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Motivation

The Heavy Quark Expansion (HQE):

dΓ = dΓ0 + dΓµπ

µ2
π

m2
b

+ dΓµG

µ2
G

m2
b

+ dΓρD

ρ3
D

m3
b

+ dΓρLS

ρ3
LS

m3
b

+ . . .

dΓi are computed in perturbative QCD

dependece on non-perturbative HQE parameters: µπ, µG, ρD , ρLS , . . .

Perturbative corrections to b → c`ν exhibit a bad convergence in the
on-shell and the MS scheme for the heavy quark masses.
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Motivation

Non-perturbative parameters of the HQE are extracted from data together
with mc , mb and |Vcb|.

Error from scheme conversion between MS to kinetic scheme large:

nl = 4: mkin
b (1 GeV) = (4163 + 259 + 77 + ??) MeV

Better knowledge of scheme
conversion can further constrain
the global fit.
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The kinetic heavy quark mass

The kinetic mass scheme is tailored for b → c transitions.

It is based on the heavy quark – hadron mass relation in HQET:

Definition

mkin = mOS − Λ(µ)
∣∣
pert −

µ2
π(µ)

∣∣
pert

2mkin + . . .

[Bigi, Shifman, N. Uraltsev, et al. 1997; Czarnecki et al. 1998]

Key mass scale is mb, not MB:

Γsl '
G2

F |Vcb|2

192π3 (MB − Λ)5
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Calculation

Definitions of Λ(µ) and µ2
π(µ) are given by small velocity sum rules.

MS – kinetic mass relation at O(αs) and O(α2
s) are known

[Bigi, Shifman, N.G. Uraltsev, et al. 1995; Czarnecki et al. 1998]

Goal: calculate the relation to O(α3
s)

Need to compute inclusive scattering:

b + j → b + X (g, q)
p

q q

p

Λ(µ) and µ2
π(µ) do not depend on the current j

They are given by the leading term of the expansions around the
threshold y = s −m2

b and the momentum of the external current q.
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Implemenation of expansions:
1 threshold expansion y = s −m2

b � m2
b: expansion by regions

[Beneke and Smirnov 1998]

loop momenta can either scale:
hard (h) ki ∼ mb or ultrasoft (u) ki ∼ y/mb

region where all momenta scale hard does not contribute

2 afterwards naive expansion in external momentum

Calculational details:

(uhh)-region: 3 master integrals

(uuh)-region: 3 master integrals

(uuu)-region: 20 new master integrals with linear propagators
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Calculation

Example:

=
3∏

i=1

∫
dki

(2π)d
1

[k2
1 ][k

2
2 ][(k1−k3)2][(k2−k3)2][2k1.p−y][2k3.p−y][2k2.p]

= N
{
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6ε2 + 1
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3 + ζ3

3

)
+ 26ζ2
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60 + . . .

}
Analytic results for all master integrals up to weight 5 have been obtained
through:

PSLQ

analytic summation

differential equations in auxillary variable
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Results
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Results

Using as inputs mb(mb) = 4163 MeV, α(5)
s (MZ ) = 0.1179:

nl = 3: mkin
b (1 GeV) = (4163 + 248 + 81 + 30) MeV = 4521(15) MeV

nl = 4: mkin
b (1 GeV) = (4163 + 259 + 77 + 25) MeV = 4523(12) MeV

To be compared with:

scheme conversion uncertainty at two loops: δmkin
b = 30 MeV

[Gambino 2011]

mb from b → c`ν global fit: mkin
b (1 GeV) = 4554± 18 MeV

[Amhis et al. 2019]
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Results

Using as inputs mb(mb) = 4163 MeV, α(5)
s (MZ ) = 0.1179:

nl = 3: mkin
b (1 GeV) = (4163 + 248 + 81 + 30) MeV = 4521(15) MeV

nl = 4: mkin
b (1 GeV) = (4163 + 259 + 77 + 25) MeV = 4523(12) MeV

mc 6= 0 :
nl = 3: mkin

b (1 GeV) = (4163 + 248 + 80 + 30) MeV = 4520(15) MeV

nl = 4: mkin
b (1 GeV) = (4163 + 259 + 78 + 26) MeV = 4526(12) MeV

To be compared with:

scheme conversion uncertainty at two loops: δmkin
b = 30 MeV

[Gambino 2011]

mb from b → c`ν global fit: mkin
b (1 GeV) = 4554± 18 MeV

[Amhis et al. 2019]
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Summary:

We’ve calculated the relation between the kinetic heavy quark mass
and the on-shell mass up to O(α3

s).

This result can be used to extract |Vcb| more precisely from global
fits.

Outlook:

Include finite mc effects into the relation. X

How to extend the calculation to higher orders in the 1/mb

expansion?

For further discussions on heavy quark masses:
CRC Mini Workshop on Quark Masses
https://indico.scc.kit.edu/event/899
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Motivation
Error from scheme conversion between MS to kinetic scheme large:

nl = 4: mkin
b (1 GeV) = (4163 + 259 + 77 + 25) MeV

Better knowledge of scheme conversion can further constrain the
global fit. [Gambino and Schwanda 2014]
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Calculation

Small velocity sum rules:

Λ(µ)
∣∣

pert
= lim
~v→0

lim
m→∞

2
~v2

µ∫
0
dω ωW (ω,~v)

µ∫
0
dωW (ω,~v)

, µ2
π(µ)

∣∣
pert

= lim
~v→0

lim
m→∞

3
~v2

µ∫
0
dω ω2 W (ω,~v)

µ∫
0
dωW (ω,~v)

W (ω,~v) = 2 Im
[

i
2m

∫
d4x e−iqx 〈Q|TJ(x)J(0) |Q〉

]
(J is an arbitrary current)

~v : velocity of the heavy quark

ω: excitation energy of the heavy quark
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Masters
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