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Motivation/background AT

m Goal: use zero-jettiness 7 as a slicing variable for pp — V at N3LO
m zero-jettiness variable is defined as

= min [M}
—i€l,2 Q;

andwe sliceat ™ <« 1

Simplification due to factorization theorem derived in SCET
lim Aoy (7) = Br © B: ® S, © H, ® dof©
b

[Stewart, Tackmann, Waalewijn '10]
a beam function B, describes collinear radiation of incoming particles
m soft function .S, describes soft radiation
m hard function H, describes corrections to the Born process
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Beam function A\‘("‘

m beam function is a non-perturbative quantity defines as

Bi(t,x,p) = /d:cldxglij(t, x1, 1) fi(z2, )0 (z — x122)

m f; non-perturbative parton density function(PDF) for parton j

a [;; perurbative matching coefficient, describing transition of parton j
into parton 7 due to collinear emission
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partonic beam function IT

a Partonic beam function is a perturbative quantity defines as

Bij(t, 1) = / dardaa L (t, 1, ) fig (22, 1) (2 — 212)

a fi; perturbative partonic PDF
m [;; same perurbative matching coefficient as before
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In practice T

a Calculate B;;
a Solve above equations for I;; in terms of B;; (renormalization) e.g.

4CF

]( )~ B(3) + B(Q)

(2)

= require B;;” up to €2, right now known up to ¢”

[Gaunt,Stahlhofen, Tackmann’14]

m Perform convolution

B =1; ® f;
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Calculational set up A\K"

m Two possible approaches
a SCET
a full QCD
a Focus on full QCD
= allows use of well-developed loop calculation techniques
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Calculation of B;; IT

® B;; as an integral over the collinear QCD splitting function P; _, ;x (5,

Bij ~ Z/dPS(m)Pj—m*{m}
{m}
[Ritzmann,Waalewijn'14]

a Obtain splitting function through collinear projection operator P
[Catani, Grazzini '00]

Piyiefmy ~ PIM; ity

m Since QCD is charge-conjugation invariant we only need to consider
the sets (Za]) € {(sz QJ)a (QH.g)v (QZa q])? (g)g)v (gv QJ)}
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Projection operator IT

a Projection operator defined as

a fori € {q}
PIM, iy |?~ Tr | M;_,; p M
j—i*{m} Jj—ri*{m} p-(p=> km) j—i*{m}
m 'vm
u forie {g}
1
PIM;j i fmy )P~ — o (p -3 km> dyp (p - Zm)

x M* M7

=i {m} " j—oix{m}

where we have to use the gluon polarization tensor d,,, in axial gauge

d k) = k,uﬁu + puku
W( )= G+ Lk-D
vy
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Phase space measure A\‘("

a Consider collinear emission only of p;

T = min [2pi.km] :22]31‘]%1

—i€1,2 y — Q1

a m particle phase space now defined as

/dPS(m —(H/ 2ny st k2)>

x4 (22km-p—i>5<W—(l—z)>
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Calculation of B;; IT

a Altogether we write

Bij~ Y / dPSU™ PN e |
{m}

m for example consider ¢; — ¢; at NNLO

2 2
quqj- N/dPS( )P|qu'—>q;*{g79}| "’/dPS(Q)P‘qu—w,-*{q,q}‘z

(1) ddl loop 2
+ [ aps P|M X

(2m)d a—q; {9
{9.9} {a.a} {9}
Baig; ~Bgig;” + Baig;” + Byiq,
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Calculation of B;;

m Thus we have to consider the following diagrams

o

a) Diagrams forBéf’q}J b) Diagrams forBéfq’j’}. (c) Diagrams forBéfé?}.
= Actual diagrams for Béﬂ,’f}
ky ko ko ky k1 ko
) — ) — <
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Reverse unitarity, IBPs

a Use reverse unitarity to rewrite phase-space delta functions
[Anastasiou,Melnikov’'02]

i 1 1

C2m [pP—m24ie  p?—m2—ie

1) (p2 — m2) ,

m Use IBPs to reduce beam function to sum of master integrals
m Solve master integrals (Mls)
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Beam functions at NNLO AT

m We find that all five beam functions thqj, By, g, B%q—j, By, Bg7qj
can be expressed through 13 master integrals

a Integrals easy enough to be straightforwardly integrated
@ Many integrals can be computed in closed form in e
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Real-real master integral AT
m Consider the following integral
I:/ A’k / A%k, 6t (ki) 67 (k3) 0 (2ki2-p— 1)
(Qw)dq (QW)dA 1 2 z

« 6(2]{312-]5—(1—2))
(p—Fk1)? k3 p-ko

m Weinsert 1 = [d?Q5%(k; + k2 — Q) and change the order of
integration.

F(Q27p : Q?ﬁ Q)

I:/dan(sz—i)é(zcz-ﬁ—a—z))

QQ
ddk dlky 6T (k%) 6T (K3
F:/ 1 / 2 (1)27(2)511(@_]{;1_]{;2)
(2m)d=L | (2m)d=t (p—k1)? p- ko
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Real-real master integral

a We exploit Lorentz-invariance and set Q = (Qo, 0,0, 0).

__1/ A9k 6(Qo — 2|ky)) 1
(27)24-24)k1 |2 polkr|+Pk1 polki|—p ka1

2

a Introduce spherical coordinates for El

- 1 Qo [ Ay, 1
F= (2p0Qo0)(2P0Qo) ( 2> / (2m)24=2 (k- p1) (kn - p2)

and we abbreviated p; = (1,7,), p2 = (1,—75) , kn = (1,7)

a Calculate the angular integral [Somogyi'14]
di-1Q 272¢T(1 — ¢)?
/ K :—QH—u oF) (1,1,1 — ¢, 1 — £22)
(k)n -pl) (kn . pg) F(l — 26)
with 12 = (1 — 7ip, - 7ip,)
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Real-real master integral AT

m Restore Lorentz-invariance

Qg (Q?)~ (1 —e)(—e)
(2m)24=2 (2p-Q)(2p- Q) T'(1 —2e)
X oF; (1,1,1%

F(QZ’p- Qaﬁ Q) = -

QQ
) (2Q~p)(2Q~ﬁ)>
a Substitute F' back into I

1= [aQs(20-p-1)52@-p—(1-2) FQ%p-Qp-Q)

® Introduce a Sudakov decomposition Q* = ap# + Sp* + Q'

1—=
z (Qd_2)2 I'(l—el(—¢ z e
I=- 2d—2 ( ) ( ) in (Qi)
(1—2)4(27) T1-20 J,
2
(2 -0h) MR (L1 -1 - E2)
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Real-real master integral AT

a We finally find

o (Qi_2)? [1—2\ 12Tl —e)2(—e¢)?
© 4(2m)2d-2 z (1 — 2¢)?

x 3Fa(1,1,—6;1 — 26,1 —¢,1)

a If the last parametric integral is unsolvable we expand in € and
integrate order by order
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Real-virtual master integral AT

m Consider the following integral

d d4
! :/ (2mr)d-t / (2m)d o (kQ) ’ (Zk P %)
5(2k-p—(1-2))
2 (-p) (p—0* (p—k-1)?
a We begin with the loop integration

/ d4 1

@m)d2 (I-p) (p—1)? (p—Fk—1)?

= Combine the two propagators 1/1% and 1/1 - p using a special choice
of Feynman parameters [Becher'14]

1 /1 da v=15 /°° q 1
AB~ Jo WA+(A-2)BR ~ Jo “V[A+yBE
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Real-virtual master integral AT

a The propagators are now written in a standard form

11 dy _[F Ay
l2(2l-;§)_/0 (z2+2l-py)2_/o [(1+y p)??

..and we obtain the standard loop integral

ddl 1
I_/ dy/ l+y pH2 01?2 (p—k—1)?

a The integration is straightforward. We find

I=—i 273 2072 B(—¢,1) B(—e, —€) I'(1 4 ¢)
X(2p- k)1 oF (1, —6,1 — €,2p- k).
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Real-virtual master A\‘("‘

a Substitute into the remaining k integration

d
I:/(Qi)f_lﬁ(k?) §(2k-p—1)s(2k-p—(1—2))1

a Introduce Sudakov decomposition k* = ap” + Bp* + ki and
immediately obtain

(Qu-s)? (1= 2) st
8(2m)2d=2  (1+e¢)
X I'(1—¢€)T'(24+¢€) oF1(1,—€,1 —¢,1 — 2).

I= B(—¢,1)B(—¢, —¢)
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Conclusion and Outlook

m Beam functions can be calculated as phase space integrasl over
collinear enhanced cross sections with P as a special Feynman rule

® AtNNLO all five partonic beam functions By, 4., By, g, Bgi.q;» Bg.gs
By 4, in terms of 13 master integrals

= All five matching coefficient calculated to order €2, and checked
against literature

m Outlook: N3LO calculation....
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Backup T

a Consider the Integral

/ dT‘/ dal 1_a1 1 26(1 _T)fl—QeT—lfg

(1—aq + ozlr)Qe

-1 + (1 — Z)Oél

2F1( 26,1—6,7’),

..which diverges at «;y = 0and r =0, 1.

m We cannot solve this integral in a closed form. For this reason we
would like to expand the integrand in a Laurent series in € solving the
integral order by order. To this end, the integrand needs to be finite in
the whole integration interval. We achieve this by performing
end-point subtractions.

®00
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Backup

a For example, we write

(1—oq +air)* ((1 —a1+a1r)?® (1 —ag +agr)*

a1—0>

14+ (1-2)a1 \ =1+ (1 -2y —14+(1-2)
(1 —ay +ayr)*
=1+ (1 =2 |4,
_ ((ii:f%{ifgiie4—1>«—1.

m Substituting this back into the above equation we obtain the sum of
twointegrals I = I + I

o] Yo}
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1 1
L = / dr/ dai(1 —ay)2a; 721 — )12 le
0 0

2e
—l—l) oF1 (—e,—2¢,1 —¢,1),

1 / d’r’/ dal 1-0&1 1 26(1 —7“)_1_267“_1_6
X oF1(—€,—2¢,1 —¢,7).

® The a; = 0 singularity in the integral inl; is now regulated by the
term in parenthesis, while the second integral 1> can be easily
integrated if we identify the r integration with the integral
representation of the generalized hypergeometric function 3 F5. The
1, still divergesinr =0and r = 1.

ooe
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