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Motivation

General Idea: investigate novel routes in understanding soft and
collinear dynamics in multi-parton final states.

I Going beyond iterated 1→ 2
splittings in parton showers

I Combine with global recoil
scheme to capture

 higher logarithmic accuracy

I Include colour and spin correlations
I Refine ad hoc models of MC-programs,

e.g. azimuthal correlations
I Define language for connecting FO to parton showers
I Systematic expansion to handle uncertainties
I Work in a diagrammatic approach
I Address non-global observables
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Relation to fixed order

A variety of e.g. NNLO QCD subtraction methods are available (on
the cross-section level).
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Relation to fixed order

A variety of e.g. NNLO QCD subtraction methods are available (on
the cross-section level).

Instead of adding to the list, want to:
I Combine real and virtual contributions differentially
I Smooth phase-space coverage
I Let a MonteCarlo do the integrals
I Still keep a bridge to the fixed order and EFT side
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Project overview

Goal: study leading singular behavior for multiple emissions
1. Purely virtual corrections (Ines Ruffa, SP)2-loop

2. Virtual-real interference (Ines Ruffa, SP)1-loop, 1-emission

→ As phase-space integrals using Feynman-Tree-Theorem
3. Purely real corrections (ML, SP, Emma Simpson Dore)
↑ this talk

I Derive generalized splitting functions (input for parton showers)
I Only take collinear/soft limits at a late stage
I Keep interpolation over whole phase space
I Include overlapping singular regions
I Understand IR cancellations on a diagrammatic level
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One emission example



One emission example
Setup

I Leading IR singular behavior for gluon emission:
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One emission example
Partitioning

I Extract IR singular behavior:

∑
i6=j

j

i

+
∑
i6=j

j

i

=
∑
i6=j

M̃∗
[ N int(i, j)

(2qi ·k)(2qj ·k)
+
N self(i, j)

(2qi ·k)2

]
M̃

I Introduce partitioning (or weighting factors) using Sik ≡ 2qi ·k:

1 =
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+
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One emission example
Splitting kernels

I Collect singular structures in splitting kernels

U(ik)j ≡
1

Sik

N int(Sik = 0)

Sik + Sjk︸ ︷︷ ︸
non-singular in

Sik→0
or

Sjk→0

I Each kernel smoothly approaches soft singular behavior

I Keep colour (& potentially spin) information in kernels
I Yields potential for tracking colour correlations in PS
I Algorithmic generalization for higher emissions possible
I Recover splitting functions and Eikonal factors in

collinear/soft limits
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Momentum mapping



Momentum mapping
Adding emissions

{pr}

{pi}

M

add emissions−−−−−−−−→ M̃

{qr}

qn

{knl}

q1

{k1l}

Sp

Sp

I Start with on-shell (OS) momenta pi (to be emitters) and pr (to
be recoilers) with overall momentum transfer Q ≡

∑
i pi +

∑
r pr

I Add emissions to the process with:
1. Momentum conservation:

∑
i qi +

∑
i,l kil +

∑
r qr = Q

2. On-shellness of all partons
3. Parametrization of soft & collinear behavior for any # of emissions
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Momentum mapping

qr =
Λ

αL
pr

kil =
Λ

αL

[
αil pi + βil(1−Ai)ni +

√
αilβil(1−Ai)n

⊥
il

]
, Ai ≡

∑
l

αil

qi =
Λ

αL

[
(1−Ai)pi +

(
yi −

∑
l

βil(1−Ai)
)
ni −

∑
l

√
αilβil(1−Ai)n

⊥
il

]

I Lorentz transformation Λ⇒ non-trivial global recoil
I Decomposition w/ light-like momentum ni and n⊥il ·pi = n⊥il ·ni = 0

I k2
il = 0 implies (n⊥il )

2 = −2pi ·ni
I q2

i = 0 fixes yi in terms of the αil and βil
I Need α2

L = (Q+N)2/Q2 for momentum conservation

Q =
∑
r

qr +
∑
i

qi +
∑
i,l

kil =
Λ

αL

[∑
r

pr +
∑
i

(
pi︸ ︷︷ ︸

Q

+ yini︸︷︷︸
N

)]
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Momentum mapping
Soft and collinear scaling

I Soft and collinear behavior studied via scaling and λ→ 0:

kil (pi, ni, n
⊥
il ) (αil, βil, yi)

(forward) collinear Q(1, λ2, λ) (1, λ2, λ2)

soft Q(λ, λ, λ) (λ, λ, λ)

I Induces collinear scaling of propagators

1

(qi +
∑
l kil)

2
=

1

yi 2pi ·ni
→ 1

λ2

1

yi 2pi ·ni

I Take limits in splitting kernels to find leading singular behavior
I Note: yi non-singular in αil, βil:

yi =
∑
l

βil(1−Ai)−
(∑

l

√
αilβil(1−Ai)n⊥il

)2
2pi ·ni
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Phase space

I Can write down factorized phase space using momentum
mapping

dφ
(
{qi}S, {qr}R, {kil}Ei

|Q
)

= dφ ({p}R|PR)α
d−nR(d−2)

(2π)
d
δ
(
PS + PR −Q

)
×

dm2

2π
[dPR]

ω(~PR, αm)

ω(~QR,m)
Θ(Q

0
R)
∏
i∈S

[dpi]
ω(~pi)

ω(~qi)
Θ(q

0
i )

∣∣∣∣∣∂({~q}S, ~QR)

∂({~p}S, ~PR)

∣∣∣∣∣ ∏
l∈Ei

[dkil]Θ(k
0
il).

I Emission phase space:

dd−1kil = |J (αil, βil,Ω)| dαil dβil d
d−3Ω,

I Computable in d dimensions (where β̃il = βil(1−Ai)):

[dkil] =
1

(2π)d−1
Θ(αil)Θ(β̃il)

α2−d

4

(2pi·ni)
d−2
2

(αilβ̃il)
d−4
2

dαil dβ̃il dΩd−3.
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General Algorithm
and two emissions



General Algorithm
Amplitude

I Devise general setup for extracting singular behavior for k
emissions

qn+k

q1

M singular terms−−−−−−→
k∑
p=1

∑
r

qrplp

qrp1

qr1l1

qr11

M̃

Sp

Sp

I Write amplitude in terms of splitting operators and factorized
matrix element

|Mn+k(q1, ..., qn+k)〉 =

k∑
p=1

∑
{r}

Sp(r11|...|r1`1 )...Sp(rp1|...|rp`p )

|Mn(q1, ..., q(r11|...|r1`1 ), ..., q(rp1|...|rp`p ), ..., qn+k)〉
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General Algorithm
Amplitude squared

I Read amplitude squared in terms of
cut-diagrams (reverse unitarity)

I Single out topologies with leading
singular behavior
(via # of unresolved partons)

I Examples for two emissions:

M̃
Sp

Sp

M̃
Sp

Sp

Maximilian Löschner | ITP @ KIT 13 / 16



Two emissions

I For a given number of partons, find
categorization of singular configs

I Read:
(i ‖ j ‖ k) ' Sijk = (qi+qj+qk)2 → 0

I Triple collinear and double-soft
contributions

∝ 1
SijSklSijkSjkl

i ‖ j ‖ k SijSijk

i ‖ j ‖ l Sij

i ‖ k ‖ l Skl

j ‖ k ‖ l SklSjkl

(i ‖ j), (k ‖ l) SijSkl

(i ‖ k), (j ‖ l) 5

(i ‖ l), (j ‖ k) 5

Construct partitioning factors from

1 =
M2(SklSjkl + SijSijk + SijkSjkl) + (Skl + Sij)SijkSjkl
M2(SklSjkl + SijSijk + SijkSjkl) + (Skl + Sij)SijkSjkl

⇒ non-singular in any configuration
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Two emissions

B
(2)
ijkl ≡

k

i

l

j

∝ 1

SijSikSjlSijk
, Xijkl ≡

j

k

i

l

I Splitting kernels from partitioning factor × diagram

U(i|j|k)(B
(2))

= B
(2)
ijkl

M4Sjl

M4Sjl +M2(SijSijk + SikSijk) + SijSikSijk + SijSjlSijk + SikSjlSijk

=
1

SijSikSijk

M4N (2)
ijkl(Sijk = 0)

M4Sjl + Sijk(M2Sij +M2Sik + SijSik + SijSjl + SikSjl)

I Only leading-collinear in the (i|j|k) configuration
I Approaches singular behavior of full diagram in any

permutation of partons (triple-col, col-col, col-soft, soft-soft)
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Conclusions

Goal: study leading singular behavior for multiple emissions
(for applications in parton showers and beyond)

I Momentum mapping for exposing collinear and soft factorization
I Global recoil via Lorentz transformation
I Partitioning algorithm to separate overlapping singularities
I Comprehensive framework for organising singular behavior

Current work/checks:
I Continue development of general formalism
I Check implementation for two emissions in QED and QCD, e.g.

in double soft limits or via triple collinear splitting functions

Thank
you!
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