö$NNLO
1245,f af b =

&

(ij )2dc

'(
(I %C5j )( I %C4i )

)
"
I %SS

#"
I %S5

#
&

& [df 4][df 5]w4i, 5j FLM ,f af b(1, 2, 4, 5)
*

+
&

i2tc

'(
! (a)

"
I %CCi

#"
I %C5i

#
+ ! (b)

"
I %CCi

#"
I %C45

#
(3.13)

14+ ! (c)
⇥
I � CC i

⇤⇥
I � C4i

⇤
+ ! (d )

⇥
I � CCi

⇤⇥
I � C45

⇤�

⇥
⇥
I � SS

⇤⇥
I � S5

⇤
[df4][df5]w4i,5i

FLM ,fafb
(1, 2, 4, 5)

�
.

In this equation, dc = { (1, 2), (2, 1)} and tc = { 1, 2} refer to the double- and triple-collinear
partitions, respectively, while the sectors (a)–(d ) are defined by the angular ordering con-
ditions in Eq. (2.22). The operators S5, SS, Cij and CCi have been discussed in great detail
in Ref. [16], and in Sec. 2.

We note that dö" NNLO
1245fafb is computed numerically in four dimensions. In order to do so,

we must provide the explicit parametrization of the phase space for the completefinal state
which includes two radiated partons and a vector boson (or its decay products). It is clear
that there are many di! erent ways to do so. We find it useful to describe the phase space
using tree-level variables, i.e. the invariant mass M2

V
and the rapidity Y of the vector boson,

but other choices are possible. In addition, we have to choose the energies of the two final
state partons and the relative angles between them and the hard emittor7 as independent
variables, in order to extract singularities in the same way as in the computation of the
integrated subtraction terms, which are presented in the forthcoming subsections. For this
reason, there is less freedom in choosing how to parametrize the momenta of the radiated
partons. We have discussed this point in some detail in Appendix B of Ref. [16]. We
will not repeat this discussion, instead, our goal here is to provide a guide for a numerical
implementation of Eq. (3.13).

We work in the center-of-mass frame of the colliding partons. As the first step, we
determine the center-of-mass collision energy squared s. To do so, we parametrize the
energies of the radiated partons as8

E4 =
p
s

2
x1, E5 =

p
s

2
x1x2, (3.14)

where x1, x2 2 [0 : 1], and use momentum conservation (p1 + p2 � p4 � p5)2 = M
2
V

to find

s =
M

2
V

1� x1(1 + x2) + x
2
1x2#45

. (3.15)

There is an obvious constraint s < Sh, where Sh is the center-of-mass energy squared of
the colliding hadrons, that we have to impose while generating the events.

The choice of angular variables depends on the partition and the sector; for the sake of
definiteness, we will discuss the sector “a” of the partition w

41,51. In this case, the scalar
products #ij = (1 � cos! ij)/2 may be parametrized by the variables x3, x4, $ 2 [0 : 1]
according to

#41 = x3, #51 = x3
x4

2
, #45 =

x3(1 � x4/2)2

NF (x3, x4/2, $)
, (3.16)

7The identity of the Òhard emittorÓ depends on the partition.
8We remind the reader that we have chosenEmax =

p
s/ 2.
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To deal with subtraction terms, analytic integration of soft and collinear limits of scattering amplitudes  over restricted (or 
approximate) phase space is required, to obtain unresolved subtraction  contributions. 

I =
! "

[df i ] ! Limit ! Constraint , [df i ] =
ddki

(2! )d (2! )"+ (k2
i )

<latexit sha1_base64="55qBcxCcgG2KcmWmTZ6v0F7acQs="></latexit><latexit sha1_base64="iILlgkUobJLVZ5Rp+ErK2ghFyOQ="></latexit><latexit sha1_base64="iILlgkUobJLVZ5Rp+ErK2ghFyOQ="></latexit><latexit sha1_base64="nOSI3+nvKfYVpLPpJQpYixtUPzM="></latexit>

The limiting functions are eikonal factors and splitting functions; this is a universal statement.  Phase space constraints can be 
quite different and depend on the details of the subtraction/slicing. 

I ij !
! i =5"

i =4

[dki ] ! (Emax " E4)! (Emax " E5)Sij (pi , pj , k4, k5)
<latexit sha1_base64="cAxNVjguCbYFD1B5ArwvLodCPh4="></latexit><latexit sha1_base64="Ppkgf5WniXf5iTkUtGsMFHwOTFg="></latexit><latexit sha1_base64="Ppkgf5WniXf5iTkUtGsMFHwOTFg="></latexit><latexit sha1_base64="QwH6NLk0E7BJ8ADGCaTr3cYG9WQ="></latexit>

Ri ! jk !
! i =5"

i =4

[dki ] Pi ! jk (z4, z5, ...)
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For example, for NNLO computations within the soft-collinear nested subtraction scheme, the following double-unresolved 
integrals are needed

Although these quantities are neither amplitudes nor loop integrals, their computation is greatly simpliÞed if Òloop 
technologyÓ, including    reverse unitarity, integration by parts, differential equations etc., is used.  The results are expressed 
through functions that are very similar to what one gets from loop integrals. 
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where! = (4 ! d)/2 with d being the space-time dimensionality,

Sso
ij (k4, k5) =

pi ápj

k4 ák5

!
1

(pi ák4)(pj ák5)
+

1
(pi ák5)(pj ák4)

"

!
(pi ápj )2

(pi ák4)(pj ák4)(pi ák5)(pj ák5)
,

(11)

and

I ij =
(pi ák4)(pj ák5) + ( pi ák5)(pj ák4) ! (pi ápj )(k4 ák5)

(k4 ák5)2
#
pi á(k4 + k5)

$#
pj á(k4 + k5)

$ . (12)

According to the computational scheme described in Ref. [1], the double-
soft matrix elements in Eqs. (6,7) should be integrated over the three-momenta
of soft partons, subject to the constraints in Eq. (1). It followsthat a double-
soft contribution to any di! erential cross section can be constructed if the
following integrals are known

SSij,kl =
%

[dk4][dk5]" (Emax ! k0
4)" (k0

4 ! k0
5)Sij (k4) Skl (k5),

SS(gg)
ij =

%
[dk4][dk5]" (Emax ! k0

4)" (k0
4 ! k0

5) &Sij (k4, k5),

SS(qøq)
ij = ! 2

%
[dk4][dk5]" (Emax ! k0

4)" (k0
4 ! k0

5)&I ij (k4, k5),

(13)

where the factor -2 inSS(qøq)
ij is introduced for convenience. In Eq. (13) we

introduced the short-hand notation

[dki ] =
d(d! 1)ki

2k0
i (2#)d! 1

. (14)

As explained in Ref. [1], the energy orderingE4 > E 5 accounts for the
1/ 2! symmetry factor relevant for gg emission. We Þnd it convenient to
use the same phase-space parametrization forqøq emission as well. Since
&I ij (k4, k5) = &I ij (k5, k4), the full result in the qøq case is twice the result that
is obtained by imposing theE4 > E 5 ordering.

We satisfy constraints in Eqs. (1,13) by choosing the following parametriza-
tion of the energies of the two soft partons

k0
4 = Emax $, k0

5 = Emax $z, 0 < $ < 1, 0 < z < 1. (15)

We note that integrals in Eq. (13) depend on the relative angles between
the three-momenta of the hard partons but not on their energies. The Þrst
integral SSij,kl in Eq. (13) is easy to compute since it is a product of two

5

There are two NNLO subtraction terms that appear in  each and every calculation ; one is the double-soft and the other is 
triple-collinear. Both need to be calculated. 
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Fix the ratio of  energies of  two soft gluons.  Use reverse unitarity. Derive 
differential equations w.r..t to the  ratio of energies  of emitted gluons at 
Þxed emittors angle. (Almost) canonical form.  Boundary conditions in the 
limit when gluon 5 has zero energy, for arbitrary angle. 

A complicated computation produces  ungodly result, given by a very 
large number of Goncharov polylogarithms with complicated arguments 
and huge rational prefactors.

i

j
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Caola, Delto, Frellesvig, K.M. 

Double-soft contribution; emittors at an arbitrary angle to each other.

k0
4 = Emax ! ,

k0
5 = Emax ! z
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! =
" ij

2

s = sin
" ij

2

c = cos
" ij

2
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where ! = (4 ! d)/2 with d being the space-time dimensionality,

Sso
ij (k4, k5) =

pi ápj

k4 ák5

!
1

(pi ák4)(pj ák5)
+

1
(pi ák5)(pj ák4)

"

!
(pi ápj )2

(pi ák4)(pj ák4)(pi ák5)(pj ák5)
,

(11)

and

I ij =
(pi ák4)(pj ák5) + ( pi ák5)(pj ák4) ! (pi ápj )(k4 ák5)

(k4 ák5)2
#
pi á(k4 + k5)

$#
pj á(k4 + k5)

$ . (12)

According to the computational scheme described in Ref. [1], the double-
soft matrix elements in Eqs. (6,7) should be integrated over the three-momenta
of soft partons, subject to the constraints in Eq. (1). It followsthat a double-
soft contribution to any di! erential cross section can be constructed if the
following integrals are known

SSij,kl =
%

[dk4][dk5]" (Emax ! k0
4)" (k0

4 ! k0
5)Sij (k4) Skl (k5),

SS(gg)
ij =

%
[dk4][dk5]" (Emax ! k0

4)" (k0
4 ! k0

5) &Sij (k4, k5),

SS(qøq)
ij = ! 2

%
[dk4][dk5]" (Emax ! k0

4)" (k0
4 ! k0

5)&I ij (k4, k5),

(13)

where the factor -2 inSS(qøq)
ij is introduced for convenience. In Eq. (13) we

introduced the short-hand notation

[dki ] =
d(d! 1)ki

2k0
i (2#)d! 1

. (14)

As explained in Ref. [1], the energy orderingE4 > E 5 accounts for the
1/ 2! symmetry factor relevant for gg emission. We Þnd it convenient to
use the same phase-space parametrization forqøq emission as well. Since
&I ij (k4, k5) = &I ij (k5, k4), the full result in the qøq case is twice the result that
is obtained by imposing theE4 > E 5 ordering.

We satisfy constraints in Eqs. (1,13) by choosing the following parametriza-
tion of the energies of the two soft partons

k0
4 = Emax $, k0

5 = Emax $z, 0 < $ < 1, 0 < z < 1. (15)

We note that integrals in Eq. (13) depend on the relative angles between
the three-momenta of the hard partons but not on their energies. The Þrst
integral SSij,kl in Eq. (13) is easy to compute since it is a product of two
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and
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(62)

Here, s = sin $, c = cos$ and $ = %/ 2 is half the angle between the three-
momenta of the hard radiatorsi and j . The Clausen functions are deÞned
as

Cin(z) =
(Li n(eiz ) + Li n(e! iz ))

2
, Sin(z) =

(Li n(eiz ) ! Lin(e! iz ))
2i

, (63)

and Ga1,a2,...,am(x) are the standard Goncharov polylogarithms. We have
checked these analytic results by computing the functionsSS(gg,qøq)

ij numerically
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The symbol of that expression is however incredibly simple; computing it and 
integrating back, produces the compact (17 lines !) expression on the rightÉ 
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i

j
4 5

the reduction coefficients R(k)
ij (z). Finally, since G̃ij(z) ∼ z−1−2ϵ, the last

term in Eq. (59) can be trivially integrated over z and, since the first term is
not singular at z = 0, the integrand can be expanded in ϵ and, after changing
variables from z to t, the integration over t can be performed in a relatively
straightforward way.

We note that after performing this final z (or, rather, t) integration, we
obtain the result given by a linear combination of Goncharov polylogarithms
up to weight four with indices drawn from the following set

{
a±, b±, e

±iδ, cos δ,
1

cos δ
, 0,−1, 1

}
, (60)

where a±, b± are given in Eq. (34). The arguments of these Goncharov poly-
logarithms are either (1−sin δ)/ cos δ or cos δ. The result of the z integration
(or rather t integration) appears to be very large and complex. However, it
can be simplified using the (by now standard ) symbol techniques [37–39].
Computing the symbol of the result, simplifying it and integrating the result
back, we arrive at the following expressions for the double-eikonal integrals
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and
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(62)

Here, s = sin δ, c = cosδ and δ = θ/ 2 is half the angle between the three-
momenta of the hard radiatorsi and j . The Clausen functions are deÞned
as

Cin(z) =
(Li n(eiz) + Li n(e! iz))

2
, Sin(z) =

(Li n(eiz) ! Lin(e! iz))
2i

, (63)

and Ga1,a2,...,am(x) are the standard Goncharov polylogarithms. We have
checked these analytic results by computing the functionsSS(gg,qøq)

ij numerically
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Another double-unresolved limit  involves integrals of the triple collinear splitting functions, for both initial and Þnal state 
splittings, keeping the energy of parton that goes into a hard process Þxed.  Again, application of Òloop technologyÓ leads to  
analytic results. 

Splitting Pabc EP Name

q ! ggq! 1/ 2 (Pg4g5q1 + 4 " 5) 1 ISR[z,1]
g ! ggg! 1/ 2 (Pg1g4g5 + 4 " 5) 1 ISR[z,2]
q ! øq"q"q! Pøq!

4q!
5q1 + 4 " 5 1 ISR[z,3]

q ! qq"øq"! Pøq!
1q!

4q5
+ 4 " 5 1 ISR[z,4]

q ! øqqq! P id
øq4q5q1

+ 1 " 5 1 ISR[z,5]
q ! qqøq! 1/ 2

!
P id

øq1q4q5
+ 4 " 5

"
1 ISR[z,6]

g ! qøqg! Pg1q4 øq5 + 4 " 5 1 ISR[z,7]

q ! qgg! Pg5q1 øq4 2 ISR[z,8]
g ! qgq# Pg1g5q4 2 ISR[z,9]

Table 1: Overview of the initial state splittings. In the Þrst column we deÞne the splitting, in the
second column, we identify the corresponding triple-collinear splitting functions in Ref. [25], where
we include an additional symmetry factor where required. In the third column, we indicate which
energy parametrization is used in the calculation (the energy parametrization 1 (2) is described in
Sec. 3.1 (3.2), respectively) and, Þnally, the last column provides the name of the corresponding
expression in the ancillary Þles.

As a Þnal remark we note that description of the initial state radiation requires that
a crossing from Þnal to initial states is performed in the splitting functions presented in
Ref. [25]. Moreover, for non-diagonal splittingsi ! j ! a di! erent color-averaging is required
when collinear limits of di! erential cross-sections are expressed in terms of the splitting
functions. To avoid potential confusion related to these subtleties, in Table 1 we list the
partonic channels for relevant initial state splittings, t he corresponding splitting functions
in [25] and the energy parametrization that was used to integrate them. We also emphasize
that we do not introduce new color averages factors into our formulas so that the color
factors in our results are the same as in the splitting functions in Ref. [25]

7.1 Initial state radiation

In this section we illustrate the results of the computation by providing integrated triple-
collinear subtraction terms for two partonic channels, q ! q! + gg and g ! q! + qg.
We begin with the presentation of our results for the integrated triple-collinear splitting
q ! q! + gg that corresponds to the splitting function Pggq in Ref. [25]. Since this process
exhibits a double-soft singularity, we use the parameterization of energies given in Eq.(3.8)
to integrate triple-collinear subtraction terms. To present the result, we decompose it into
the color factors

R! ,+ ,reg = C2
F RA

! ,+ ,reg + CF CA RNA
! ,+ ,reg, (7.1)
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Results for the regular parts are more complex. We find
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for the abelian part and
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To proceed further we need to choose an energy parametrization that decouples hard
matrix element from the splitting function. In this Section , we consider the parametrization
discussed in Ref. [1]. For the hard collinear emission we use

E4 = E1(1 ! z)(1 ! r/ 2), E5 = E1(1 ! z)r/ 2, (3.8)

with 0 < z < 1 and 0< r < 1. This parametrization automatically satisÞes the constraint
E4 > E 5 and makes hard scattering matrix elementr -independent

"FLM (E145/E 1 á1, 2)#= "FLM (z á1, 2)#. (3.9)

However, this parametrization is not optimal for the soft subtraction. Indeed, single-
soft subtraction terms that are obtained when operator S5 acts on matrix elements are
computed by taking the limit E5 $ 0 at Þxed E4 [1]. The parametrization in Eq.(3.8)
does not allow us to easily do that; for this reason, we have toswitch to a di! erent
parametrization to describe the single-soft limit. It is convenient to choose

E4 = E1(1 ! z), E5 = E1(1 ! z)r. (3.10)

After some manipulations described in Ref. [1], integratedtriple-collinear subtraction
terms can be cast into the following form

I TC = [ ! s]2E ! 4!
1

1!

0

dz
"
R" " (1 ! z) +

R+

[(1 ! z)1+4 ! ]+
+ Rreg(z)

# $
FLM (z á1, 2)

z

%
,(3.11)

where [! s] =
"

! s(µ)µ2! e!# E

2#" (1 ! $)

#
is a parameter related to the strong coupling constant,

1
[(1 ! z)1+4 ! ]+

=
"

1
1 ! z

#

+
! 4$

"
log(1 ! z)

1 ! z

#

+
+ ..., (3.12)

and R",+ ,reg read

R" =
(Emax/E 1)! 4! ! 1

4$
A3 !

1!

0

dr
r 1+2 !

&
(1 + r )4! ! 1

'

4$
F (r ),

R+ = A1(1) + A2(1),

Rreg(z) =
A1(z) + A2(z) ! A1(1) ! A2(1)

(1 ! z)1+4 ! .

(3.13)

To write down expressions for one constantA1 and three functions A2,3 and F it is
convenient to introduce a new operator that, acting on a function, extracts its limit when
a particular variable is set to zero

Txg(.., x, ..) = lim
x" 0

g(., x, ..) = g(.., 0..). (3.14)
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Putting all fully-unresolved parts together, we obtain the Born-like contribution to the NNLO cross-section for the 
Drell-Yan process. This is the combination of virtual corrections, the double-soft emissions and the soft-collinear 
contributions. 

This term has a non-trivial ßavor structure. To simplify it, we employ the notation
used to describe the NNLO QCD contributions to the Altarelli-Parisi splitting func-
tions, and write the functionsT in terms of nonsinglet, singlet, and vector functions

Tqi qj = ! ij T NS
qq + T S

qq,

Tqi øqj = ! ij T V
qøq + T S

qøq.
(3.49)

Similar to the Altarelli-Parisi splitting functions, we have T S
qøq = T S

qq through NNLO,
and we will always use the latter in what follows. Again, we consider the example of
Z production. For the (f a, f b) = ( qøq) channel, Eq. (3.48) becomes
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while for the qi qj with i "= # j it reads
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(3.51)

The transition function T NS
qq is explicitly shown in AppendixD. All other Tij functions

are presented in an ancillary Þle.

3. Terms involving FLM (1, 2):
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This term has a non-trivial ßavor structure. To simplify it, we employ the notation
used to describe the NNLO QCD contributions to the Altarelli-Parisi splitting func-
tions, and write the functionsT in terms of nonsinglet, singlet, and vector functions

Tqi qj = ! ij T NS
qq + T S

qq,

Tqi øqj = ! ij T V
qøq + T S

qøq.
(3.49)

Similar to the Altarelli-Parisi splitting functions, we have T S
qøq = T S

qq through NNLO,
and we will always use the latter in what follows. Again, we consider the example of
Z production. For the (f a, f b) = ( qøq) channel, Eq. (3.48) becomes

dö" Z,NNLO
(z,2),qøq + dö" Z,NNLO

(1,z),qøq =
!

#s(µ)
2$

" 2 1#

0

dz
$
T NS

qq (z) + T S
qq(z)

%

!
&

FLM ,qøq(z á1, 2) + FLM ,qøq(1, z á2)
z

'
,

(3.50)

while for the qi qj with i "= # j it reads

dö" Z,NNLO
(z,2),qi qj

+ dö" Z,NNLO
(1,z),qi qj

=
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#s(µ)
2$

" 2 1#

0
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qq(z)
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FLM ,øqj qj (z á1, 2) + FLM ,qi øqi (1, z á2)
z

'
.

(3.51)

The transition function T NS
qq is explicitly shown in AppendixD. All other Tij functions

are presented in an ancillary Þle.

3. Terms involving FLM (1, 2):
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The ! bd term in Eq. (3.52) depends on the choice of partition functions. It is deÞned
as follows

! bd ! "
!

[I " C41 " C42]
"

! 12

! 41! 42

#
÷w41,51

4||5 ln
" 41

1 " " 41
+ ÷w42,52

4||5 ln
" 42

1 " " 42

$ %&
. (3.53)

If the partition functions are chosen as in Eq. (3.12), it is immediate to obtain

! bd = 2 "
#2

3
. (3.54)

3.2.4 Terms involving virtual corrections

Finally, we consider the two terms in Eq. (3.4) which involve virtual corrections,dö$NNLO
virt 124 ,f a f b

and dö$NNLO
virt 12 ,f a f b

. The former corresponds to the real-virtual corrections, which have NLO
kinematics. As such, they have singularities that appear when the radiated parton becomes
unresolved. These singularities can be subtracted as at NLO, so that this term reads

dö$NNLO
virt 124 ,f a f b

=
' öONLO F Þn

LV ,f a f b
(1, 2, 4)

(
, (3.55)

whereF Þn
LV ,f a f b

(1, 2, 4) is a Þnite remainder of the one-loop amplitude, see AppendixB. The
other term corresponds to virtual contributions with LO kinematics. It reads
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+

,

(3.56)

where&q is deÞned after Eq. (3.39) and F Þn
LVV , F Þn

LV 2 and F Þn
LV are deÞned in AppendixA.

3.3 NNLO: quark-gluon channels

In this section, we describe the NNLO contributions to theqg channel, see Eq. (3.2).
Similar results hold for the gq channel. In principle, this channel could be treated in
the same fashion as the quark channels discussed in the previous section. However, its
singularity structure is much simpler, and so we need to consider a smaller number of
limits. Indeed, no double-soft singularities are present in this case. Because of this, we
Þnd it convenient not to order the energies of partons 4 and 5. We write

)
[df 4][df 5]FLM ,qg(1, 2, 4, 5) !

'
FLM ,qg(1, 2, 4, 5)

(
, (3.57)
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Nested soft-collinear subtraction scheme has several attractive features:

¥ it is based on universal soft and collinear limits  of QCD amplitudes and, in this sense, it is physically transparent ; 

¥ it is fully analytic, fully local and, in principle, it can  be applied to arbitrary processes;

¥  it is ``minimalÕÕ in a sense that  it  contains the smallest  number of subtractions needed to regulate QCD amplitudes (this 
minimalistic nature of the nested subtraction scheme may  become relevant for high multiplicity processes;

¥ it works in practice and can be extensively checked against known analytic results; 

¥  it is ßexible in that it is not tied to a particular phase-space parametrization; this point deserves further exploration. 

Similarly, overlapping singularities do not necessarily require sector decomposition, but can be dealt with using e.g. 
additional partitioning as in the local analytic scheme [Magnea et al.]. 

Currently, the nested scheme has been fully validated for initial-initial , Þnal-Þnal and initial-Þnal ÒdipoleÓ 
conÞgurations [Asteriadis, Caola, Ršntsch, KM].
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Apart from their theoretical appeal, ``transparentÕÕ subtraction schemes can be useful to develop a better understanding of the 
infra-red structure of perturbative QCD. Indeed, on the one hand,  subtraction schemes are  informed by resummations and, on 
the other hand,  they provide interesting fully-differential information to them. 

Better understanding of subtraction schemes could also lead to more physical matching/merging schemes and perhaps even 
more accurate showers.

SL
ID
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 B

Y
 F

. C
A

O
LA

So far, discussion mostly focused on 
Þnding ``aÕÕ subtraction scheme, but 
interest in a better understanding of 
the underlying IR structure (see e.g. 
[Magnea et al (2018)])
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If  a subtraction scheme is  transparent, it is straightforward to work with it / modify it to do (interesting) physics. For 
example, since many years there are ongoing attempts to  extend existing  theoretical predictions for Z and W boson 
production to include mixed QCD/EW corrections.   This is especially relevant for the case of W-bosons because of the 
high-precision W-mass determination at the LHC. 

Working within  a transparent NNLO QCD subtraction scheme,  it should be straightforward to modify it to enable 
computations of mixed QCD/EW corrections since soft and collinear singularities  in mixed QCD/QED amplitudes are 
not much different from singularities of QCD amplitudes.  

The nested  soft-collinear subtraction subtraction scheme makes such  modiÞcations possible and, in fact, rather 
straightforward to implement to obtain mixed QCD/QED corrections to Z production at a fully differential level [Delto, 
Jaquier, Melnikov, Ršntsch (2019)].

replacement rule isC2
F → CF e2q, so that the factor of two is missing. However, this is

not the case because contributions of diagrams with two gluons to the cross section are
multiplied by a factor 1 /2! to account for the symmetric Þnal state. Clearly, there isno
such factor in case of theg + γ Þnal state. This mismatch is accounted for if the colour
factor C2

F in the qøq → Z + g + g contribution is again replaced by 2CF e2q, in accord with
what is needed for double-virtual and real-virtual contributions.

,

,

,

Figure 2 : Contributions to the colour factor C2
F and their abelianised counterparts.

Hence, after an examination of all the cases, we conclude that for processes with an
incoming quark-antiquark pair or interference-like contributions with two identical quarks,
we replace

C2
F → 2CF e

2
q , TR → 0 , CA → 0 , (2.1)

in the formulas that describe NNLO QCD corrections to Z boson production and obtain
results for mixed QCD⊗QED corrections. In Eq. (2.1), eq is the electric charge of the
incoming quark.
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Figure 3 : Contributions to the colour factor C2
F and their abelianised counterparts.

For processes with an incoming (anti)quark and a gluon, there is no symmetry factor,
and the two possible ways to replace a gluon by a photon amountto the two distinct
processesqg → Z + q + γ and qγ → Z + q + g. The replacement rules become

C2
F → CF e

2
q , CA → 0 . (2.2)

Ð 6 Ð

Partonic Channel [! ! s ! ]P ! P á104

qøq 5.60
qq 0.13

qg+ gq -7.01
q! + ! q -0.32

! g 0.06
Total -1.54

Table 1: Contributions of the di " erent partonic channels to [! ! s ! ]P ! P .

a Þxed-order computation is provided by the initial state QCD radiation. In addition,
Rmin = 0 .1 is probably too small an isolation cone to allow a stable perturbative descrip-
tion of QED radiation o " the outgoing leptons. To illustrate this remark, we point out
that, with Rmin = 0 .1 and an additional selection cut p" ," > 5 GeV, the rate of the Z
boson decay to three QED jets becomes close to four percent and thus much larger than
a naive expectation based on" / # ∼ 2 × 10# 3 suppression of events with additional ra-
diation. It is clear that a quasi-collinear fragmentation of a lepton to a photon, allowed
by the selection cuts, may strongly change the observable cross section by reducing the
transverse momentum of the lepton. Furthermore, we also observe that by rejecting events
with two leptons and a photon and keeping events with only Born-like kinematics, the size
of [! ! s ! ]P ! D gets reduced relative to [! ! ]D .4

3.3 Kinematic distributions

We continue with the discussion of the impact of QCD⊗QED corrections on kinematic
distributions for the production of two leptons via an on-shell Z boson at the LHC. Below
we show the respective distribution at NLO QCD accuracy in upper panels and the relative
corrections ! ! 2

s
, [! ! s ! ]P ! P and [! ! s ! ]P ! D in lower panels. We use the selection criteria

shown in Eq. (3.2) and Rmin = 0 .1 throughout this section.

We begin with the discussion of the transverse momentum distribution of the two
leptons, p" ,##, shown in the left panels of Fig. 4. It is seen from the plot that both
! ! 2

s
and [! ! s ! ]P ! P corrections become ßat and positive abovep" ,## ∼ 20 GeV. In that

region, the NNLO QCD corrections amount to O(40) percent. Although this is quite a
large correction, we note that in this kinematic region they can be considered as NLO
QCD corrections to Z + jet production. The mixed [ ! ! s ! ]P ! P corrections can be thought
of as QED corrections to the NLO QCD distribution; this would suggest a percent-level
correction. In fact, initial-initial corrections in this c ase turn out to be even smaller, of the
order of two permille for pT ,## > 20 GeV. This is partially due to the cancellation between
qøq- and qg-induced contributions that we already discussed. For smaller values of the Z

4 In the future, it may be interesting to combine O(α2
s ) corrections to the production of the Z boson

and O(α) to its decay in order to investigate the size of the correction due to a second emission from the

initial state; since the first QCD emission already provides some boost to the Z boson, it is conceivable

that the corrections due to second gluon emission will be much more moderate.

Ð 12 Ð

Relative contributions of various partonic channels to QCD-
QED corrections to Z production cross section.
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From a practical point of view, a good NNLO framework should be:                                                                                                      

1. reliable (corrections should be computable to high numerical precision, to ensure that results are correct).

2. efÞcient.

It is reasonable to expect that a fully local and analytic scheme could fulÞl these requirements. Within the nested soft-
collinear scheme, one can test it in simple processes. 

1. reliable !  pick a process where analytic results are known, and compare to very high accuracy

Channel Color structures Numerical result (nb) Analytic result (nb)
qi øqi ! gg Ð 8.351(1) 8.3516

qi øqi ! qj øqj CF TRnup, CF TRndn -2.1378(5) -2.1382
CF (CA " 2CF ) " 4.8048(3)á10! 2 " 4.8048á10! 2

CF TR 5.441(7)á10! 2 5.438á10! 2

qi qj ! qi qj (i #= " j ) CF TR 0.4182(5) 0.4180
CF (CA " 2CF ) " 9.26(1)á10! 4 " 9.26á10! 4

qi g + gqi Ð -9.002(9) -8.999
gg Ð 1.0772(1) 1.0773

Table 1: Di! erent contributions to the NNLO coe! cient for on-shellZ production at the
13 TeV LHC with µR = µF = 2mZ . All the color factors are included in the numerical
results. The residual Monte-Carlo integration error is shown in brackets. See text for
details.

structures independently. We show results for a single Þxed factorization and renormal-
ization scaleµ = 2mZ , although we have performed the same check for di! erent scales as
well. We note that these inputs are not chosen for their phenomenological relevance, but
rather to provide stringent checks on our results.

We summarize our Þndings in Table1. It shows that our framework allows for extremely
high precision results, with numerical errors at the per mille level or better9. These results
are always fully compatible with the analytic ones within the numerical uncertainties.
We remind the reader that these numbers refer to the NNLOcoe! cients, which implies
absolute precision on the physical cross section. Analogous results for the case of Higgs
production for equal renormalization and factorization scalesµR = µF = mH / 2 are shown
in Tab. 2. Again, we Þnd it convenient to perform numerical checks for di! erent partonic
channels independently. Also in this case, our numerical results have tiny uncertainties
and are in perfect agreement with the analytic values obtained from Ref. [21].

Having fully validated our results, we now brießy investigate the performance of the
framework when applied to the computation of physically relevant predictions. SpeciÞcally,
we explore the computational e! ort required to obtain predictions for physical quantities
at the per mille level. We start by considering inclusive Higgs production, at the 13 TeV
LHC. For this study, we set µR = µF = mH . Running for less than an hour on a single
core of a standard laptop, we obtain

! LO
H = 17.03(0) pb; ! NLO

H = 30.25(1) pb; ! NNLO
H = 39.96(2) pb. (5.1)

As one can see from Eq. (5.1) the numerical uncertainty on the full NNLO cross section
is below one per mille. The result is in full agreement10 with the benchmark predictions
reported in Ref. [28].

9The larger error in some channels is caused by non-negligible cancellations between di! erent contribu-
tions to the Þnal result.

10 The di! erent LO cross section w.r.t. Ref. [28] is due to a di! erent choice of LO PDFs.
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Figure 2: Comparison of the NNLO QCD contribution d�NNLO
/dQ computed in this paper

with the analytic results in Ref. [50].

percent precision on the NNLO correction leads to almost absolute precision for physical
cross sections and simple kinematic distributions. We will further illustrate this point
below. Before doing so, we note that we found a similar level of agreement for individual
color structures and for individual contributions to the final result. We also note that
although we report results for a single scale choice here, using the results in the previous
sections and the known amplitudes for qq̄ ! e

+
e
� + X, it is easy to check analytically

the scale dependence of our result against the one reported in Ref. [50]. Full agreement is
found.

As we mentioned in the Introduction, one of the important issues for current NNLO
QCD computations is their practicality. For example, with the increasing precision of
Drell-Yan measurements, one may require very accurate theoretical predictions for fiducial
volume cross sections. It is then important to clarify whether a given implementation of the
NNLO QCD corrections can produce results that satisfy advanced stability requirements
and, if so, how much CPU time is needed to achieve them.

To illustrate this aspect of our computational scheme, we show the rapidity distribu-
tion of the dilepton pair, the rapidity distribution of a lepton, and the lepton transverse
momentum distribution in Fig. 3. The plots on the left and on the right provide identi-
cal information: the upper panes show next-to-leading and next-to-next-to-leading order
predictions for the respective observable, and the lower panes the ratio of the NNLO to
NLO distributions. The difference between the plots on the left and the plots on the right
is the CPU time required to obtain them; it changes from O(10) CPU hours for the plots
on the left, to O(100) CPU hours for the plots on the right. The different run times are
reflected in different bin-to-bin fluctuations seen in both plots. The bin-to-bin fluctuations
for the two rapidity distributions are at the percent-level or better in the plots on the
left, and they become practically unobservable in the plots on the right. The situation
is slightly worse for the transverse momentum of the lepton. However, this observable
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Very accurate results for DY NNLO corrections. Similar results for X! qq̅, gg decay processes.
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2. efÞcient: Higgs and DY production in 1 hour on a standard laptop (1 core)

Channel Color structures Numerical result (nb) Analytic result (nb)
qi øqi ! gg Ð 8.351(1) 8.3516

qi øqi ! qj øqj CF TRnup, CF TRndn -2.1378(5) -2.1382
CF (CA " 2CF ) " 4.8048(3)á10�2 " 4.8048á10�2

CF TR 5.441(7)á10�2 5.438á10�2

qi qj ! qi qj (i #= " j ) CF TR 0.4182(5) 0.4180
CF (CA " 2CF ) " 9.26(1)á10�4 " 9.26á10�4

qi g + gqi Ð -9.002(9) -8.999
gg Ð 1.0772(1) 1.0773

Table 1: Different contributions to the NNLO coefficient for on-shellZ production at the
13 TeV LHC with µR = µF = 2mZ . All the color factors are included in the numerical
results. The residual Monte-Carlo integration error is shown in brackets. See text for
details.

scaleµ = 2mZ , although we have performed the same check for different scales as well. We
note that these inputs are not chosen for their phenomenological relevance, but rather to
provide stringent checks on our results.

We summarize our Þndings in Table1. It shows that our framework allows for extremely
high precision results, with numerical errors at the per mille level or better9. These results
are always fully compatible with the analytic ones within the numerical uncertainties.
We remind the reader that these numbers refer to the NNLOcoefficients, which implies
absolute precision on the physical cross section. Analogous results for the case of Higgs
production for equal renormalization and factorization scalesµR = µF = mH / 2 are shown
in Tab. 2. Again, we Þnd it convenient to perform numerical checks for different partonic
channels independently. Also in this case, our numerical results have tiny uncertainties
and are in perfect agreement with the analytic values obtained from Ref. [21].

Having fully validated our results, we now brießy investigate the performance of the
framework when applied to the computation of physically relevant predictions. SpeciÞcally,
we explore the computational effort required to obtain predictions for physical quantities
at the per mille level. We start by considering inclusive Higgs production, at the 13 TeV
LHC. For this study, we set µR = µF = mH . Running for less than an hour on a single
core of a standard laptop, we obtain

�
LO
H = 15.42(1) pb; �

NLO
H = 30.25(1) pb; �

NNLO
H = 39.96(2) pb. (5.1)

As one can see from Eq. (5.1) the numerical uncertainty on the full NNLO cross section
is below one per mille. The result is in full agreement10 with the benchmark predictions
reported in Ref. [28].

9
The larger error in some channels is caused by non-negligible cancellations between different contribu-

tions to the final result.
10

The different LO cross section w.r.t. Ref. [28] is due to a different choice of LO PDFs.
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Channel Numerical result (pb) Analytic result (pb)
gg ! gg 9.397(1) 9.398
gg ! qq̄ -1.243(2) -1.243
qg + gq 0.7865(8) 0.7861

qq̄ 1.145(1) · 10�2 1.146 · 10�2

qq 2.139(3) · 10�2 2.140 · 10�2

qq
0 5.967(5) · 10�2 5.970 · 10�2

Table 2: Different contributions to the NNLO coefficient for on-shell H production at the
13 TeV LHC with µR = µF = mH/2. The residual Monte-Carlo integration error is shown
in brackets. The labels qq and qq

0 refer to quark initial states with identical and different
flavors, respectively. See text for details.

We now move to fiducial cross sections. We consider pp ! Z/! ⇤
! e

�
e
+ production

in the fiducial volume defined by symmetric lepton cuts studied in Ref. [28]. Specifically,
we require that the transverse momentum and rapidity of each lepton satisfy

pT,! > 25 GeV |" ! | < 2.47, (5.2)

and that the invariant mass of the lepton pair is in a window 66 GeV < me! e+ < 116 GeV.
In this case, we use µR = µF = mZ . Running on a single core of a standard laptop for
about an hour, we obtain

#LO
DY = 650.4± 0.1 pb; #NLO

DY = 700.2± 0.3 pb; #NNLO
DY = 734.8± 1.4 pb. (5.3)

We note that in this case the error is at the few per mille level. We compared the NNLO
K-factor against the benchmark result presented in Ref. [28], and found agreement within
the numerical precision.

As a final comment, we note that although the processes studied here are very simple,
which makes it difficult to predict how the framework will perform for more complicated
ones, these results are very encouraging.

6 Conclusions

In this paper, we presented compact analytic formulas that describe fully-differential pro-
duction of color-singlet final states in hadron collisions. We studied final states that, at
leading order, can be produced either in qq̄ or in gg annihilation.

Our calculation employs the nested soft-collinear subtraction scheme that we developed
earlier in Ref. [16]. However, compared to its original formulation, we found it useful to
modify it to allow for a simpler analytic integration of the triple-collinear limits. We
explained the required changes in Section 2.

We validated our results by using them to numerically compute NNLO QCD contri-
butions to total cross sections of Z and H production in proton collisions and comparing
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Higgs total cross section:

pp !  2l, symmetric cuts:

pp !  " * !  2l, differential distributions [old semi-numerical code]
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Figure 3: Upper panes: Rapidity distribution of the vector boson, rapidity distribution of
a lepton andpT distribution of a lepton at di! erent orders of perturbation theory. Lower
panes: the ratio of NNLO/NLO prediction for a given observable. Plots on the left: the
runtime of O(10) CPU hours; plots on the right: the runtime ofO(100) CPU hours. Note
that the dip in the ratio of NNLO/NLO lepton pT distribution at pT ! 25 GeVis a physical
feature andnot a ßuctuation.

is rather delicate in the ! ! case, as each bin receives contributions from a large range of
invariant masses. The introduction of aZ boson propagator will localize the bulk of the
cross section in a much smaller invariant mass window, and lead to improved stability in
this case.12 Nevertheless, the results shown in Fig.3 imply that the numerical implementa-
tion of our subtraction scheme allows for high precision computations, while also delivering

12 The state-of-the-art comparison of this and other observables in Drell-Yan production between di! er-
ent NNLO codes was presented in Ref. [51].
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A few words on slicing
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A slicing calculation requires a suitable variable " that separates resolved and unresolved parts of a relevant phase space. For 
example, this parameter can be a transverse momentum of a ``BornÕÕ Þnal state  qt [Catani, Grazzini] or its jettiness [Boughezal et 
al, Gaunt et al].

In the unresolved region, we use soft-collinear approximations to integrate over unresolved momenta. In the resolved region, we 
only need N k-1LO corrections to X+J.

Challenge: individual contributions are logarithmically 
divergent ~ ln 2k-1 ".

Power corrections of order " ln 2k-1 ". At higher order, very small 
" required.

Good control at small " is difÞcult to achieve. 

Because of this issue, slicing was eventually abandoned at NLO 
in favour of subtractions. 

3

10! 6 10! 5 10! 4 10! 3 10! 2
10! 5

10! 4

10! 3

10! 2

10! 1

FIG. 1. Estimate of the missing power corrections ��(⌧cut) below ⌧cut for the NLO (green), NNLO (blue), and N3LO (orange)
contributions without including (solid) and including (dashed) the leading power correction in the subtractions. On the left,
the estimate is relative to the full NnLO contribution itself, on the right relative to the LO cross section. The bands show a
factor of three variation in the estimate around the solid lines. A similar variation should be considered to apply to the dashed
lines, but for simplicity is not shown.

the perturbative structure of the dominant power correc-
tions is given by

⌧N
d�(2,n)

d⌧N
= ⌧N

2n! 1!

m=0

C(2,n)
m lnm

⌧N ,

�
(2,n)(⌧cut) = ⌧cut

2n! 1!

m=0

A(2,n)
m lnm

⌧cut , (9)

where theA(2,n)
m coe! cients are straightforwardly related

to the C(2,n)
m! coe! cients by integration.

Hence, the dominant behaviour of the power correc-
tion is ↵s ⌧cut ln ⌧cut at NLO and ↵

2
s ⌧cut ln3

⌧cut at NNLO,
and so forth. While these corrections vanish in the limit
⌧cut ! 0, they do so slower and slower at higher orders
due to the strong logarithmic enhancement, requiring
very small values of⌧cut to be used in the subtractions.
In Fig. 1 we show an estimate of the error due to missing
power corrections " �(⌧cut) as a function of ⌧cut, based
on the form of their leading-logarithmic term relative to
the leading-power↵n

s coe! cient �(0,n) (on the left) and
relative to the LO cross section (on the right, assuming
a 10% correction at each order in↵s). The bands show a
variation of the estimate by a factor of three. We see that
for a Þxed value of the cuto#, the size of the missing terms
grows rapidly with the loop order. On the other hand,
in practice reducing ⌧cut comes at the price of a reduced
numerical stability in the NLO N + 1-jet calculation and
quickly increasing computational time required to obtain
small statistical uncertainties in the Monte-Carlo integra-
tion. The typical values used in current implementations
are in the ⌧cut " 10! 3 to 10! 4 range.

A possibility to greatly improve the numerical stabil-
ity of the subtraction, which was already put forth in
Ref. [46], is to explicitly compute the dominant power

corrections and include them in the subtractions. The
dashed lines in Fig. 1 show an estimate of the error
" (�cut) when including the leading-logarithmic power
correction, C(2,k)

2k! 1
, in the subtractions �

sub(⌧cut). Based
on this simple estimate, for small values of⌧cut, this
can reduce the error by about an order of magnitude, or
equivalently for Þxed error allow one to raise⌧cut by an
order of magnitude. This trend continues with each log-
arithm that is added to the subtraction. Therefore, both
the numerical stability and accuracy of the subtraction
can be signiÞcantly improved by computing the power
corrections. Note that the power corrections would give
an O(1) error to the N 3LO coe! cient even for very small
values of⌧cut, and therefore to make the application fea-
sible at this order it will be absolutely essential to include
the leading-power corrections in the subtractions.

The goal of this paper is to analytically calculate the
leading-logarithmic (LL) terms C(2,1)

1
and C(2,2)

3
at NLO

and NNLO for 0-jettiness, which is equivalent to beam
thrust [55, 72], for qøq-initiated Drell-Yan-like processes.
Like at leading power, this is made feasible by virtue
of the fact that TN is a physical observable. Our cal-
culation will be performed in SCET, which features a
systematic power expansion. To ensure that we have
identiÞed all sources for the power corrections we exploit
the recently determined complete basis of hard scatter-
ing operators for e+e! ! dijets and Drell-Yan from qøq
annihilation [73]. We will emphasize more generally how
SCET can be used to analytically compute power cor-
rections for physical resolution variables. By calculating
the LL terms exactly, we will also be able to numerically
extract the next-to-leading logarithmic (NLL) contribu-
tions from the full Þxed-order results. We study in detail
their e#ect on improving N -jettiness subtractions. Our
numerical results also conÞrm the naive scaling estimates

[M
O

U
LT

 E
T 

A
L

 (
20

17
)]

!33



!
|M| 2FJ d! d =

!!

0

"
|M| 2FJ d! d

#
s.c. +

1!

!

|M| 2FJ d! 4 + O(" )

<latexit sha1_base64="I9jOHxx4ubReBgIRYRhJZMpBeTE="></latexit>

Despite not being widely used in modern NLO calculations, slicing techniques have reappeared  in  NNLO calculations!   

 This is due  to the following reasons:

1. within the slicing approach, one can use existing NLO results for the CPU-intensive ``X+JÕÕ part of the calculation. The 
availability of very efÞcient tools for NLO calculations  allowed to obtain sufÞciently stable results for several key processes  
like V/H production, VV production, single-top production, top decay, H/V+J production, H ! bb decay, top pair production;

2. access to large computing facilities mitigates extremely high CPU requirements of the slicing method; 

3. NNLO corrections are typically small, as the result, often an O(20%-50%) error on the NNLO coefÞcient only results in a 
percent-level error on the total cross-section;

4. at NNLO, a simple-enough subtraction framework analogous to Catani-Seymour or FKS has yet to emerge.

Slicing techniques are very delicate and if one wants to use them it is very important to ensure that power corrections are 
under control. In general, their impact becomes more difÞcult to control in processes with a non-trivial color structure (see 
e.g. Campbell et al. (2019)), and in delicate Þducial regions (e.g. isolation). 
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Recently, the qt-slicing  method was extended to processes involving coloured massive particles. This allowed for the 
calculation of NNLO corrections to top pair production within this approach [Catani et al (2019)] conÞrming earlier results  by 
[Czakon et al.]
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Figure 1: NNLO corrections! ! NNLO normalized to theTop++ result as a function ofrcut in the
various channels. The blue bands represent our Þnal extrapolated result with its uncertainty.

in a separate publication. We have presented numerical results inpp collisions at 8 TeV and 13 TeV
and compared them to the corresponding results obtained with the numerical programTop++ .
We Þnd good agreement within the numerical uncertainties. Our computation represents the Þrst
complete application of theqT subtraction formalism to the hadroproduction of a colourful high-
mass system at NNLO. The computation can be naturally extended to di" erential distributions
and by applying arbitrary IR safe cuts on thetøt pair and the associated QCD radiation. More
details on the calculation and additional results will be presented elsewhere.

Acknowledgements . We are most grateful to Federico Buccioni, Jean-Nicolas Lang, Jonas
Lindert, Stefano Pozzorini and Max Zoller for their continuous assistance on issues related to
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For the total cross section, a detailed study showed that power corrections are under good control. 
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Use of slicing techniques for complex processes or in higher perturbative orders would likely require improvements. Roughly, 
they can be divided in three categories:

1.Devise ``optimalÕÕ slicing parameters, as they can lead to better performances. For example, even within N-jettiness slicing it 
is well-known that different N-jettiness deÞnitions perform very differently. In general, one would want a variable that 
restricts all radiation to be soft and collinear;

2.devise more differential slicing approaches. In principle, a fully differential slicing technique can be easily upgraded to a 
fully-ßedged subtraction;

3.develop a better understanding of power corrections.

Recently, there has been a lot of activity on (3). Conceptually, this is non trivial because it corresponds to 
understanding factorization properties of QCD at next-to-leading power.  

The Þrst power corrections have been obtained using (SCET-assisted) Þxed-order calculations. So far, results are only 
known for color singlet production [Boughezal et al, Moult et al, Ebert et al], and also in this case their structure is not 
completely understood. Analogous results for q t have been obtained [Ebert et al].
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Integration of soft and collinear limits of scattering amplitudes   is a problem that is common  to all  subtraction AND slicing 
schemes.   The ``unresolvedÕÕ phase-spaces, however, differ and are deÞned by a choice of a slicing variables or by 
particularities of a subtraction scheme. 

Interestingly,  slicing methods offer a (reasonably) clear path to a fully-differential description of color-singlet production in 
hadron collisions at N3LO: one needs N3LO soft and beam functions and an efÞcient way to compute V+j or H+j at NNLO. 

Recent progress in three-loop quark beam function computations deÞned with both zero-jettiness   variable [Behring, Melnikov, 
Riietkerk, Tancredi, Wever; Baranowski; large Nc only] and q t slicing variable [Luo, Yang, Zhu, Zhu].
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An important open question is whether the three-loop soft function can be computed for zero-jettiness. 
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Three Contributions

1. Two-loop renormalization
of single-gluon emission

2. One-loop renormalization
of double-gluon emission

focus in remainder of this talk

3. Three-gluon emission
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NNLO calculations are at the core of the precision program at the LHC.  They require multi-loop amplitudes and efÞcient 
subtraction schemes. In the recent past, there has been a lot of progress on both points.

In particular, there exist  several subtraction schemes for fully differential NNLO calculations that appear to be generic (s ector 
decomposition+FKS, antenna, jettiness slicing).

As processes of interest  become more and more complex, very efÞcient subtraction schemes are required. A ÒperfectÓ 
subtraction scheme at NNLO is yet to emerge.

Several proposals for ``betterÕÕ schemes appeared recently  (geometric, local analytic subtraction, nested subtraction). They are 
promising, but not yet fully developed.

Finding local and analytic subtraction schemes is also an interesting theoretical problem in QCD.  Indeed, a clear organization 
of soft/collinear information is needed not only for Þxed-order computations but also for  resummations and parton shower 
algorithms.   

Perhaps, these approaches, traditionally addressed from very  different perspectives,   learn from each other in a way that will 
improve all of them. 

Conclusion
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Slicing problems are overcome with subtractions:  one devises a subtraction term S that a) reproduces the matrix element in 
the soft-collinear limit and b) is simple enough to be integrated for generic conÞgurations of the resolved phase space. 

At least in principle, subtraction are local: singularities are subtracted point-by-point in the phase space and not on average. 

Because of this, power corrections are not an issue  and  cancellations of very large weights never happen; as a consequence, 
subtraction techniques should perform much better than slicing (conÞrmed in NLO computations). 

Subtraction schemes however suffer from other drawbacks:

1. it is non trivial to identify a good function to subtract; 

2. integration of the subtraction terms can be (prohibitively) difÞcult

3. it is non-straightforward to re-use existing NLO results for the ``X+JÕÕ part of the calculation
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In the recent past, several new schemes have been proposed with the goal to obtain a 
generic, local and analytic framework for NNLO calculations. 

One example is the ` g̀eometricÕÕ approach [F. Herzog]. It is based on 
the following:
1. identify singular regions directly in the sij space;

2. use this to construct a local slicing scheme in the sij space;

3. promote the slicing to a full subtraction.

In this framework, overlapping singularities are removed by explicitly 
ordering all possible limits.
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A nice feature of this approach is that the integration of the countersterms is simple. 

Its main drawback is that it is based on looking at the structure of individual Feynman diagrams. Every 
diagram is treated differently. This makes the underlying IR structure of the amplitude hidden. 

Currently, this approach is at the proof-of-concept stage. So far, it has been used to reproduce 
the known pole-structure of the double-real correction to H ! gg in pure gluodynamics ( nf = 
0).
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Another example of new schemes is the so-called `l̀ocal analytic sector subtractionÕÕ scheme 
[Magnea et al].

The origina idea of this approach is to combine FKS partition with Catani-Seymour 
parametrization of the phase space. It is constructed in the following way:

1. the phase space is partitioned in different regions in a FKS-like approach. Partitions are 
engineered to automatically remove overlapping singularities: different orderings are 
treated in different partitions;

2. in each partition, a simple CS-like parametrization is used. This leads to very simple 
counterterms, whose analytic integration is straightforward.

The method is fully local and fully analytic, and combine different approaches in an 
interesting way. 

The Þnal result has the expected dipole-like structure, although soft radiation is not treated 
globally but split into the various FKS sectors.

Currently, the framework has been used to reproduce the nf contribution to V! jj  decay, 
although extension to the more complex initial-state case is underway. 
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