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Introduction

» Computation of jet cross sections beyond LO complicated by IR-divergences

> Subtraction techniques: subtract IR soft and collinear behaviors from the real
emission, then add them back to virtual contributions to cancel the IR poles

> (. subtraction: e.g. top quark production at hadron colliders
> N-jettiness slicing: e.g. H+jet, W+jet and Z+jet

N-jettiness variable: Ty = min {n; - pi}
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Introduction

Boughezal, Focke, Liu, Petriello(2015)

N'jet cross section: Gaunt, Stahlhofen, Tackmann, Walsh (2015)
do(X) Tout do(X) do(X)
o(X) = / ATy — / ATy + / ATy
0 dTN 0 dTN Ejin dTN
singular non-singualr
N-jet final state N+1-jet / multi-jets
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Introduction

N-jet cross section:

do(X) /T do(X) / do(X)
X —ld = d d
o /0 eraw et - TN =i

singular non-singualr

/ N-jet final state N+1-jet / multi-jets

Compute using factorization theorems in soft/collinear limits

do(X
&:H><Ba@Bb®J1®...®JN®SN+O(TN)

dTN / \ v J (N ~ J \

Hard function Beam functions Jet functions N-jet soft function

n2

Hard function: for many processes known to NNLO (e.g. W+jet)
Beam function: known to NNLO

Jet function: known to NNNLO — % Rubin’s Talk

Soft function: for N=0,1,2 known to NNLO (heavy to light
decay known at NNNLO)

* This Talk
Calculate the N-jet soft function for arbitrary N to NNLO
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Automate soft function calculations

Idea: Automation

* Find generic strategy to evaluate soft functions (to NNLO)

° Set up a numerical method based on universal structure of divergences
v’ |solate singularities with universal phase-space parametrization
v' Compute observable dependent integrations numerically

v SoftSERVE
— Dijet soft functions (two light-like directions)

— Explicit NNLO results for O(15) observables (e.g. jet grooming, jet vetoes,
threshold and transverese momentum ressumation, e*e” event shapes)

Alm: extend framework for calculating N-jet soft functions at NNLO
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Outline

Automating generic N-jet soft function calculation

(@) NLO: Real emission
Boost invariant parametrization
(b) NNLO: Virtual-Real interference
Double-Real emissions

N-jettiness soft function

(a) Constraints from RGE
(b) 1-jettiness Ppreliminary Results
(c) 2-jettiness Preliminary Results

Summary and outlook
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N-jet soft functions



N-jet soft functions at NLO

> N-jet Soft functions

ZM {ki}) (0] (S Sy Sg -2 )T 1X) (X (Sy Sy Sig -+ ) [0)
0
multiple soft Wilson lines S;(z) = Pexp (7;98/ ds n; - A%z + sn;) Tia)
M(7,{k;}) generic measurement function

v" One-loop: Virtual corrections scaleless, real emissions diagrams contribute

v" N-jet soft function at NLO: Sy = Z T, - Ty Sqp
a#b

Sup ~ / a%% 6(K) O(k%) M (r, {ki}) | Aap (k)

dipole matrix element Dijet matrix element
Ng * Np s T
A k 2 et s 2 ~ W
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Setup of calculation at NLO

Strategy

1. Parametrization: use the transverse momentum and rapidity measure

kT:‘IQkakb yzﬁ Nagh = Mg "Ny
Nap kb k'XE'rLXk'

> Parameterizing the solid angle: Sudakov decomposition is a Lorenz covariant relation

nh i
k/“L: kbn—ab —|— k‘an—ab —kx3n53 _kw4n';4+
NEE —~—— i/
Ky
ky, = —kr cos(61)
k., = —kp cos(fs) sin(6y)
ky, = —kr cos(04_2) sin(f4—3) ... sin(6;)
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Setup of calculation at NLO

2. Generic measurement function (inspired by Laplace space)

M(T; k) :exp<—TkTy"/2 vV Nab/2 f(y,91,92)>

> k. dependence fixed on dimensional grounds

> f(y,01,02) finite and non-zero in collinear limity — 0
> Factorized part of kinematic dependences on n_ : improves numerical convergence

> External kinematics are limited to 4-dim =—» 2 angles for N-jet processes
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Setup of calculation at NLO

3. Integrate k_ analytically

4. Derive a master formula

Soft divergence

/_%
Sab(T, ,U) | I;S—QE) ( \/WTQVEM) 2¢ Collinear divergences
(=€) ,
X /1 dy /1 dcos@; dcosfy sin~172€ 0 sin 2729, ylTNE {f(y,91,92)r€
0 | e

Measurement function

v’ Singularities from k., - O and y — 0O are factorized
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N-jettiness soft function

5. Isolate singularities with standard subtraction techniques:

/ 1 dx x— 117 f(x) = / : dx x~ 1 [ f(x) — £(0) + f(0) ]
0 0 N - s~

finite  1/e

Numerical implementations:

> Based on pySecDec

general implementation of sector decomposition algorithm
Cuba library (use Vegas routine) for numerical integrations

> Based on SoftSERVE

dedicated C++ implementation for N-jet soft function
Cuba library (use Divonne routine) for numerical integrations

Siegen 2020 12/26




Setup of calculation at NNLO

v" Two-Loop: Virtual corrections scaleless

v Real-Virtual contribution

Sev =3 To - TpSE + Y (Aab— Aak — k) faBc Ty Ty TS Sipe

a#b a#b#c
— __
———
+1 if X and Y are both incoming/outgoing Three-parton correlation
Axy = 0 otherwise (process dependent)

> dipole contribution : follow the same strategy of NLO
Dijet matrix element

1+€
AZB)P ~ (2-) N2 o (P oIt
[ Ags (k)| T IA(K)] (2k+k_)

> tripole contribution:

v only present in processes with four or more hard partons

v choose dipole n_- n_and follow the same strategy of NLO

Im QN Nac )( Nab )6
|Aabc(k)| (2 ka kc 2 ka kb
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Setup of calculation at NNLO

v Double real corrections:

) radiation of soft qq pair S99 = T ng Z Je e SZ;F"f >®<
a#b //
) b
. . _ C
1) radiation of double-real gluons = e Z T, - Ty S W
a#b g B

[Il) tripole and quadrupole contributions are accounted for by non-abelian exponentiation

assume non-abelian exponentiation

» T_n, structure

Seat o / d?k 6(k?) 0(k°) / A1 6(1%) 6(1°) M(T; k, 1) ‘Aab (k 5)

Tan
matrix element
. AR
Aus(k B 2Rk L) — (kL Liky) o
an (kz ) (k ‘|‘l ) U—V Overlapp|ng dlvergence
- . . -~ 2
A(k, 1) i 2k Uk AL )y ) — (Rl — 1 ky)

I o (b_ + 1) (ky +141)2 (2K - 1)2
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Setup of calculation at NNLO

Strategy
1. Parametrization: collective and relative variables related to a two body system
\/ e = oy o O
D= n—ab(a—I_ a)(ky +1p) ko ly Ui
Fol ko ky  kr
y S b =
ky + I Ll I

2. Generic form of the measurement function: five angles in transverse plane

M(rik,1) = exp (= Tpry™? V/ran/2 F(a,b,y, 001, Onks ks Oty Onis)

> p,dependence fixed on dimensional grounds

> F(a,b,y, 011, 00k, Onkys Oniy , Oni,) finite and non-zero fory - 0

> External kinematics are limited to 4-dim = 5 angles for N-jet processes
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Setup of calculation at NNLO

3&4. Integrate P_ analytically and obtain the master formula

Soft divergence

/_H
['(—4e)

E 4e 1
r(_e)m/z_e)(Te ) /Odydadb

1
X / d cos Oy, dcos bk, dcosb,, Sing: - Ghsine e S Ok
]

SC'FTan (T7 :u) i

1
X / dcos 0y, dcosb,, sin—172¢ 00 SN Ol

—1
y—1+2ne de
X 5 2 [F(a7 b7 Y, Hkrla enk:l ) anga enll ) enlg) j(a’7 b7 Y, 6)
(1 +a*—2a cos@kl)
- A AN J
~" ~ Y
/ Collinear divergences Measurement function Matrix element

, : : Jacobian
Overlapping singularity:

I) Sector decomposition
II) Factorize the singularity with a simple change of variable
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Applications:

N-jettiness soft function



Solving RGE

» RGE for the renormalized soft function and the counterterm

MT = 2’75 Sl e QS(TaM)'Ys
MdZS(Ta /'L) = _1785(7.’ ,LL) iﬂag [ZT“ e ln(\/2nab),ZTc'Td Acd]
du 2 as£b c#d

» Soft anomalous dimension given by consistency relation(RG invariance)

O — Fcusp { = D Z Ta g Tb In (\/m,uf) + o Z Ta ' TbAab} i ,ygon—cusp

a#b a#b
related to the anomalous dimension
o — +1 ifaand b are both incoming/outgoing of hard Wilson Coefficient from
ab 0 otherwise matching QCD to SCET

Solve iteratively for the bare soft function (provides a cross check for the poles)

SPae () = Zg (7, p) S(7, ) Z&(7, 1)
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N-jettiness soft function

The soft function in Laplace space Zo=1- (f—;)%
7 2¢ — a
S(T,u):l—l—( Z‘O‘s) ZTa-Tb(\/Znabu%> sW(e) B A
N a#b
s () B @ N (2Jm)
+( o ) S Ta To(vERaur) @@ + Y tane TATETS (u7) " 8¢
a#b a#b#c
1
+§ Z Ta'Tch’Td( vV ap Ned K 7_2) S(glly()sé(lj ‘|‘O
a#b,c£d
known results for /
any number of jets
A

€
2101567r24 T
59@:@W4—§?6§+i‘—+—‘4)+Imq

vo[be b 2 -+ B2

5 0 N\ This work: Preliminary Results

18 6

@
e s ‘”@+—%M) 1))

poles are known from RGE
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Numerical checks |

One-jettiness in pp collision

e C£2

ct
o+ Tl + I + KL,

. nig = 2

ni3 = 1 — cos(H)

CZ C2 C2 C2 C2 C2
—2 -1 Tan —4 —3 —2 -1 CA i
) e . e bt ] +Ca [ g7 Sl = ik 2 q . i Iab}) n23 = 2 — N3
5 5
4 4
Proton Proton
3| 3 beam a R beam b
Relative - 2 {2 "
Uncertainty (1) (1) ‘ (1) =
<o.01% %% Sy, 1 S13 it Sos S
na
0.0 : i 9
e Ds o s s RS e R 0.2 o= Dle 0.8 10 00 e 0 A Dl =0 1.0
~05 0
2-Loop : =
ns Jet
p-1.0
T.n, -2 -2 /
-15
. -2.0 . .
Relative @) 4 4 Our numerical results using
Uncertainty 2% S il ' (2)
coas oo el n ER LA 85| pySecDec (VEGAS) and
' o -6 -6 TP SoftSERVE (Divonne)
_40 w routines agree with each other.
0:0iE 02 Blou e di0le il H08 S 1i0. 00k = 0i2 i oA 06E = 08 150, 00=Bi02:E 5027 =F 06 08 10 They (dots) also agree within

2-Loop 4 il 1
12 1e
C. > 5 5 o terms at NNLO (lines).

the uncertainty with the known
results at NLO and divergent

8 8
Relative 2 ‘6 5(2) 6l @
Uncertainty @) 4 13 o 4 Ss3
<0.1% Sia Ca
Ca 2 2
0 0 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0:2 0.4 0.6 0.8 1.0
n13/2 1'113/2 n13/2
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Our predictions |

One-jettiness in pp collision

1 1
i C72 C—l 1 1 nig = 2
Sc(zb)(e) e b5 E5 Iab T€ Kab
i - ni3 = 1 — cos(6)
@2 C? (@b ek (eh (62 2
5(2)(6) e -3, ~-2 , Y1, (Tene] | @ = (0 —2 4 ¥-1, 1Ca e
= e €2 € s AT 3 ) 2 ab N23 = ni3
1-Loop 1 15 1 15 i
>0 .
K12 K13 K23
Relative 15 | 10 10 Eroton Erotonb
Uncertainty o, eama eam
<0.01% 10 . . : . ni
gl . . . 5 . R patte
5
12
0 0 0 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
2-Loop -20 -20 -20 T =
Tgrng Tgne FIf n Jet
Tn, —y 112 250 I3 -25 I3 3
I
AR .. -0t T T -30 : e
Relative —40
Uncertainty | - =35 . s
<0.1% “ 1 40 _40
-60 A 45 © | -as)
-70 -50 * {1 -50
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
2(-:L00p 180 160 & «1 160 C
—> Ca . A A
A 6of I3 10 113 140} * | DY
Relative ' 120 *11201 |
Uncertainty 120} - .
<0.1% 100 100 7 {100
80 .. : 80 . 80
60/ 60 . ¢ " 60 * .
40 40l 40 -
0.0 0.2 0.4 0.6 08 10 00 0.2 0.4 0.6 0.8 10 00 0.2 0.4 0.6 0.8 1.0
nig/2 niz/2 ni3/2
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wmencaces | ONe-jettiness in pp collision

Sum of the dipole contributions and color factors at NNLO for different
partonic channels gg — g,qq — g,qg — q in the distribution space
(coefficients of5(71) ). Our results (black dots) vs. fit result in Ref.[2] (lines)

gg — 8

qq — g

qg — q

20
* BDMR

3 99->9
AC — CEMW

-20

—40

-60

-80

nig = 2
nig = 1-— COS(Q)

Tio3 = 2 — N3

o“}{ o byt oA { f }{H}} Ref. [2]: Campbell, Ellis, Mondini, Williams

(2017)

-100 Ref. [2] provides useful fits to their

numerical results. However we could
not reconstruct their uncertainties!

Our numerical results from Soft SERVE
with Divonne integrator

Siegen 2020 22/26



Two-jettiness in pp collision

Numerical checks |

1 1
1 C72 C—l nig = 2
S()(e): R 2
ab 2 ab ab
i éz 2 C2 2 C2 2 C2 ni3 = 1 — cos(6)
(2) = sz -1 Tgng C74 -3 C72 -1 Ca e
Sap (€) = ( Trng 3 2 + 7 + L +Ca A + 3 v : =Ly ngg = 2 — ni3
1-Loop 0O
15 .
Relative 10 Jet 2 14
Uncertainty 0.5
<0.01% 00
_05 Proton Proton
The first beam a beam b
Purple line -1.0 ni
<0.1% -15 _
0.0 0.2 0.4 0.6 0.8 1.0 00 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
2-Loo 9
P ol s 0
Tan - Trng
0.0 .
ns Jet 1
Relative  _p 5
Uncertainty
< 0'1% _1.0 e & * » - * .
00 02 04 1o Our numerical results (dots)
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c': 0P s s s 15 the known results at NLO and
A ) 10 the divergent terms at NNLO
-2 S(2) ’
2l 5
Relative -4
Uncertainty 0
<01% 6 5
-8
-10
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Two-jettiness in pp collision

Our predictions |

1 1
1 C C n =)
SG(e) = —2 + —2 +1h, + €KL, L2 )
€2 i e
o, 2, cz, 2, C2, C2 G o
ab B D z e = v f ab s ni3
1-Loop—?S K1 35 ) 135 .
30 30 30
B Kis : Kas Jet2 44 Tiy
Relative 25 25 .25
Uncertainty og} ° 20 20
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10 10 . 10 beama beam b
5 Bf®ee o o o o 5 e o o & see nl
0 0 =
0.0 0.2 1.0 0.0 0.2 0.8 1.0 0.0 0.8 1.0
2-Loop 0 0 9 9
Tn —> ITan Irlr:-fnf I TFne
-20 —-20 -20 23
40 ] mee e o e . N
. * -40 . —40 n3 Jetl
Relative -60f ° . /
Uncertainty : .
<0.1% -80], ~60 -0
-100 -80 -80},
0.0 02 0.0 0.2 0.8 10 0.0 0.8 1.0
2-Loop 4, pe a0l 300
—_— A . C
Ca os0f,  l12 os0, L13 250 | By
Relative  poq | 200 .1 200
Uncertainty . . .
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Two-jettiness in pp collision

S fanoTATE IO SE™(€) = fape TE TP T 1079

nig =2

ni3 =1 — cos(0)

e nog = 2 — N3
(2,Im) Cfg’fm) c (3'{21“r ) (2,4m)
= (E) — €5 + €2 + € + Ia.b
. Jet 2 T4
| Numerical checks | Our predictions ©
Proton Proton
4000 beama beam b
200 , L
2000 .
0 0 B e | 9 2
_200 \ _2000 . . ﬁ3 et 1
-4000 :
-400
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
nis/2 Relative Uncertainty < 0.1% ni3/2
v" Our numerical results (dots) agree
within the uncertainty with the known
results at NLO and the divergent
terms at NNLO (lines).
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Conclusions and outlook

Conclusions

v Systematic extension of our framework for automated calculations of N-jet soft functions

* First step assumes non-abelian exponentiation and SCET-1 type observable

v" NNLO results

* Numerical results for 1-jettiness and 2-jettiness soft function

* N-jet implementation in SOt SERVE

® Our calculation allows to extend the N-jettiness technique to processes with N-jets

Outlook

» Other observables on the horizon (angularities, boosted-tops, hadronic event shapes, etc) (w.i.p)

* may trigger new ideas for subtraction techniques

Thank you for your attention!
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