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• The ‘master formula’ for LHC observables:

QCD factorisation
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<latexit sha1_base64="ItvGeFNUQ1wtYooOyDigkynrKIs=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4kGEyah+7ghuXFZy20A4lk2ba2ExmSDJiKQX/wI0LRdz6Qe78GzNtBRU9cOFwzr3ce0+QcKa043xYuaXlldW1/HphY3Nre6e4u9dUcSoJ9UjMY9kOsKKcCepppjltJ5LiKOC0FYwuMr91S6VisbjW44T6ER4IFjKCtZG8m5O7ntsrlhy7fF6roVPo2I5bRjWUkbJbRRWIbGeGElig0Su+d/sxSSMqNOFYqQ5yEu1PsNSMcDotdFNFE0xGeEA7hgocUeVPZsdO4ZFR+jCMpSmh4Uz9PjHBkVLjKDCdEdZD9dvLxL+8TqrDqj9hIkk1FWS+KEw51DHMPod9JinRfGwIJpKZWyEZYomJNvkUTAhfn8L/SdO1kWOjq7NSvX4/jyMPDsAhOAYIVEAdXIIG8AABDDyAJ/BsCevRerFe5605axHhPvgB6+0T0ESPFQ==</latexit><latexit sha1_base64="ItvGeFNUQ1wtYooOyDigkynrKIs=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4kGEyah+7ghuXFZy20A4lk2ba2ExmSDJiKQX/wI0LRdz6Qe78GzNtBRU9cOFwzr3ce0+QcKa043xYuaXlldW1/HphY3Nre6e4u9dUcSoJ9UjMY9kOsKKcCepppjltJ5LiKOC0FYwuMr91S6VisbjW44T6ER4IFjKCtZG8m5O7ntsrlhy7fF6roVPo2I5bRjWUkbJbRRWIbGeGElig0Su+d/sxSSMqNOFYqQ5yEu1PsNSMcDotdFNFE0xGeEA7hgocUeVPZsdO4ZFR+jCMpSmh4Uz9PjHBkVLjKDCdEdZD9dvLxL+8TqrDqj9hIkk1FWS+KEw51DHMPod9JinRfGwIJpKZWyEZYomJNvkUTAhfn8L/SdO1kWOjq7NSvX4/jyMPDsAhOAYIVEAdXIIG8AABDDyAJ/BsCevRerFe5605axHhPvgB6+0T0ESPFQ==</latexit><latexit sha1_base64="ItvGeFNUQ1wtYooOyDigkynrKIs=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4kGEyah+7ghuXFZy20A4lk2ba2ExmSDJiKQX/wI0LRdz6Qe78GzNtBRU9cOFwzr3ce0+QcKa043xYuaXlldW1/HphY3Nre6e4u9dUcSoJ9UjMY9kOsKKcCepppjltJ5LiKOC0FYwuMr91S6VisbjW44T6ER4IFjKCtZG8m5O7ntsrlhy7fF6roVPo2I5bRjWUkbJbRRWIbGeGElig0Su+d/sxSSMqNOFYqQ5yEu1PsNSMcDotdFNFE0xGeEA7hgocUeVPZsdO4ZFR+jCMpSmh4Uz9PjHBkVLjKDCdEdZD9dvLxL+8TqrDqj9hIkk1FWS+KEw51DHMPod9JinRfGwIJpKZWyEZYomJNvkUTAhfn8L/SdO1kWOjq7NSvX4/jyMPDsAhOAYIVEAdXIIG8AABDDyAJ/BsCevRerFe5605axHhPvgB6+0T0ESPFQ==</latexit><latexit sha1_base64="ItvGeFNUQ1wtYooOyDigkynrKIs=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4kGEyah+7ghuXFZy20A4lk2ba2ExmSDJiKQX/wI0LRdz6Qe78GzNtBRU9cOFwzr3ce0+QcKa043xYuaXlldW1/HphY3Nre6e4u9dUcSoJ9UjMY9kOsKKcCepppjltJ5LiKOC0FYwuMr91S6VisbjW44T6ER4IFjKCtZG8m5O7ntsrlhy7fF6roVPo2I5bRjWUkbJbRRWIbGeGElig0Su+d/sxSSMqNOFYqQ5yEu1PsNSMcDotdFNFE0xGeEA7hgocUeVPZsdO4ZFR+jCMpSmh4Uz9PjHBkVLjKDCdEdZD9dvLxL+8TqrDqj9hIkk1FWS+KEw51DHMPod9JinRfGwIJpKZWyEZYomJNvkUTAhfn8L/SdO1kWOjq7NSvX4/jyMPDsAhOAYIVEAdXIIG8AABDDyAJ/BsCevRerFe5605axHhPvgB6+0T0ESPFQ==</latexit>

d�(p p ! X) =
X

i,j

Z 1

0
dx1 dx2 fi(x1) fj(x2) d�̂(i j ! X)

<latexit sha1_base64="toSYy5ALFGK8JGb1BILJ8l5FfuA="></latexit><latexit sha1_base64="toSYy5ALFGK8JGb1BILJ8l5FfuA="></latexit><latexit sha1_base64="toSYy5ALFGK8JGb1BILJ8l5FfuA="></latexit><latexit sha1_base64="toSYy5ALFGK8JGb1BILJ8l5FfuA="></latexit>

Parton Distribution Functions
non-perturbative; 

describe structure of the proton

Partonic cross section
computable in perturbation theory 

as collisions between quarks and gluons

d�̂ ⇠
Z

dPS |A|2
<latexit sha1_base64="nuzWEGc5LLdK0KqNsoPNpAZhrF8="></latexit><latexit sha1_base64="nuzWEGc5LLdK0KqNsoPNpAZhrF8="></latexit><latexit sha1_base64="nuzWEGc5LLdK0KqNsoPNpAZhrF8="></latexit><latexit sha1_base64="nuzWEGc5LLdK0KqNsoPNpAZhrF8="></latexit>

A
<latexit sha1_base64="MzdE2hk/dRU5OOlxFpiyjVAxve4=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4Colo6rLixmUF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7agVg8MHM65wz33RClnGlz30yqtrK6tb5Q3K1vbO7t71f2DtpaZIrRFJJeqG2FNORO0BQw47aaK4iTitBONrwu/c0+VZlLcwSSlYYKHgsWMYDBS0EswjAjm+dW0X625ju/7df/Cdh13hm/iLUgNLdDsVz96A0myhAogHGsdeG4KYY4VMMLptNLLNE0xGeMhDQwVOKE6zGeRp/aJUQZ2LJV5AuyZ+vNHjhOtJ0lkJouIetkrxP+8IIP4MsyZSDOggswXxRm3QdrF/faAKUqATwzBRDGT1SYjrDAB01LFlOAtn/yXtM8cz3W82/Nao/Ewr6OMjtAxOkUeqqMGukFN1EIESfSIntGLBdaT9Wq9zUdL1qLCQ/QL1vsXyxSR+Q==</latexit><latexit sha1_base64="MzdE2hk/dRU5OOlxFpiyjVAxve4=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4Colo6rLixmUF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7agVg8MHM65wz33RClnGlz30yqtrK6tb5Q3K1vbO7t71f2DtpaZIrRFJJeqG2FNORO0BQw47aaK4iTitBONrwu/c0+VZlLcwSSlYYKHgsWMYDBS0EswjAjm+dW0X625ju/7df/Cdh13hm/iLUgNLdDsVz96A0myhAogHGsdeG4KYY4VMMLptNLLNE0xGeMhDQwVOKE6zGeRp/aJUQZ2LJV5AuyZ+vNHjhOtJ0lkJouIetkrxP+8IIP4MsyZSDOggswXxRm3QdrF/faAKUqATwzBRDGT1SYjrDAB01LFlOAtn/yXtM8cz3W82/Nao/Ewr6OMjtAxOkUeqqMGukFN1EIESfSIntGLBdaT9Wq9zUdL1qLCQ/QL1vsXyxSR+Q==</latexit><latexit sha1_base64="MzdE2hk/dRU5OOlxFpiyjVAxve4=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4Colo6rLixmUF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7agVg8MHM65wz33RClnGlz30yqtrK6tb5Q3K1vbO7t71f2DtpaZIrRFJJeqG2FNORO0BQw47aaK4iTitBONrwu/c0+VZlLcwSSlYYKHgsWMYDBS0EswjAjm+dW0X625ju/7df/Cdh13hm/iLUgNLdDsVz96A0myhAogHGsdeG4KYY4VMMLptNLLNE0xGeMhDQwVOKE6zGeRp/aJUQZ2LJV5AuyZ+vNHjhOtJ0lkJouIetkrxP+8IIP4MsyZSDOggswXxRm3QdrF/faAKUqATwzBRDGT1SYjrDAB01LFlOAtn/yXtM8cz3W82/Nao/Ewr6OMjtAxOkUeqqMGukFN1EIESfSIntGLBdaT9Wq9zUdL1qLCQ/QL1vsXyxSR+Q==</latexit><latexit sha1_base64="MzdE2hk/dRU5OOlxFpiyjVAxve4=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4Colo6rLixmUF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7agVg8MHM65wz33RClnGlz30yqtrK6tb5Q3K1vbO7t71f2DtpaZIrRFJJeqG2FNORO0BQw47aaK4iTitBONrwu/c0+VZlLcwSSlYYKHgsWMYDBS0EswjAjm+dW0X625ju/7df/Cdh13hm/iLUgNLdDsVz96A0myhAogHGsdeG4KYY4VMMLptNLLNE0xGeMhDQwVOKE6zGeRp/aJUQZ2LJV5AuyZ+vNHjhOtJ0lkJouIetkrxP+8IIP4MsyZSDOggswXxRm3QdrF/faAKUqATwzBRDGT1SYjrDAB01LFlOAtn/yXtM8cz3W82/Nao/Ewr6OMjtAxOkUeqqMGukFN1EIESfSIntGLBdaT9Wq9zUdL1qLCQ/QL1vsXyxSR+Q==</latexit>

= scattering amplitude



➡ Each diagram translates into an analytic formula.

= + + + . . .

q

q̄

g

g

•     computed from Feynman diagrams:

Scattering amplitudes
A(L)

➡ Perturbative expansion ~ expansion in number of loops.

• Probabilities are related to the square of the amplitude:

|A|2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= AA⇤
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=Proba ⇠
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Anatomy of higher orders

++

Individually divergent, but sum is finite.

• Next-to-LO (NLO):

• Next-to-next-to-LO (NNLO):

Virtual Real

• Leading order (LO):



• In the rest of the talk: I focus (mostly) on virtual contributions.

• Virtual corrections require the integration 
over momentum of unresolved particle. k

!

Z
d4k

Anatomy of higher orders

• State of the art:
➡ 1 loop: usually doable.
➡ 2 loops:                 ,                        ~ 2000-05<latexit sha1_base64="wPYhtdQJbQyCwoTFMwzmGhH/LHY=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgQsqMKLosuHFZwbZCZyiZNDMNTTJDkhHKUHDv3q3+gjtx61f4B36GmbYL23og5HDOvbk3J0w508Z1v53Syura+kZ5s7K1vbO7V90/aOskU4S2SMIT9RBiTTmTtGWY4fQhVRSLkNNOOLwp/M4jVZol8t6MUhoIHEsWMYKNlfzYP4t9k6Di7lVrbt2dAC0Tb0ZqMEOzV/3x+wnJBJWGcKx113NTE+RYGUY4HVf8TNMUkyGOaddSiQXVQT7ZeYxOrNJHUaLskQZN1L8dORZaj0RoKwU2A73oFeJ/Xjcz0XWQM5lmhkoyHRRlHNlfFgGgPlOUGD6yBBPF7K6IDLDCxNiY5qYUbysd6XHFRuMtBrFM2ud177Lu3l3UGo2naUhlOIJjOAUPrqABt9CEFhBI4QVe4c15dt6dD+dzWlpyZsEewhycr18P55ri</latexit>g g ! g g

<latexit sha1_base64="+hjUyRU09VfPDF3Be/G5ig6x1n0=">AAACFnicbZDLSgMxFIYz9VbrbdSFCzfBIgjWMiOKLgtuXFawF+hMSyY904ZmLk0yQhkGfAz3bvUV3Ilbt76Bj2F6WdjqgcDP/5/k5HxezJlUlvVl5JaWV1bX8uuFjc2t7R1zd68uo0RQqNGIR6LpEQmchVBTTHFoxgJI4HFoeIObcd54ACFZFN6rUQxuQHoh8xklSlsd8wDap9A+c1SEh07J8YhIh5lT6nXMolW2JoX/CnsmimhW1Y757XQjmgQQKsqJlC3bipWbEqEY5ZAVnERCTOiA9KClZUgCkG46WSDDx9rpYj8S+oQKT9zfN1ISSDkKPN0ZENWXi9nY/C9rJcq/dlMWxomCkE4H+QnHet0xDdxlAqjiIy0IFUz/FdM+EYQqzWxuyvhtIX2ZFTQaexHEX1E/L9uXZevuolipPE4h5dEhOkInyEZXqIJuURXVEEUZekYv6NV4Mt6Md+Nj2pozZmD30VwZnz/rRp+V</latexit>

e+e� ! q q̄ g

Since ~2015: 
<latexit sha1_base64="4Y0ZXpVf0d6PGGzzyDR5v19wcD0=">AAACEHicbZDLSgMxFIbP1Futt6ku3QSL6ELKjCi6LLhxWcFOC52hZNJMG5q5NMkoZSj4DO7d6iu4E7e+gW/gY5hpu7CtBwI//3+Sc/L5CWdSWda3UVhZXVvfKG6WtrZ3dvfM8r4j41QQ2iAxj0XLx5JyFtGGYorTViIoDn1Om/7gJs+bD1RIFkf3apRQL8S9iAWMYKWtjlkeumeuj0U2HLsqRo5z0jErVtWaFFoW9kxUYFb1jvnjdmOShjRShGMp27aVKC/DQjHC6bjkppImmAxwj7a1jHBIpZdNVh+jY+10URALfSKFJu7fGxkOpRyFvu4MserLxSw3/8vaqQquvYxFSapoRKaDgpQj/cmcA+oyQYniIy0wEUzvikgfC0yUpjU3JX9byECOSxqNvQhiWTjnVfuyat1dVGq1pymkIhzCEZyCDVdQg1uoQwMIPMILvMKb8Wy8Gx/G57S1YMzAHsBcGV+/vo6dXw==</latexit>

q q̄ ! V V 0

<latexit sha1_base64="1ptJGnJHOl24yhZyCaBEFs8WNDA=">AAACDnicbVDLSgMxFL3js9ZHR126CRbBRSkzouiy4MZlBfuAdiiZNDMNzWSGJCOUoeAnuHerv+BO3PoL/oGfYWbahW09EHI4597cm+MnnCntON/W2vrG5tZ2aae8u7d/ULEPj9oqTiWhLRLzWHZ9rChngrY005x2E0lx5HPa8ce3ud95pFKxWDzoSUK9CIeCBYxgbaSBXQn7tbCvY1TctXBgV526UwCtEndOqjBHc2D/9IcxSSMqNOFYqZ7rJNrLsNSMcDot91NFE0zGOKQ9QwWOqPKyYvEpOjPKEAWxNEdoVKh/OzIcKTWJfFMZYT1Sy14u/uf1Uh3ceBkTSaqpILNBQcqR+WieAhoySYnmE0MwkczsisgIS0y0yWphSv62VIGalk007nIQq6R9UXev6s79ZbXReJqFVIITOIVzcOEaGnAHTWgBgRRe4BXerGfr3fqwPmela9Y82GNYgPX1C4VlnCA=</latexit>g g ! g g g
<latexit sha1_base64="LOUP+7yY88osvdLaXsUq5BKEvOk=">AAACDnicbVDLSgMxFL3js9ZHR126CRbBRSkzouiy4MZlBfuAdiiZNDMNzWSGJCOUoeAnuHerv+BO3PoL/oGfYWbahW09EHI4597cm+MnnCntON/W2vrG5tZ2aae8u7d/ULEPj9oqTiWhLRLzWHZ9rChngrY005x2E0lx5HPa8ce3ud95pFKxWDzoSUK9CIeCBYxgbaSBXQn7tbCvY1TctfbArjp1pwBaJe6cVGGO5sD+6Q9jkkZUaMKxUj3XSbSXYakZ4XRa7qeKJpiMcUh7hgocUeVlxeJTdGaUIQpiaY7QqFD/dmQ4UmoS+aYywnqklr1c/M/rpTq48TImklRTQWaDgpQj89E8BTRkkhLNJ4ZgIpnZFZERlphok9XClPxtqQI1LZto3OUgVkn7ou5e1Z37y2qj8TQLqQQncArn4MI1NOAOmtACAim8wCu8Wc/Wu/Vhfc5K16x5sMewAOvrF2ornA8=</latexit>

g g ! g g V

➡ 3 loop / N3LO:
Since ~2015: 

<latexit sha1_base64="y8VAOBKCgRd5OcKBBbw0Kbasl4g=">AAACBnicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZcFN11WsA/pDCWTZqahSWZIMkIpBZfu3eovuBO3/oZ/4GeYabuwrQcCh3Nu7uOEKWfauO63s7K6tr6xWdgqbu/s7u2XDg6bOskUoQ2S8ES1Q6wpZ5I2DDOctlNFsQg5bYWD29xvPVKlWSLvzTClgcCxZBEj2FjpIfbPY98kqNYtld2KOwFaJt6MlGGGerf04/cSkgkqDeFY647npiYYYWUY4XRc9DNNU0wGOKYdSyUWVAejycJjdGqVHooSZZ80aKL+/THCQuuhCG2lwKavF71c/M/rZCa6CUZMppmhkkwHRRlH9sT8etRjihLDh5ZgopjdFZE+VpgYm9HclLy30pEeF2003mIQy6R5UfGuKu7dZblafZqGVIBjOIEz8OAaqlCDOjSAgIAXeIU359l5dz6cz2npijML9gjm4Hz9AuXymbY=</latexit>

g g ! H
<latexit sha1_base64="KLcFZOrwO2ppPZ8HijdyZmRoTkY=">AAACCXicbZDLSgMxFIbP1Futt6pLN8EiuChlRiq6LLjpsoK9QGcomTQzDc1khiQjlKHg3r1bfQV34tan8A18DDNtF7b1QODn/09yTj4/4Uxp2/62ChubW9s7xd3S3v7B4VH5+KSj4lQS2iYxj2XPx4pyJmhbM81pL5EURz6nXX98l+fdRyoVi8WDniTUi3AoWMAI1sZyQ7caujpGTbfaHJQrds2eFVoXzkJUYFGtQfnHHcYkjajQhGOl+o6daC/DUjPC6bTkpoommIxxSPtGChxR5WWznafowjhDFMTSHKHRzP17I8ORUpPIN50R1iO1muXmf1k/1cGtlzGRpJoKMh8UpByZX+YA0JBJSjSfGIGJZGZXREZYYqINpqUp+dtSBWpaMmicVRDronNVc65r9n290mg8zSEV4QzO4RIcuIEGNKEFbSCQwAu8wpv1bL1bH9bnvLVgLcCewlJZX7+sL5qk</latexit>

g g ! HH

<latexit sha1_base64="Kt1b7wOEYR5OzI14tZ+1uP/rp0I=">AAACDnicbZDNSsNAFIVv6l+tP426dDNYBBdSElF0WXDTZQXbCk0ok+mkHTqZhJmJUELAR3DvVl/Bnbj1FXwDH8NJ24VtvTBwOOfO3DtfkHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rF8CLCinAna1kxz+pBIiqOA024wvi3y7iOVisXiXk8S6kd4KFjICNbG6tvVwDv3AiyzIPd0jJp9u+bUnWmhVeHORQ3m1erbP94gJmlEhSYcK9VznUT7GZaaEU7zipcqmmAyxkPaM1LgiCo/my6eo1PjDFAYS3OERlP3740MR0pNosB0RliP1HJWmP9lvVSHN37GRJJqKshsUJhyZL5YUEADJinRfGIEJpKZXREZYYmJNqwWphRvSxWqvGLQuMsgVkXnou5e1Z27y1qj8TSDVIZjOIEzcOEaGtCEFrSBQAov8Apv1rP1bn1Yn7PWkjUHewQLZX39AliXnKI=</latexit>

b b̄ ! H

<latexit sha1_base64="p0iPGj4AGIHAfBXmi4ggU73p3O0=">AAACFXicbZDLSsNAFIYn9VbrLSq4cRMsgoiURBRdFty4rGAv0MRyMp20Q2eSdGYilBjwLdy71VdwJ25d+wY+hpO2C1s9MPDz/2fmnPn8mFGpbPvLKCwsLi2vFFdLa+sbm1vm9k5DRonApI4jFomWD5IwGpK6ooqRViwIcJ+Rpj+4yvPmPRGSRuGtGsXE49ALaUAxKG11zL2he+L6INJh5qrIcnvAOdwdd8yyXbHHZf0VzlSU0bRqHfPb7UY44SRUmIGUbceOlZeCUBQzkpXcRJIY8AB6pK1lCJxILx3vn1mH2ulaQST0CZU1dn/fSIFLOeK+7uSg+nI+y83/snaigksvpWGcKBLiyaAgYZb+aQ7D6lJBsGIjLQALqne1cB8EYKWRzUzJ3xYykFlJo3HmQfwVjdOKc16xb87K1erjBFIR7aMDdIQcdIGq6BrVUB1h9ICe0Qt6NZ6MN+Pd+Ji0Fowp2F00U8bnD/GJn6U=</latexit>

q q̄ ! �⇤ <latexit sha1_base64="75F+npASVL81ZE9sAXBHPCOiqHs=">AAACFHicbZDLSgMxFIbPeK31Niqu3ASL4ELKjCi6LLhxWcFeoFNLJs20oZnMNMkIZRjwKdy71VdwJ27d+wY+hpm2C9t6IPDz/yc5J58fc6a043xbS8srq2vrhY3i5tb2zq69t19XUSIJrZGIR7LpY0U5E7Smmea0GUuKQ5/Thj+4yfPGI5WKReJej2LaDnFPsIARrI3VsQ+H3pnnY5kOM09HqPGQenGYdeySU3bGhRaFOxUlmFa1Y/943YgkIRWacKxUy3Vi3U6x1IxwmhW9RNEYkwHu0ZaRAodUtdPx+hk6MU4XBZE0R2g0dv/eSHGo1Cj0TWeIdV/NZ7n5X9ZKdHDdTpmIE00FmQwKEo7MR3MWqMskJZqPjMBEMrMrIn0sMdGG2MyU/G2pApUVDRp3HsSiqJ+X3cuyc3dRqlSeJpAKcATHcAouXEEFbqEKNSCQwgu8wpv1bL1bH9bnpHXJmoI9gJmyvn4Bwpufmg==</latexit>

q q̄ ! W±

<latexit sha1_base64="x0T6PNsoWUg7AJWZREwlUAyYHm4=">AAACCXicbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFQVxWsBdoh5JJM21okhmSM2IZBty7d6uv4E7c+hS+gY9hpu3Ctv4Q+PnPyTmHL4gFN+C6387S8srq2npho7i5tb2zW9rbb5go0ZTVaSQi3QqIYYIrVgcOgrVizYgMBGsGw+u83nxg2vBI3cMoZr4kfcVDTgnYqNMB9ghapo2rm6xbKrsVdyy8aLypKaOpat3ST6cX0UQyBVQQY9qeG4OfEg2cCpYVO4lhMaFD0mdtaxWRzPjp+OYMH9ukh8NI26cAj9O/P1IijRnJwHZKAgMzX8vD/2rtBMJLP+UqToApOlkUJgJDhHMAuMc1oyBG1hCqub0V0wHRhILFNLMln61NaLKiRePNg1g0jdOKd15x787K1erTBFIBHaIjdII8dIGq6BbVUB1RFKMX9IrenGfn3flwPietS84U7AGakfP1C1nFm60=</latexit>

VBF
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• Step 1: Sort the Feynman diagrams into (scalar) integral families.

Anatomy of higher orders

• Step 2: Find a basis of master integrals for each family.

• Step 3: Evaluate the master integral (e.g., diff. eqs., Feynman 
parameters, etc.).

➡ Integration-by-parts (IBP) relations:
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[Tkachov; Chetyrkin, 
Tkachov; Laporta; …]



• Step 1: Sort the Feynman diagrams into (scalar) integral families.

Anatomy of higher orders

• Step 2: Find a basis of master integrals for each family.

• Step 3: Evaluate the master integral (e.g., diff. eqs., Feynman 
parameters, etc.).

Algebraic complexity (‘bookkeeping of algebraic expressions’):
➡ Many scales, huge algebraic expressions.
➡ Huge linear systems to solve (1.000.000’s of equations).

Analytic complexity (‘doing the integrals’):
➡ What kind of functions?
➡ How to analytically continue or evaluate them?



Anatomy of higher orders

Language of loop integrals

=
Language of algebraic 

geometry



Algebraic geometry

• Algebraic geometry ~ Study of polynomial equations.
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x2

a2
+

y2

b2
+

z2

c2
= 1

➡       Straight line

➡       Circle

➡       Ellipsoid

• Period ~ Integral of a rational function over domain specified by 
polynomials.

Algebraic 
varieties
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Algebraic geometry
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Rational function

➡ Feynman integrals are periods! [Bogner, Weinzierl]

• New developments over the last 10 years:

➡ We can use insights from algebraic geometry to compute 
Feynman integrals.

➡ Many of these ideas were originally discovered in the 
context of scattering amplitudes in N=4 Super Yang-Mills.



Algebraic geometry

• There was (and still is) translation work to be done!

“The de Rham cohomology groups of an algebraic 
variety are finite.”

• Examples:

“The number of master integrals is finite.”

“Feynman integrals define families of periods, and are 
naturally equipped with a Gauss-Manin connection.”

“Master integrals satisfy a system of first-order linear 
differential equations.”



Algebraic geometry

• Algebraic complexity:

• Analytic complexity:

➡ Structure of integrand (=rational functions)?

➡ Bookkeeping of algebraic expressions?

➡ Decomposition into a basis (master integrals)?

➡ What kind of functions do appear?

➡ Algebraic and analytic properties of these functions?

➡ Numerical evaluation?



Algebraic complexity
• One-loop computations are considered a solved problem (at least 

conceptually).

• Important ingredient: Every one-loop integral in 4D can be 
decomposed into integrals with only a few propagators:

• Coefficients can be determined from unitarity.

Im =

X

i

Z
d�

➡ Unitarity/Optical theorem:



• Key idea: Use unitarity to reduce loop computation to tree 
computation.

=
X

i

di
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box coefficient ~ Product of four tree amplitudes

• Computation of integral coefficients reduced to a tree-level 
computation!

• There was no immediate extension beyond one loop.

• Ossola-Papadopoulos-Pittau (OPP) & Giele-Kunszt-Melnikov 
(GKM): Parametrise loop integrand and fix coefficients with 
unitary cuts.

Algebraic complexity

[Bern, Dixon, Dunbar, Kosower]



• Cuts/discontinuities
1

p2 �m2 + i0
! �(p2 �m2)
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• Breakthrough: use idea from calculations in polynomial rings to 
obtain parametrisation of loop integrand. 

➡ Similar in spirit to OPP / GKM at one-loop.

• Recently there was a first public code (CARAVEL) for numerical 
unitarity at two loops.

[Kosower, Gluza; Papadopoulos; Larsen, Yang; Ita; …]

[Abreu, Dormans, Febres-Cordero, Ita, Kraus, Page, Pascual, Ruf, Sotnikov]

Algebraic complexity
 ~ multi-variate residue calculus.



• Two-loop results for 2-to-3 scattering are within reach!

➡ All planar two-loop amplitudes for 3-jet production.

➡ Special helicity configuration beyond planar limit.
[Abreu, Dormans, Frebres Cordero, Ita, Page, Sotnikov]

[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia]

➡ First steps towards W+2j at two loops.
[Bayu Hartanto, Badger, Brønnum-Hansen, Peraro; see also Canko, Papadopoulos, Syrrakos]

[Gehrmann, Henn, Lo Presti; Papadopoulos, Tommasini, Wever; Gehrmann, Henn, 
Wasser, Zhang, Zoia; Chicherin, Sotnikov]

• We know all integrals needed for 5-parton scattering!

A
(2)[N0

f ]/A(norm) ✏�4 ✏�3 ✏�2 ✏�1 ✏0

(1+g , 2
+
g , 3

+
g , 4

+
g , 5

+
g ) 0 0 �5.000000000 �29.38541207 �62.68413553

(1�g , 2
+
g , 3

+
g , 4

+
g , 5

+
g ) 0 0 �5.000000000 �42.33840431 �159.9778589

(1�g , 2
�
g , 3

+
g , 4

+
g , 5

+
g ) 12.50000000 84.83123596 243.4660216 301.9565843 �152.0528809

(1�g , 2
+
g , 3

�
g , 4

+
g , 5

+
g ) 12.50000000 84.83123596 269.4635002 551.6251881 984.0882231

(1+q , 2
�
q̄ , 3

+
g , 4

+
g , 5

+
g ) 0 0 �4.000000000 �33.66432052 �117.5792214

(1+q , 2
�
q̄ , 3

+
g , 4

+
g , 5

�
g ) 8.000000000 51.38308777 127.3357346 55.24748112 �511.9128286

(1+q , 2
�
q̄ , 3

+
g , 4

�
g , 5

+
g ) 8.000000000 51.38308777 137.2047686 143.1002284 �154.2224796

(1+q , 2
�
q̄ , 3

�
g , 4

+
g , 5

+
g ) 8.000000000 51.38308777 133.2453937 110.9941406 �263.9507190

(1+q , 2
�
q̄ , 3

+
Q, 4

�
Q̄
, 5+g ) 4.500000000 23.78050411 33.01035431 �76.65528489 �305.7123751

(1+q , 2
�
q̄ , 3

�
Q, 4

+
Q̄
, 5+g ) 4.500000000 23.78050411 25.33119767 �122.8050519 �400.0885233

(1+q , 2
�
q̄ , 3

+
Q, 4

�
Q̄
, 5�g ) 4.500000000 23.78050411 25.00917906 16.91995611 579.1225796

(1+q , 2
�
q̄ , 3

�
Q, 4

+
Q̄
, 5�g ) 4.500000000 23.78050411 �1009.208812 �4797.768367 4827.790534

A
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f ]/A(norm) ✏�4 ✏�3 ✏�2 ✏�1 ✏0

(1+g , 2
+
g , 3

+
g , 4

+
g , 5

+
g ) 0 0 5.000000000 34.38541207 78.06348509

(1�g , 2
+
g , 3

+
g , 4

+
g , 5

+
g ) 0 0 5.000000000 47.33840431 206.9626532

(1�g , 2
�
g , 3

+
g , 4

+
g , 5

+
g ) 0 �2.500000000 �15.82327813 �36.65791641 �15.54781774

(1�g , 2
+
g , 3

�
g , 4

+
g , 5

+
g ) 0 �2.500000000 �20.72836557 �83.86917083 �215.3966037

(1+q , 2
�
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+
g , 4

+
g , 5

+
g ) 0 0 1.416882412 11.98234731 38.78056708
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�
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+
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+
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�
g ) 0 0.6666666667 7.912904946 38.94492002 78.45710970
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�
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+
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�
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+
g ) 0 0.6666666667 5.701796856 20.47669656 20.24036826
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�
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�
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+
g , 5

+
g ) 0 0.6666666667 5.878666845 21.43074531 17.31964894

(1+q , 2
�
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+
Q, 4

�
Q̄
, 5+g ) 0 2.500000000 17.25407596 48.27686582 11.71960460

(1+q , 2
�
q̄ , 3

�
Q, 4

+
Q̄
, 5+g ) 0 2.500000000 17.27259645 44.99884204 �15.14666233

(1+q , 2
�
q̄ , 3

+
Q, 4

�
Q̄
, 5�g ) 0 2.500000000 3.980556493 �29.18374008 �149.0347042
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�
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�
Q, 4

+
Q̄
, 5�g ) 0 2.500000000 180.9505853 624.1255757 �2759.824817

A
(2)[N2

f ]/A(norm) ✏�4 ✏�3 ✏�2 ✏�1 ✏0

(1+g , 2
+
g , 3

+
g , 4

+
g , 5

+
g ) 0 0 0 0 13.52483164

(1�g , 2
+
g , 3

+
g , 4

+
g , 5

+
g ) 0 0 0 0 0.08295433103

(1�g , 2
�
g , 3

+
g , 4

+
g , 5

+
g ) 0 0 0 0 0.2400910586

(1�g , 2
+
g , 3

�
g , 4

+
g , 5

+
g ) 0 0 0 0 0.008096515560

(1+q , 2
�
q̄ , 3

+
g , 4

+
g , 5

+
g ) 0 0 0 0.2361470687 2.541010053

(1+q , 2
�
q̄ , 3

+
g , 4

+
g , 5

�
g ) 0 0 0 0.3690523831 3.782474720

(1+q , 2
�
q̄ , 3

+
g , 4

�
g , 5

+
g ) 0 0 0 0.0005343680110 0.004830824685

(1+q , 2
�
q̄ , 3

�
g , 4

+
g , 5

+
g ) 0 0 0 0.03001269961 0.3139119453

(1+q , 2
�
q̄ , 3

+
Q, 4

�
Q̄
, 5+g ) 0 0 0.4444444444 3.910872659 18.01752271

(1+q , 2
�
q̄ , 3

�
Q, 4

+
Q̄
, 5+g ) 0 0 0.4444444444 3.919103985 18.09637714

(1+q , 2
�
q̄ , 3

+
Q, 4

�
Q̄
, 5�g ) 0 0 0.4444444444 �1.988469328 �28.36258323

(1+q , 2
�
q̄ , 3

�
Q, 4

+
Q̄
, 5�g ) 0 0 0.4444444444 76.66487683 646.7253090

Table 2. The bare two-loop five-parton helicity amplitudes evaluated at the phase space point
in eq. (4.2). We set the normalization factor A

(norm) to A
(1)[N0

f ](✏ = 0) for the amplitudes with
vanishing trees, and to A

(0) otherwise.
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[Abreu, Frebres Cordero, Ita, Page, Sotnikov]

Algebraic complexity



• Mathematical interpretation of IBPs

Algebraic complexity
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➡ IBPs ~ find relations among integrand up to total derivatives.

➡ de Rham cohomology: 
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• Novel approach: Use (twisted) de Rham cohomology to perform 
decomposition into master integrals.

➡ Cohomology groups = vector space of Feynman integrals.

➡ Master integrals = basis of this vector space.

➡ Intersection pairing = ‘scalar product’ on this vector space.
[Mastrolia, Mizera; Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Matiazzi, Mizera]



• One-loop integrals: 

log z =

Z z

1

dt

t
<latexit sha1_base64="4eajKnD/EEN8heTi8sV0aqHjksU=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEiuCozIuhGKLhxWcE+oFOHTCbThmYyQ3JHaIeCCzf+FTcuFHHrX3DnvzF9LLT1QOBwzg3J/YJUcA2O820VlpZXVteK66WNza3tHXt3r6GTTFFWp4lIVCsgmgkuWR04CNZKFSNxIFgz6F+N++Y9U5on8hYGKevEpCt5xCkBE/n2oSeSLh7iS+xxCb57N8RepAjNQxjlMPLtslNxJsKLxp2ZMpqp5ttfXpjQLGYSqCBat10nhU5OFHAq2KjkZZqlhPZJl7WNlSRmupNP9hjhY5OEOEqUORLwJP19Iyex1oM4MJMxgZ6e78bhf107g+iik3OZZsAknT4UZQJDgsdQcMgVoyAGxhCquPkrpj1iMIBBVzIQ3PmVF03jtOI6FffmrFytPkxxFNEBOkInyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBmiHcR39kff4AZuqZbQ==</latexit><latexit sha1_base64="4eajKnD/EEN8heTi8sV0aqHjksU=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEiuCozIuhGKLhxWcE+oFOHTCbThmYyQ3JHaIeCCzf+FTcuFHHrX3DnvzF9LLT1QOBwzg3J/YJUcA2O820VlpZXVteK66WNza3tHXt3r6GTTFFWp4lIVCsgmgkuWR04CNZKFSNxIFgz6F+N++Y9U5on8hYGKevEpCt5xCkBE/n2oSeSLh7iS+xxCb57N8RepAjNQxjlMPLtslNxJsKLxp2ZMpqp5ttfXpjQLGYSqCBat10nhU5OFHAq2KjkZZqlhPZJl7WNlSRmupNP9hjhY5OEOEqUORLwJP19Iyex1oM4MJMxgZ6e78bhf107g+iik3OZZsAknT4UZQJDgsdQcMgVoyAGxhCquPkrpj1iMIBBVzIQ3PmVF03jtOI6FffmrFytPkxxFNEBOkInyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBmiHcR39kff4AZuqZbQ==</latexit><latexit sha1_base64="4eajKnD/EEN8heTi8sV0aqHjksU=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEiuCozIuhGKLhxWcE+oFOHTCbThmYyQ3JHaIeCCzf+FTcuFHHrX3DnvzF9LLT1QOBwzg3J/YJUcA2O820VlpZXVteK66WNza3tHXt3r6GTTFFWp4lIVCsgmgkuWR04CNZKFSNxIFgz6F+N++Y9U5on8hYGKevEpCt5xCkBE/n2oSeSLh7iS+xxCb57N8RepAjNQxjlMPLtslNxJsKLxp2ZMpqp5ttfXpjQLGYSqCBat10nhU5OFHAq2KjkZZqlhPZJl7WNlSRmupNP9hjhY5OEOEqUORLwJP19Iyex1oM4MJMxgZ6e78bhf107g+iik3OZZsAknT4UZQJDgsdQcMgVoyAGxhCquPkrpj1iMIBBVzIQ3PmVF03jtOI6FffmrFytPkxxFNEBOkInyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBmiHcR39kff4AZuqZbQ==</latexit><latexit sha1_base64="4eajKnD/EEN8heTi8sV0aqHjksU=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEiuCozIuhGKLhxWcE+oFOHTCbThmYyQ3JHaIeCCzf+FTcuFHHrX3DnvzF9LLT1QOBwzg3J/YJUcA2O820VlpZXVteK66WNza3tHXt3r6GTTFFWp4lIVCsgmgkuWR04CNZKFSNxIFgz6F+N++Y9U5on8hYGKevEpCt5xCkBE/n2oSeSLh7iS+xxCb57N8RepAjNQxjlMPLtslNxJsKLxp2ZMpqp5ttfXpjQLGYSqCBat10nhU5OFHAq2KjkZZqlhPZJl7WNlSRmupNP9hjhY5OEOEqUORLwJP19Iyex1oM4MJMxgZ6e78bhf107g+iik3OZZsAknT4UZQJDgsdQcMgVoyAGxhCquPkrpj1iMIBBVzIQ3PmVF03jtOI6FffmrFytPkxxFNEBOkInyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBmiHcR39kff4AZuqZbQ==</latexit>

Li2(z) = �
Z z

0

dt

t
log(1� t)

<latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit><latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit><latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit><latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit>

➡ Multiple polylogarithms: extension to two-loop integrals 
with massless partons. 

➡ Well understood, thanks to algebraic geometry!

[Goncharov; Brown; Goncharov, Spradling, Vergu, Volovich; CD; Panzer; …] 

• Unitarity implies that amplitudes are multi-valued functions:

Im =

X

i

Z
d�

Analytic complexity



• Large classes of loop integrals can be expressed in terms of 
polylogarithms.

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)

G(a1; z) = log

✓
1� z

a1

◆

G(0, 1; z) = �Li2(z)

[Poincaré; Kummer; Lappo-Danilevsky; Goncharov; …]

• Related to active research in pure mathematics! [cf. Brown; Goncharov; …]

G(0; z) = log z
<latexit sha1_base64="MsNQHBXWoJ9Th9heXDWnu1yefjQ=">AAACDnicbZDLSsNAFIZPvNZ6adSlm8Ei1E1JRFAQoeBClxXsBdpQJtNJO3SSCTMToQ0FH8G9W30Fd+LWV/ANfAwnbRe29YeBn/+cOefw+TFnSjvOt7Wyura+sZnbym/v7O4V7P2DuhKJJLRGBBey6WNFOYtoTTPNaTOWFIc+pw1/cJPVG49UKiaiBz2MqRfiXsQCRrA2Uccu3Jacq9EpukZtLnpo1LGLTtmZCC0bd2aKMFO1Y/+0u4IkIY004VipluvE2kux1IxwOs63E0VjTAa4R1vGRjikyksnh4/RiUm6KBDSvEijSfr3R4pDpYahbzpDrPtqsZaF/9VaiQ4uvZRFcaJpRKaLgoQjLVBGAXWZpETzoTGYSGZuRaSPJSbasJrbks2WKlDjvEHjLoJYNvWzsuuU3fvzYqXyNIWUgyM4hhK4cAEVuIMq1IBAAi/wCm/Ws/VufVif09YVawb2EOZkff0COfCbVA==</latexit><latexit sha1_base64="MsNQHBXWoJ9Th9heXDWnu1yefjQ=">AAACDnicbZDLSsNAFIZPvNZ6adSlm8Ei1E1JRFAQoeBClxXsBdpQJtNJO3SSCTMToQ0FH8G9W30Fd+LWV/ANfAwnbRe29YeBn/+cOefw+TFnSjvOt7Wyura+sZnbym/v7O4V7P2DuhKJJLRGBBey6WNFOYtoTTPNaTOWFIc+pw1/cJPVG49UKiaiBz2MqRfiXsQCRrA2Uccu3Jacq9EpukZtLnpo1LGLTtmZCC0bd2aKMFO1Y/+0u4IkIY004VipluvE2kux1IxwOs63E0VjTAa4R1vGRjikyksnh4/RiUm6KBDSvEijSfr3R4pDpYahbzpDrPtqsZaF/9VaiQ4uvZRFcaJpRKaLgoQjLVBGAXWZpETzoTGYSGZuRaSPJSbasJrbks2WKlDjvEHjLoJYNvWzsuuU3fvzYqXyNIWUgyM4hhK4cAEVuIMq1IBAAi/wCm/Ws/VufVif09YVawb2EOZkff0COfCbVA==</latexit><latexit sha1_base64="MsNQHBXWoJ9Th9heXDWnu1yefjQ=">AAACDnicbZDLSsNAFIZPvNZ6adSlm8Ei1E1JRFAQoeBClxXsBdpQJtNJO3SSCTMToQ0FH8G9W30Fd+LWV/ANfAwnbRe29YeBn/+cOefw+TFnSjvOt7Wyura+sZnbym/v7O4V7P2DuhKJJLRGBBey6WNFOYtoTTPNaTOWFIc+pw1/cJPVG49UKiaiBz2MqRfiXsQCRrA2Uccu3Jacq9EpukZtLnpo1LGLTtmZCC0bd2aKMFO1Y/+0u4IkIY004VipluvE2kux1IxwOs63E0VjTAa4R1vGRjikyksnh4/RiUm6KBDSvEijSfr3R4pDpYahbzpDrPtqsZaF/9VaiQ4uvZRFcaJpRKaLgoQjLVBGAXWZpETzoTGYSGZuRaSPJSbasJrbks2WKlDjvEHjLoJYNvWzsuuU3fvzYqXyNIWUgyM4hhK4cAEVuIMq1IBAAi/wCm/Ws/VufVif09YVawb2EOZkff0COfCbVA==</latexit><latexit sha1_base64="MsNQHBXWoJ9Th9heXDWnu1yefjQ=">AAACDnicbZDLSsNAFIZPvNZ6adSlm8Ei1E1JRFAQoeBClxXsBdpQJtNJO3SSCTMToQ0FH8G9W30Fd+LWV/ANfAwnbRe29YeBn/+cOefw+TFnSjvOt7Wyura+sZnbym/v7O4V7P2DuhKJJLRGBBey6WNFOYtoTTPNaTOWFIc+pw1/cJPVG49UKiaiBz2MqRfiXsQCRrA2Uccu3Jacq9EpukZtLnpo1LGLTtmZCC0bd2aKMFO1Y/+0u4IkIY004VipluvE2kux1IxwOs63E0VjTAa4R1vGRjikyksnh4/RiUm6KBDSvEijSfr3R4pDpYahbzpDrPtqsZaF/9VaiQ4uvZRFcaJpRKaLgoQjLVBGAXWZpETzoTGYSGZuRaSPJSbasJrbks2WKlDjvEHjLoJYNvWzsuuU3fvzYqXyNIWUgyM4hhK4cAEVuIMq1IBAAi/wCm/Ws/VufVif09YVawb2EOZkff0COfCbVA==</latexit>

• Polylogarithms satisfy many identities:

➡ Example: Li2(1� z) = �Li2(z)� log(1� z) log z +
⇡2

6
[Euler]

Why should I care…?

Weight =     = # integrations

Analytic complexity



1.   To compute integrals:
Z z

0

dt

t
log

1 + t

1� t
=

Z z

0

dt

t
log(1 + t)�

Z z

0

dt

t
log(1� t)

<latexit sha1_base64="m1jLEI6DiIjqe8tsC1M5JJ47u00="></latexit>

= �Li2(�z) + Li2(z)
<latexit sha1_base64="LCtD0bvZmAcKccQx86WcgjZGsog=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2BRWqRlpgq6EQpuXLioYC/QlpJJM21o5kJyRmyHgg/ge7h3q6/gTgRXbn0M08vCth4I/Pz/yTnJ54SCK7CsLyOxtLyyupZcT21sbm3vmLt7FRVEkrIyDUQgaw5RTHCflYGDYLVQMuI5glWd3tUor94zqXjg30E/ZE2PdHzuckpAWy3z+DLXAPYA0otv+LBVyOQGWXyCZ71BtmWmrbw1Lrwo7KlIo2mVWuZPox3QyGM+UEGUqttWCM2YSOBUsGGqESkWEtojHVbX0iceU814/J8hPtJOG7uB1McHPHb/3oiJp1Tfc3SnR6Cr5rOR+V9Wj8C9aMbcDyNgPp0sciOBIcAjOLjNJaMg+loQKrl+K6ZdIgkFjXBmy2i2VK4apjQaex7EoqgU8vZpvnB7li4WHyeQkugAHaIMstE5KqJrVEJlRNETekGv6M14Nt6ND+Nz0powpmD30UwZ37+q16Ug</latexit>

Z z

0

dt

t
log

1 + t

1� t
=

Z z

0

dt

t
log(1 + t)�

Z z

0

dt

t
log(1� t)

<latexit sha1_base64="m1jLEI6DiIjqe8tsC1M5JJ47u00="></latexit>

log
1 + t

1� t
= log(1 + t)� log(1� t)

<latexit sha1_base64="hododrinbGdGVLQkIxgbauRNVx4=">AAACKHicbZDLSgMxFIYzXmu9VV26CRahRVpmqqAboeDGZQV7gc5QMmmmDc1cSM4IZRjwDXwP9271FdxJt658DDNtF7b1QODn/0/OST43ElyBaU6MtfWNza3t3E5+d2//4LBwdNxSYSwpa9JQhLLjEsUED1gTOAjWiSQjvitY2x3dZXn7iUnFw+ARxhFzfDIIuMcpAW31CmVbhAPbk4Qm1gWkiVWBFN/izC1po1yZqQqUe4WiWTWnhVeFNRdFNK9Gr/Bj90Ma+ywAKohSXcuMwEmIBE4FS/N2rFhE6IgMWFfLgPhMOcn0Syk+104fe6HUJwA8df/eSIiv1Nh3dadPYKiWs8z8L+vG4N04CQ+iGFhAZ4u8WGAIccYH97lkFMRYC0Il12/FdEg0H9AUF7Zks6XyVJrXaKxlEKuiVatal9Xaw1WxXn+eQcqhU3SGSshC16iO7lEDNRFFL+gNvaMP49X4NL6Myax1zZiDPUELZXz/AqhOpXw=</latexit>

Li2(z) = �
Z z

0

dt

t
log(1� t)

<latexit sha1_base64="eQuYuD5T2jUzPDVi53irTHX+zqY="></latexit>

➡ Identities between special functions are important when 
computing integrals.

Analytic complexity



1.   To compute integrals:

2.   To simplify expressions / evaluate amplitudes numerically:
➡ Mathematica does not know                  …G(0, a, b; 1) =

<latexit sha1_base64="dKDYj4Oz7SvoeLh2vMmtkW24q4E=">AAACCHicbVDLSgMxFL1TX7W+qi7dBItQoZSZKiiIUHChywr2AdOhZNJMG5rJDElGKKXg2r1b/QV34ta/8A/8DDNtF7b1wIXDOffm3hw/5kxp2/62Miura+sb2c3c1vbO7l5+/6ChokQSWicRj2TLx4pyJmhdM81pK5YUhz6nTX9wk/rNRyoVi8SDHsbUC3FPsIARrI3k3hbtEi75V87pdSdfsMv2BGiZODNSgBlqnfxPuxuRJKRCE46Vch071t4IS80Ip+NcO1E0xmSAe9Q1VOCQKm80OXmMTozSRUEkTQmNJurfiREOlRqGvukMse6rRS8V//PcRAeX3oiJONFUkOmiIOFIRyj9P+oySYnmQ0MwkczcikgfS0y0SWluS/q2VIEa50w0zmIQy6RRKTtn5cr9eaFafZqGlIUjOIYiOHABVbiDGtSBQAQv8Apv1rP1bn1Yn9PWjDUL9hDmYH39AntBmVk=</latexit>

➡ … but it does know          and           !  log x
<latexit sha1_base64="988nT4wtR09Tra0M+tj/SdwbDfE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi4LblxWsA9oh5JJM21sJhmSjFiGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgpgzbVz328mtrW9sbuW3Czu7e/sHxcOjppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywus781gNVmklxZ8Yx9SM8ECxkBBsrNbtcDtBjr1hyy+4UaJV4c1KCOeq94k+3L0kSUWEIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFU4IhqP51eO0FnVumjUCpbwqCp+ncixZHW4yiwnRE2Q73sZeJ/Xicx4ZWfMhEnhgoyWxQmHBmJsq+jPlOUGD62BBPF7K2IDLHCxNiAFrZkbysd6knBRuMtB7FKmpWyd1Gu3FZLtdrTLKQ8nMApnIMHl1CDG6hDAwjcwwu8wpvz7Lw7H87nrDXnzIM9hgU4X78xPZjR</latexit>

Lin(x)
<latexit sha1_base64="A/BJsqpeh5+SfMtWKMAnjyFJLi4=">AAACD3icbZDLSsNAFIYnXmu9RV26CRahbkpSBV0W3LhwUcFeoA1hMp20QyeTMHNSWkLAV3DvVl/Bnbj1EXwDH8NJ24Vt/WHg5z9nzjl8fsyZAtv+NtbWNza3tgs7xd29/YND8+i4qaJEEtogEY9k28eKciZoAxhw2o4lxaHPacsf3ub11ohKxSLxCJOYuiHuCxYwgkFHnml2gY5Bhuk9yzxRHl94Zsmu2FNZq8aZmxKaq+6ZP91eRJKQCiAcK9Vx7BjcFEtghNOs2E0UjTEZ4j7taCtwSJWbTi/PrHOd9KwgkvoJsKbp3x8pDpWahL7uDDEM1HItD/+rdRIIbtyUiTgBKshsUZBwCyIrx2D1mKQE+EQbTCTTt1pkgCUmoGEtbMlnSxWorKjROMsgVk2zWnEuK9WHq1Kt9jSDVECn6AyVkYOuUQ3doTpqIIJG6AW9ojfj2Xg3PozPWeuaMQd7ghZkfP0Cx/Odcw==</latexit>
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✓
a(1� b)

a� b

◆
+ Li3

✓
b� 1

b� a

◆
� Li3

✓
b

b� a

◆
+ Li3

✓
1

a

◆
+ Li3(1� b)

<latexit sha1_base64="ai7RE0PXD6nqBAZqf0E+a8UmIAY="></latexit>

+ log

✓
1� 1

b

◆
Li2

✓
a(1� b)

a� b

◆
� Li2

✓
b� 1

b� a

◆
� Li2(1� b)

�

<latexit sha1_base64="Rltp6X/XFr+uH/w93K592cRKk28="></latexit>
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6
log3
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a� b

◆
+

1

2
log2

✓
1� 1

b

◆
� log

✓
a� 1

a� b

◆
+ log

✓
(a� 1)b
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◆
� log b

�

<latexit sha1_base64="R+FrcYqNG9VdmGkJIKDgDMXZK/M="></latexit>

�⇡2

6
log

✓
ab

a� b

◆
+

1

6
log3 b+

⇡2

6
log b

<latexit sha1_base64="Q+M20+ozIiLMrLjI/R6W9I9HKs4="></latexit>

G(0, a, b; 1) =
<latexit sha1_base64="dKDYj4Oz7SvoeLh2vMmtkW24q4E=">AAACCHicbVDLSgMxFL1TX7W+qi7dBItQoZSZKiiIUHChywr2AdOhZNJMG5rJDElGKKXg2r1b/QV34ta/8A/8DDNtF7b1wIXDOffm3hw/5kxp2/62Miura+sb2c3c1vbO7l5+/6ChokQSWicRj2TLx4pyJmhdM81pK5YUhz6nTX9wk/rNRyoVi8SDHsbUC3FPsIARrI3k3hbtEi75V87pdSdfsMv2BGiZODNSgBlqnfxPuxuRJKRCE46Vch071t4IS80Ip+NcO1E0xmSAe9Q1VOCQKm80OXmMTozSRUEkTQmNJurfiREOlRqGvukMse6rRS8V//PcRAeX3oiJONFUkOmiIOFIRyj9P+oySYnmQ0MwkczcikgfS0y0SWluS/q2VIEa50w0zmIQy6RRKTtn5cr9eaFafZqGlIUjOIYiOHABVbiDGtSBQAQv8Apv1rP1bn1Yn9PWjDUL9hDmYH39AntBmVk=</latexit>

�! 0.490485 . . .
<latexit sha1_base64="oO2t63kqNVbttfTPAmyojYTNOz4=">AAACHXicbZDLSgMxFIYz9VbrrepSkGARXJWZWrHuCm5cVrAXaEvJpJk2NJMMyRmlDAUXvod7t/oK7sSt+AY+hullYVsPBH7+/+Sc5PMjwQ247reTWlldW99Ib2a2tnd297L7BzWjYk1ZlSqhdMMnhgkuWRU4CNaINCOhL1jdH1yP8/o904YreQfDiLVD0pM84JSAtTrZ45ZQsqd5rw9Ea/WA3Xzxyi2WLlqiq8B0sjk3704KLwtvJnJoVpVO9qfVVTQOmQQqiDFNz42gnRANnAo2yrRiwyJCB6THmlZKEjLTTib/GOFT63RxoLQ9EvDE/XsjIaExw9C3nSGBvlnMxuZ/WTOGoNROuIxiYJJOFwWxwKDwGArucs0oiKEVhGpu34ppn2hCwaKb2zKerU1gRhmLxlsEsSxqhbx3ni/cFnPl8uMUUhodoRN0hjx0icroBlVQFVH0hF7QK3pznp1358P5nLamnBnYQzRXztcvKYuiTw==</latexit>

(a, b) = (1.2, 1.1)
<latexit sha1_base64="EG0umPTCSIEEfCQt6YQerddMC1E=">AAACEHicbZDLSgMxFIYz9VbrbapLN8EitFCGSRV0IxTcuKxgL9AOJZNm2tBMZkgyShkKPoN7t/oK7sStb+Ab+Bhm2i609YfAz39Ozjl8fsyZ0q77ZeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vs7q7XsqFYvEnZ7E1AvxULCAEaxN1LeLZVz1K/AKlpFTqyIHVfp2yXXcmeCqQQtTAgs1+vZ3bxCRJKRCE46V6iI31l6KpWaE02mhlygaYzLGQ9o1VuCQKi+dnT6FpyYZwCCS5gkNZ+nvHykOlZqEvukMsR6p5VoW/lfrJjq49FIm4kRTQeaLgoRDHcGMAxwwSYnmE2MwkczcCskIS0y0ofVnSzZbqkBNCwYNWgaxalo1B505tdvzUr3+OIeUB8fgBJQBAhegDm5AAzQBAQ/gGbyAV+vJerPerY95a85agD0Cf2R9/gAwD5qV</latexit>

�! 0.490485 . . .
<latexit sha1_base64="oO2t63kqNVbttfTPAmyojYTNOz4=">AAACHXicbZDLSgMxFIYz9VbrrepSkGARXJWZWrHuCm5cVrAXaEvJpJk2NJMMyRmlDAUXvod7t/oK7sSt+AY+hullYVsPBH7+/+Sc5PMjwQ247reTWlldW99Ib2a2tnd297L7BzWjYk1ZlSqhdMMnhgkuWRU4CNaINCOhL1jdH1yP8/o904YreQfDiLVD0pM84JSAtTrZ45ZQsqd5rw9Ea/WA3Xzxyi2WLlqiq8B0sjk3704KLwtvJnJoVpVO9qfVVTQOmQQqiDFNz42gnRANnAo2yrRiwyJCB6THmlZKEjLTTib/GOFT63RxoLQ9EvDE/XsjIaExw9C3nSGBvlnMxuZ/WTOGoNROuIxiYJJOFwWxwKDwGArucs0oiKEVhGpu34ppn2hCwaKb2zKerU1gRhmLxlsEsSxqhbx3ni/cFnPl8uMUUhodoRN0hjx0icroBlVQFVH0hF7QK3pznp1358P5nLamnBnYQzRXztcvKYuiTw==</latexit>

Analytic complexity



1.   To compute integrals:

2.   To simplify expressions / evaluate amplitudes numerically:

3.   To discover new structures in QFT:
Example: ‘Principle maximal transcendentality’

➡ An     loop amplitude in N=4 Super Yang only contains 
polylogarithms of ‘transcendentality’/weight      . 

L
2L

A(1)
4 ⇠ 1

2
log2

s

t
+

2⇡2

3
Weight: 2L = 2log(�1) = ±i⇡

[Kotikov, Lipatov]

➡ In other theories: weight bounded by      . 2L

➡ Sometimes (but not always) the maximal weight 
term is identical between N=4 SYM and QCD!

Analytic complexity



• Polylogarithms form a Hopf algebra.

➡ Algebra: Vector space with an operation that allows one 
to ‘fuse’ two elements into one (multiplication).

• A Hopf algebra is 

➡ at the same time an algebra & a coalgebra.

➡ plus some other properties.

�(a · b) = �(a) ·�(b)

➡ Coalgebra: Vector space with an operation that allows 
one to  break one element apart (coproduct    ).�

[Goncharov; Brown]

➡ such that the product and coproduct are compatible

Analytic complexity



• Examples:

• Example:

�1,1(T ) = log(1� z)⌦ log z � [log(1� z)⌦ log z + log z ⌦ log(1� z)]
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= � log z ⌦ log(1� z)
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➡ At            :z = 0
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T = �Li2(z)� log(1� z) log z = Li2(1� z)� ⇡2

6
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�(log z) = log z ⌦ 1 + 1⌦ log z
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Can this simplified?

Analytic complexity
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FIG. 3: The gluon fusion cross-section at all perturbative or-
ders through N3LO in the scale interval [mH

4 ,mH ] as a func-

tion of the center-of-mass energy
p
S.

top-quark is infinitely heavy and can be integrated out,
see eq. (2). Moreover, we assumed that all other quarks
have a zero Yukawa coupling. Finite quark mass e↵ects
are important, but it is su�cient that they are inlcuded
through NLO or NNLO. Indeed, finite quark-mass e↵ects
have been computed fully through NLO in QCD [30],
while subleading top-quark mass corrections have been
computed at NNLO systematically as an expansion in
the inverse top-quark mass [34]. In these references it
was observed that through NLO finite quark mass ef-
fects amount to about 8% of the K-factor. At NNLO,
the known 1

mtop
corrections a↵ect the cross-section at

the ⇠ 1% level. A potentially significant contribution
at NNLO which has not yet been computed in the lit-
erature originates from diagrams with both a top and
bottom quark Yukawa coupling. Assuming a similar per-
turbative pattern as for top-quark only diagrams in the
e↵ective theory, eq. (2), higher-order e↵ects could be of
the order of 2%. We thus conclude that the computation
of the top-bottom interference through NNLO is highly
desired in the near future.

Finally, the computation of the hadronic cross-section
relies crucially on the knowledge of the strong coupling
constant and the parton densities. After our calculation,
the uncertainty coming from these quantities has become
dominant. Further progress in the determination of par-
ton densities must be anticipated in the next few years
due to the inclusion of LHC data in the global fits and the
impressive advances in NNLO computations, improving
the theoretical accuracy of many standard candle pro-
cesses.

To conclude, we have presented in this Letter the
computation of the gluon-fusion Higgs production cross-
section through N3LO in perturbative QCD. While a
thorough study of the impact of electroweak and quark
mass e↵ects is left for future work, we expect that the re-
maining theoretical uncertainty on the inclusive Higgs
production cross-section is expected to be reduced to
roughly half, which will bring important benefits in the
study of the properties of the Higgs boson at the LHC
Run 2. Besides its direct phenomenological impact, we
believe that our result is also a major advance in our un-
derstanding of perturbative QCD, as it opens the door to
push the theoretical predictions for large classes of inclu-
sive processes to N3LO accuracy, like Drell-Yan produc-
tion, associated Higgs production and Higgs production
via bottom fusion. Moreover, on the more technical side,
our result constitutes the first independent validation of
the gluon splitting function at NNLO [14], because the
latter is required to cancel all the infrared poles in the
inclusive cross-section. In addition, we expect that the
techniques developed throughout this work are not re-
stricted to inclusive cross-sections, but it should be pos-
sible to extend them to certain classes of di↵erential dis-
tributions, like rapidity distributions for Drell-Yan and
Higgs production, thereby paving the way to a new era
of precision QCD.

Acknowledgements: We are grateful to Elisabetta
Furlan, Thomas Gehrmann and A. Lazopoulos for our
collaboration on the many aspects of the Higgs cross-
section N3LO project which are not covered in this
Letter. We thank A. Lazopoulos in particular for an
independent implementation of our results in ihixs
and numerical comparisons. Research supported by
the Swiss National Science Foundation (SNF) under
contract 200021-143781 and the European Commission
through the ERC grants “IterQCD”, “HEPGAME” and
“MathAm”.

⇤ On leave from the “Fonds National de la Recherche Sci-
entifique” (FNRS), Belgium.

[1] G. Aad et al. [ATLAS Collaboration], Phys. Lett. B 716,
1 (2012); S. Chatrchyan et al. [CMS Collaboration], Phys.
Lett. B 716, 30 (2012).

[2] C. Anastasiou, S. Bühler, F. Herzog and A. Lazopoulos,
JHEP 1204, 004 (2012).

[3] C. Anastasiou, S. Bühler, F. Herzog and A. Lazopoulos,
JHEP 1112, 058 (2011).

[4] V. Khachatryan et al. [CMS Collaboration],
arXiv:1412.8662 [hep-ex].

[5] G. Aad et al. [ATLAS Collaboration], Phys. Rev. D 90,
no. 11, 112015 (2014) [arXiv:1408.7084 [hep-ex]].

[6] P.A. Baikov, K.G. Chetyrkin, A.V. Smirnov,
V.A. Smirnov, M. Steinhauser, Phys. Rev. Lett.
102, 212002 (2009); T. Gehrmann, E. W. N. Glover,
T. Huber, N. Ikizlerli, C. Studerus, JHEP 1006, 094

N3LO cross sections

ggH
bbH

��� ���� ����

�� �� �� �� �� �� �� 	� 
� ��� ��� ��� ��� ��� ���

��	

��


��

���

���

� [��]

�
/�
�
��
�

��� �����
	
������_����_��
	 	 � �*+� ( �+�-+�)
������=�

��� ���� ����

��� ���� �� ���� ��� ���� ��

����

����

����

����

���	

��/


�
[�
�]

��� �� �	

��������_����_��
� � � �*+�
��=�=��� �	


0 and only considering Nf = 5 massless degrees of freedom in loops. This approximation

is motivated because o↵-diagonal CKM matrix elements are small and diagrams without a

coupling of the top quark to the electroweak gauge boson decouple in the limit of infinite top

quark mass. Corrections to this approximation, which are expected to be very small, can be

computed separately and are beyond the scope of this article. The strong coupling constant

is evolved to the renormalisation scale µR using the four-loop QCD beta function in the

MS-scheme assuming Nf = 5 active, massless quark flavours. Unless stated otherwise,

all results are obtained for a proton-proton collider with
p
S = 13TeV using the zeroth

member of the combined PDF4LHC15 nnlo mc set [84].

Figure 1: The cross sections for producing a W+ (left) or W� (right) for µR = Q =

100 GeV as a function of the factorisation scale µF . The bands are obtained by varying

µR by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.
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Figure 2: The cross sections for producing a W+ (left) or W� (right) for µF = Q =

100 GeV as a function of the renormalisation scale µR. The bands are obtained by varying

µF by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

Figures 1 and 2 show the dependence of the fixed-order cross sections on the factori-

sation scale µF and renormalisation scale µR, which are introduced by the truncation of

the perturbative series. We show the variation of the cross section for Q = 100 GeV on

one of the two scales with the other held fixed at Q. We observe that the dependence on

the perturbative scales is substantially reduced as we increase the perturbative order. The

dependence on the scales looks very similar to the case of the N3LO cross section for the

neutral-current process studied in ref. [10]. We notice, that the dependence of the cross

– 5 –
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• Starting from two loops: new functions arise!

Beyond polylogarithms

• Prototype example: the massive sunrise graph.

[Sabry; Broadhurst; Bauberger, Berends, Bohm, Buza; 
Caffo, Czyz, Laporta, Remiddi; Laporta Remiddi]

➡ Closely related to elliptic integral:

K(�) =

Z 1

0

dxp
(1� x2)(1� �x2)

<latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit>

p p
m1

<latexit sha1_base64="fQrxL1f4AX7y4JRnn80rWDrZA1E=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2ge0Q8mkmTY0yQxJRihDQdy71V9wJ279E//AzzAz7cK2HrhwOOfe3JsTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GN5nffqRKs0g+mElMfYGHkoWMYGOle9H3+uWKW3VzoFXizUkF5mj0yz+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpqfOkVnVhmgMFK2pEG5+ncixULriQhsp8BmpJe9TPzP6yYmvPZTJuPEUElmi8KEIxOh7N9owBQlhk8swUQxeysiI6wwMTadhS3Z20qHelqy0XjLQaySVq3qXVRrd5eVev1pFlIRTuAUzsGDK6jDLTSgCQSG8AKv8OY8O+/Oh/M5ay0482CPYQHO1y/ISJd6</latexit>

m2
<latexit sha1_base64="LzOBM9Bkz66kofNncxC0ROPE5JY=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2ge0Q8mkmTY0yQxJRihDQdy71V9wJ279E//AzzAz7cK2HrhwOOfe3JsTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GN5nffqRKs0g+mElMfYGHkoWMYGOle9Gv9csVt+rmQKvEm5MKzNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TQ/dYrOrDJAYaRsSYNy9e9EioXWExHYToHNSC97mfif101MeO2nTMaJoZLMFoUJRyZC2b/RgClKDJ9Ygoli9lZERlhhYmw6C1uyt5UO9bRko/GWg1glrVrVu6jW7i4r9frTLKQinMApnIMHV1CHW2hAEwgM4QVe4c15dt6dD+dz1lpw5sEewwKcr1/J4pd7</latexit>

m3
<latexit sha1_base64="NeW3exaK6rUyIf7lE6Jgtux8SEg=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsy0BV0W3LisaB/QDiWTZtrQJDMkGaEMBXHvVn/Bnbj1T/wDP8NM24VtPXDhcM69uTcniDnTxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRhDZJxCPVCbCmnEnaNMxw2okVxSLgtB2MbzK//UiVZpF8MJOY+gIPJQsZwcZK96Jf7RdLbtmdAa0Tb0FKsECjX/zpDSKSCCoN4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWSiyo9tPZqVN0YZUBCiNlSxo0U/9OpFhoPRGB7RTYjPSql4n/ed3EhNd+ymScGCrJfFGYcGQilP0bDZiixPCJJZgoZm9FZIQVJsams7Qle1vpUE8LNhpvNYh10qqUvWq5clcr1etP85DycAbncAkeXEEdbqEBTSAwhBd4hTfn2Xl3PpzPeWvOWQR7Cktwvn4By3yXfA==</latexit>

➡ No closed analytic result since 60’s.

• Breakthrough in 2013: The sunrise graph evaluates to a 
dilogarithm on an elliptic curve! [Bloch, Vanhove]



Elliptic Curves
(x, y)
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y2 = (1� x2)(1� �x2)
<latexit sha1_base64="X0m/9+Z2PTvLDJhChHcdjmYnlcQ=">AAACBXicbVDLSgMxFL1TX7W+Rl3qIliEurDMFEE3QsGNywr2Ae20ZDKZNjTzIMmIQymIG3/FjQtF3PoP7vwbM20X2nog5OSce7m5x405k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWSUCELrJOKRaLlYUs5CWldMcdqKBcWBy2nTHV5lfvOOCsmi8FalMXUC3A+ZzwhWWuqZh2m3gi5RyT6971ZO9NXhutnDKHv2zKJVtiZAi8SekSLMUOuZXx0vIklAQ0U4lrJtW7FyRlgoRjgdFzqJpDEmQ9ynbU1DHFDpjCZbjNGxVjzkR0KfUKGJ+rtjhAMp08DVlQFWAznvZeJ/XjtR/oUzYmGcKBqS6SA/4UhFKIsEeUxQoniqCSaC6b8iMsACE6WDK+gQ7PmVF0mjUratsn1zVqxWH6Zx5OEAjqAENpxDFa6hBnUg8AjP8ApvxpPxYrwbH9PSnDGLcB/+wPj8AfQglhI=</latexit><latexit sha1_base64="X0m/9+Z2PTvLDJhChHcdjmYnlcQ=">AAACBXicbVDLSgMxFL1TX7W+Rl3qIliEurDMFEE3QsGNywr2Ae20ZDKZNjTzIMmIQymIG3/FjQtF3PoP7vwbM20X2nog5OSce7m5x405k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWSUCELrJOKRaLlYUs5CWldMcdqKBcWBy2nTHV5lfvOOCsmi8FalMXUC3A+ZzwhWWuqZh2m3gi5RyT6971ZO9NXhutnDKHv2zKJVtiZAi8SekSLMUOuZXx0vIklAQ0U4lrJtW7FyRlgoRjgdFzqJpDEmQ9ynbU1DHFDpjCZbjNGxVjzkR0KfUKGJ+rtjhAMp08DVlQFWAznvZeJ/XjtR/oUzYmGcKBqS6SA/4UhFKIsEeUxQoniqCSaC6b8iMsACE6WDK+gQ7PmVF0mjUratsn1zVqxWH6Zx5OEAjqAENpxDFa6hBnUg8AjP8ApvxpPxYrwbH9PSnDGLcB/+wPj8AfQglhI=</latexit><latexit sha1_base64="X0m/9+Z2PTvLDJhChHcdjmYnlcQ=">AAACBXicbVDLSgMxFL1TX7W+Rl3qIliEurDMFEE3QsGNywr2Ae20ZDKZNjTzIMmIQymIG3/FjQtF3PoP7vwbM20X2nog5OSce7m5x405k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWSUCELrJOKRaLlYUs5CWldMcdqKBcWBy2nTHV5lfvOOCsmi8FalMXUC3A+ZzwhWWuqZh2m3gi5RyT6971ZO9NXhutnDKHv2zKJVtiZAi8SekSLMUOuZXx0vIklAQ0U4lrJtW7FyRlgoRjgdFzqJpDEmQ9ynbU1DHFDpjCZbjNGxVjzkR0KfUKGJ+rtjhAMp08DVlQFWAznvZeJ/XjtR/oUzYmGcKBqS6SA/4UhFKIsEeUxQoniqCSaC6b8iMsACE6WDK+gQ7PmVF0mjUratsn1zVqxWH6Zx5OEAjqAENpxDFa6hBnUg8AjP8ApvxpPxYrwbH9PSnDGLcB/+wPj8AfQglhI=</latexit><latexit sha1_base64="X0m/9+Z2PTvLDJhChHcdjmYnlcQ=">AAACBXicbVDLSgMxFL1TX7W+Rl3qIliEurDMFEE3QsGNywr2Ae20ZDKZNjTzIMmIQymIG3/FjQtF3PoP7vwbM20X2nog5OSce7m5x405k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWSUCELrJOKRaLlYUs5CWldMcdqKBcWBy2nTHV5lfvOOCsmi8FalMXUC3A+ZzwhWWuqZh2m3gi5RyT6971ZO9NXhutnDKHv2zKJVtiZAi8SekSLMUOuZXx0vIklAQ0U4lrJtW7FyRlgoRjgdFzqJpDEmQ9ynbU1DHFDpjCZbjNGxVjzkR0KfUKGJ+rtjhAMp08DVlQFWAznvZeJ/XjtR/oUzYmGcKBqS6SA/4UhFKIsEeUxQoniqCSaC6b8iMsACE6WDK+gQ7PmVF0mjUratsn1zVqxWH6Zx5OEAjqAENpxDFa6hBnUg8AjP8ApvxpPxYrwbH9PSnDGLcB/+wPj8AfQglhI=</latexit>

y = ±
p

(1� x2)(1� �x2)
<latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit><latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit><latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit><latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit>

$
<latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit><latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit><latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit><latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit>
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�1
<latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit><latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit><latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit><latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit>

+1
<latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit><latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit><latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit><latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit>�

p
�

<latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit><latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit><latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit><latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit>

+
p
�

<latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit><latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit><latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit><latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit>

K(�) =

Z 1

0

dxp
(1� x2)(1� �x2)

<latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit>

➡ Elliptic curves are important in algebraic geometry, number 
theory, cryptography, string theory, …

• Elliptic polylogarithms are very new mathematics: original math 
literature from 2010! [Brown, Levin]

• Elliptic curve ~ set of points          such that



Elliptic Feynman integrals
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t t̄
<latexit sha1_base64="cHP9fw9nn2c5Y6jcoUa/APbI5Ck=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4kDKtU9RdwY3LCvaBnVIyaaYNzWSG5I5QhoJb9271F9yJWz/DP/AzzHQqWNEDgcM5N/dxvEhwDbb9YeWWlldW1/LrhY3Nre2d4u5eS4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vkz99h1TmofyBiYR6wVkKLnPKQEj3YJ74npEJTDtF0t22Z4BZ8RJiXPh1OwarsytEpqj0S9+uoOQxgGTQAXRuluxI+glRAGngk0LbqxZROiYDFnXUEkCpnvJbOMpPjLKAPuhMk8Cnqk/fyQk0HoSeKYyIDDSv71U/MvrxuCf9xIuoxiYpNkgPxYYQpyejwdcMQpiYgihiptdMR0RRSiYkBampL2V9vW0YKL5vh//T1rVcuW0XL12SvX6fRZSHh2gQ3SMKugM1dEVaqAmokiiR/SEnq0H68V6td6y0pw1D3YfLcB6/wLRNJrb</latexit>

m1

m2

m3

(a) (b) (c)

m1

m2

m3

m

m

m

m

m

m

m
m

m

m
m

m

(d) (e)

m1

m2

m3

(a) (b) (c)

m1

m2

m3

m

m

m

m

m

m

m
m

m

m
m

m

(d) (e)

m1

m2

m3

(a) (b) (c)

m1

m2

m3

m

m

m

m

m

m

m
m

m

m
m

m

(d) (e)
EW form factor

<latexit sha1_base64="3P1c/wwserIwNEHXDXBIOE55J44=">AAACFnicdVDLSgMxFM34rPVVdeHCTbAIrsq0tqi7ggguK9gHtEPJpJk2NJkZkjtiGQb8DPdu9RfciVu3/oGfYaZTwYoeCBzOucnJPW4ouAbb/rAWFpeWV1Zza/n1jc2t7cLObksHkaKsSQMRqI5LNBPcZ03gIFgnVIxIV7C2O75I/fYtU5oH/g1MQuZIMvS5xykBI/UL+z1gd6BkfNnGXqAk9giFQCX9QtEu2VPgjFRTUj2v1uwaLs+sIpqh0S989gYBjSTzgQqidbdsh+DERAGngiX5XqRZSOiYDFnXUJ9Ipp14ukCCj4wySPPN8QFP1Z83YiK1nkjXTEoCI/3bS8W/vG4E3pkTcz+MgPk0C/IigSHAaRt4wBWjICaGEKq4+SumI6JMB6azuZT0baU9neRNNd/74/9Jq1Iqn5Qq19VivX6flZRDB+gQHaMyOkV1dIUaqIkoStAjekLP1oP1Yr1ab9nogjUrdg/NwXr/ApqBoJw=</latexit>

m
<latexit sha1_base64="64ufBW/ITpDI1+7aQr9Q1gER4p8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM1K2bspV+q3pWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BlmqW1g==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

⇢-parameter
<latexit sha1_base64="jQIO1X2z9yuPQnXdVqWEzmsIXQQ=">AAACFnicdVDLSgMxFM34rPVVdeHCTbAIbizT2qLuCm5cVrAPaEvJpHfa0MyD5I5YhgE/w71b/QV34tatf+BnmGkrWNEDgcM5Nzm5xwml0GjbH9bC4tLyympmLbu+sbm1ndvZbeggUhzqPJCBajlMgxQ+1FGghFaogHmOhKYzukz95i0oLQL/BschdD028IUrOEMj9XL7HTUMOgh3qLz4JGSKeYCgkl4ubxfsCeiUlFNSvihX7Aotzqw8maHWy312+gGPPPCRS6Z1u2iH2I2ZQsElJNlOpCFkfMQG0DbUNzm6G08WSOiRUfrUDZQ5PtKJ+vNGzDytx55jJj2GQ/3bS8W/vHaE7nk3Fn4YIfh8GuRGkmJA0zZoXyjgKMeGMK6E+SvlQ1MCNx3Mp6RvK+3qJGuq+d6f/k8apULxtFC6Luer1ftpSRlyQA7JMSmSM1IlV6RG6oSThDySJ/JsPVgv1qv1Nh1dsGbF7pE5WO9fcuKhIA==</latexit>
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g g ! H
<latexit sha1_base64="yeNYnhDUW8/Evy0O/E5kK4oAs2s=">AAACBnicdVDLSgMxFM34rPVVdekmWAQXUqZ1iroruOmygn1IZyiZNDMNTTJDkhHKUHDp3q3+gjtx62/4B36GmU4FK3ogcDjn5j6OHzOqtG1/WEvLK6tr64WN4ubW9s5uaW+/o6JEYtLGEYtkz0eKMCpIW1PNSC+WBHGfka4/vsr87h2RikbiRk9i4nEUChpQjLSRbkP3NHR1BJuDUtmu2DPAnDgZcS6dul2H1blVBnO0BqVPdxjhhBOhMUNK9at2rL0USU0xI9OimygSIzxGIekbKhAnyktnC0/hsVGGMIikeULDmfrzR4q4UhPum0qO9Ej99jLxL6+f6ODCS6mIE00EzgcFCYPmxOx6OKSSYM0mhiAsqdkV4hGSCGuT0cKUrLdUgZoWTTTf98P/SadWqZ5VatdOudG4z0MqgENwBE5AFZyDBmiCFmgDDDh4BE/g2XqwXqxX6y0vXbLmwR6ABVjvXxSWmdU=</latexit>
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, � �, etc.
<latexit sha1_base64="kglkaGuxuN9IKuG/MxXp97OhdIA=">AAACH3icdVDLSgMxFM34tr6qLt0Ei+CilGmtqLuCG5cVrBY6pWTSOzU0mRmSO2IZCq78D/du9Rfcidv+gZ9hpq1gRQ+EHM65Nzf3+LEUBl135MzNLywuLa+s5tbWNza38ts71yZKNIcGj2Skmz4zIEUIDRQooRlrYMqXcOP3zzP/5g60EVF4hYMY2or1QhEIztBKnTwtekWvx5Ri33fRQ7hHrVIKyEvDTr7gltwx6IRUM1I9qx67x7Q8tQpkinon/+l1I54oCJFLZkyr7MbYTplGwSUMc15iIGa8z3rQsjRkCkw7HW8ypAdW6dIg0vaESMfqz46UKWMGyreViuGt+e1l4l9eK8HgtJ2KME4QQj4ZFCSSYkSzWGhXaOAoB5YwroX9K+W3TDOONryZKdnb2gRmmLPRfO9P/yfXlVL5qFS5rBZqtYdJSCtkj+yTQ1ImJ6RGLkidNAgnj+SZvJBX58l5c96dj0npnDMNdpfMwBl9AWspo5c=</latexit>

t t̄
<latexit sha1_base64="cHP9fw9nn2c5Y6jcoUa/APbI5Ck=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4kDKtU9RdwY3LCvaBnVIyaaYNzWSG5I5QhoJb9271F9yJWz/DP/AzzHQqWNEDgcM5N/dxvEhwDbb9YeWWlldW1/LrhY3Nre2d4u5eS4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vkz99h1TmofyBiYR6wVkKLnPKQEj3YJ74npEJTDtF0t22Z4BZ8RJiXPh1OwarsytEpqj0S9+uoOQxgGTQAXRuluxI+glRAGngk0LbqxZROiYDFnXUEkCpnvJbOMpPjLKAPuhMk8Cnqk/fyQk0HoSeKYyIDDSv71U/MvrxuCf9xIuoxiYpNkgPxYYQpyejwdcMQpiYgihiptdMR0RRSiYkBampL2V9vW0YKL5vh//T1rVcuW0XL12SvX6fRZSHh2gQ3SMKugM1dEVaqAmokiiR/SEnq0H68V6td6y0pw1D3YfLcB6/wLRNJrb</latexit>
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The rho parameter

• Example: the rho parameter at 3 loops with quark-mass 
dependence.
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Figure 1: Master integrals for the family of integrals defined in eq. (2.5). Dots denote
squared propagators, blue (thick) lines denote propagators with mass m2

1, green (thin) lines
denote propagators with mass m

2
2, and dashed lines denote massless propagators.

It is convenient to work with the following basis of master integrals:

f1(t) = ✏
3(m2

1)
3✏
J0,2,0,2,0,2 ,

f2(t) = ✏
3(m2

1)
3✏
J2,0,0,2,0,2 ,

f3(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,1,2,0,1 ,

f4(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,2,1,1,0 ,

f5(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,1,2,1,0 ,

f6(t) = ✏
3 (✏� 1) (m2

1)
3✏
J2,0,2,0,1,1 ,

f7(t) = ✏
3 (✏� 1) (m2

1)
3✏
m

2
2J2,1,1,0,1,2 ,

f8(t) = (m2
1)

�2+3✏
J1,1,0,1,0,1 ,

f9(t) = (m2
1)

�1+3✏
J1,2,0,1,0,1 ,

f10(t) = ✏
4(1� ✏)(1� 2✏)(m2

1)
3✏
J1,1,1,1,1,1 .

(2.10)

We have normalised all master integrals to be dimensionless, i.e., the functions fi only
depend on t.

An efficient way to compute the master integrals is to use differential equations [3, 49–
52]. The master integrals f1 through f7 satisfy a system of differential equations in so-called
canonical form [53]:

@tfa = ✏
(A0)ak

t
fk + ✏

(A1)ak
t� 1

fk , 1  a, k  7 . (2.11)

A0 and A1 are matrices of integer numbers, which we give explicitly in Appendix A. The
canonical form of the differential equation in eq. (2.11) makes it manifest that the functions
(f1, . . . , f7) can be expressed in terms of a well-studied class of special functions called
multiple polylogarithms (MPLs) [1, 54]:

G(a1, · · · , an;x) =

Z x

0

du

u� a1
G(a2, · · · , an;u) , G(;x) = 1, an 6= 0 . (2.12)
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f (2)
8 (t)
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➡ Known numerically [Grigo, Hoff, Marquard, 
Steinhauser; see also Blümlein, de Freitas, van Hoeij, 

Imamoglu, Marquard].

• Integrals that were unknown analytically:
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Figure 2: Three-loop corrections to the ⇢ parameter, for Nc = 3, CF = 4/3 and nl = 4

massless quarks, as a function of t = m
2
2/m

2
1 which we vary between 0 and 1.

9 Conclusion

In this paper we have presented for the first time fully analytic results in terms of eMPLs
and iterated Eisenstein integrals for the three-loop corrections to the ⇢ parameter in the SM
with two massive quark flavours. This computation was originally considered as an expan-
sion in the ratio of the quark masses in ref. [44]. An important ingredient in our calculation
is the realisation that the homogeneous second-order differential operator appearing in this
computation is identical to the differential operator that appears in the computation of the
well-known sunrise graph. As a consequence, all integrals can be expressed in terms of the
exact same class of functions as the sunrise graph, which are also well-studied functions in
pure mathematics. We can draw upon the knowledge of these functions to analytically con-
tinue them using tools and algorithms developed for the sunrise graph. This distinguishes
our computation from the results of refs. [45, 46], where a novel class of special functions
was introduced for the same class of integrals.

Besides ref. [73], our computation is only the second time that iterated integrals of
modular forms have been used to obtain fully analytic results for a complete physical
observable. We believe that the techniques that we have used in our computation can have
an impact also on the computation of other physical observables, and that they pave the
way for obtaining more results involving this class of special functions.
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We show how all the elliptic Feynman integrals of ref. [44] can be performed in terms of
iterated integrals of modular forms for the same congruence subgroup as for the sunrise
integral. These iterated integrals can be analytically continued to the whole parameter
space in such a way that they admit fast-converging series representations for all values of
the quark masses.

Our paper is organised as follows: In Section 2 we review the results of ref. [44] and
we identify the elliptic Feynman integrals that need to be computed. In Section 3 we in-
troduce the mathematical background on elliptic curves and elliptic polylogarithms needed
throughout the paper. In Section 4 we present our first main result, and we show how to
evaluate the Feynman parameter representation for the simplest elliptic Feynman integral
in terms of elliptic polylogarithms. In Section 5 we review the connection between ellip-
tic polylogarithms and iterated integrals of modular forms, and in Section 6 we use this
relationship to obtain analytic results for all elliptic Feynman integrals that contribute to
the three-loop ⇢ parameter in the region where the ratio of the quark masses is small. In
Section 7 we discuss the analytic continuation of these integrals to the whole parameter
space. In Section 8 we present our final analytic result for the ⇢ parameter at three loops,
and in Section 9 we draw our conclusions. We include several appendices where we collect
formulas omitted throughout the main text.

2 Notations and computational setting

In this section we review the background to the three-loop QCD corrections to the elec-
troweak ⇢ parameter with two massive quark flavours. We closely follow the presentation
of ref. [44]. The ⇢ parameter can be written as:

⇢ = 1 + �⇢, (2.1)

where the higher-order corrections are given by

�⇢ =
⌃Z(0)

M2
Z

�
⌃W (0)

M2
W

. (2.2)

⌃Z(0) and ⌃W (0) are, respectively, the transverse parts of the Z and W boson propagators
at zero momentum. They are defined as

⌃Z/W (0) =
gµ⌫

d
⇧µ⌫

Z/W , (2.3)

where ⇧µ⌫
Z/W are the correlator functions for the Z and W bosons, and d is the space-time

dimension.
We will consider the three-loop QCD corrections to the ⇢ parameter in nf -flavour QCD

with nf � 2 massless quarks and two massive ones, whose masses we denote by m1 and
m2. In the SM, this corresponds to nf = 6, and m1 and m2 denote the masses of the top
and bottom quarks respectively. It is possible to write the higher-order corrections to the
⇢ parameter as an expansion in the strong coupling constant ↵s:

�⇢ =
3GFm

2
t

16⇡2
p
2

 
�
(0) +

↵s(µ)

⇡
�
(1) +

✓
↵s(µ)

⇡

◆2

�
(2) +O(↵s(µ)

3)

!
, (2.4)
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[Abreu, Becchetti, CD, Marzucca; see also Blümlein, de Freitas, van Hoeij, Imamoglu, Marquard]

• These integrals can be evaluated in terms of the same class of 
functions are the sunrise and banana graphs.

➡ Iterated integrals of Eisenstein series.

➡ Analytic continuation and numerical evaluation of these 
functions well understood.

[Abreu, Becchetti, CD, Marzucca]

[CD, Tancredi]



Pure Mathematics
• Can physics inspire new results in mathematics?

• Consider the identity:

• Version of the dilogarithm (‘Bloch-Wigner dilogarithm’)

D(z) = Im


Li2(z) +

1

2
log |z|2 log(1� z)

�

with the properties

-        is single-valued (i.e., no branch cuts).D(z)

-        satisfies ‘clean’ identity, e.g.,                             .D(z)

Li2(1� z) = �Li2(z)� log(1� z) log z +
⇡2

6

D(1� z) = �D(z)
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Clean identities
• Does this generalise to arbitrary multiple polylogarithms?

• Example:

In the next section we give expressions for G(0, a, b; 1) and G(0, a, b, c; 1) that can be
reduced to classical polylogarithms and Li2,2. Therefore the final set of basis functions up
to weight four will be shown explicitly to be the logarithm, the classical polylogarithms Li2,
Li3, and Li4, and the function Li2,2, which can itself not be further reduced to polylogarithms
and which therefore may be considered as a candidate for a standard function.

4 Expressions for GPLs

In this section we list expressions for some GPLs of weight  4, that are valid for all values
of the complex parameters and depend only on rational combinations of the letters. At
weight one, two expressions are enough to describe the entire complex domain

G(0;x) = log(x) G(a;x) = log
�
1� x

a

�
for a 6= 0 . (4.1)

At weight two we likewise have to have separate expressions depending on whether the
letters are zero or non-zero, and also depending on whether or not they are equal

G(0, 0;x) = 1
2 log

2(x) G(0, a;x) = �Li2
�
x
a

�

G(a, 0;x) = log(x) log
�
1� x

a

�
+ Li2

�
x
a

�
G(a, a;x) = 1

2 log
2
�
1� x

a

�
(4.2)

G(a, b;x) =

(
Li2

⇣
b�x
b�a

⌘
� Li2

⇣
b

b�a

⌘
+ log

�
1� x

b

�
log

⇣
x�a
b�a

⌘
when

��Im(ax)
�� >

��Im( bx)
��

Li2
⇣

a
a�b

⌘
� Li2

⇣
a�x
a�b

⌘
+ log

�
1� x

a

�
log

�
b�a
b

�
otherwise.

The latter of the above expressions is our first example in which a single expression is
insufficient to cover all complex values of the function arguments. However, if we admit
Heaviside ✓ functions in our expressions we may use eq. (3.2) to write the latter expression
as

G(a, b;x) = Li2
⇣
b�x
b�a

⌘
� Li2

⇣
b

b�a

⌘
+ log

�
1� x

b

�
log

⇣
x�a
b�a

⌘

+2⇡i sgn
�
Im

�
b
x

��
log

�
1� a

b

�
T
�
1, 1� x

b ; 1�
a
b

�
, (4.3)

where the function T is given in the previous section.
This approach of writing the GPLs as single expressions with possible ✓ functions is so

general that it extends to weight four as we will show explicitly in the following. For the
remainder of this section we will without loss of generality rescale the argument x to one.
At weight three we may apply eq. (3.4) to express a GPL in terms of weight three GPLs
with at least one letter being zero plus a combination of lower weight GPLs. The remaining
function which is required according to eq. (3.7) is therefore

G(0, a, b; 1) = �Li3
⇣
a�ab
a�b

⌘
� Li3

⇣
� b

a�b

⌘
+ Li3

⇣
b�1
b�a

⌘
+ Li3

�
1
a

�
+ Li3(1� b)

+ log
�
b�1
b

�⇣
Li2

⇣
a�ab
a�b

⌘
� Li2

⇣
b�1
b�a

⌘
� Li2(1� b)

⌘
� 1

6 log
3
⇣

ab
a�b

⌘

+1
2 log

2
�
b�1
b

�⇣
log

⇣
(a�1)b
a�b

⌘
� log(b)� log

⇣
a�1
a�b

⌘⌘
� 1

6⇡
2 log

⇣
ab
a�b

⌘

+ log3(b)
6 + 1

6⇡
2 log(b) + i⇡ log2

�
b�a
ab

�
sgn(Im(b))H1(a, b)

+i⇡ log2
�
b�a
b

�
T
�
1, 1� 1

b , 1�
a
b

�
sgn

�
Im

�
a
b

��
. (4.4)

– 10 –C(0, a, b; 1) = C

✓
0, 0, 1;

a� ab

a� b

◆
+ C

✓
0, 0, 1;

b

a� b

◆
� C

✓
0, 0, 1;

1� b

a� b

◆
� C

✓
0, 0, 1;

1

a

◆
� C(0, 0, 1; 1� b)
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➡ Goal: single-valued functions                  and                           
such that (                               )

C(0, a, b; 1) = C
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Li3(a) = �G(0, 0, 1; a)
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ā, b̄

�
� 1

3
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G (b, ā, 0, 1)� 2

3
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�
+

2

3
G
�
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• Construction is totally algorithmic! [Charlton, CD, Gangl]

Clean identities

• Can proof that the resulting functions will satisfy all relations of 
polylogarithms, but in a clean version!

➡ Based on the Hopf algebra and the coproduct of 
polylogarithms.

• Joint-venture between math and physics!

➡ Insight & experience from physics played a crucial role!

• Applications to physics..?



Conclusion

• Language of loop integrals = Language of algebraic geometry

• Taming the algebraic complexity: 

➡ Ideas from algebraic geometry lead to new ways to 
develop a “unitarity program” beyond one loop.

➡ Recent application: 2-to-3 scattering at 2 loops.

• Taming the analytic complexity: 

➡ The simplest class of functions (polylogarithms) are now 
under very good control.

➡ New insight into elliptic Feynman integrals.


